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Cluster points of sets

Definition 5.1 Let S C R. We say that the point ¢ € R is a cluster point
of S if for all § > 0, we have (c—d,c+ )N S\ {c} #0, i.e., forall 6 > 0,
there exists some z € S, such that 0 < |x — ¢| < .

examples:

e S={1/n|n €N} has a cluster point ¢ =0

e S =(0,1) has a set of cluster points given by [0, 1]
e S = Q has a set of cluster points given by R

e S = {0} has no cluster points

e S = Z has no cluster points
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Theorem 5.2 Let S C R. Then ¢ € R is a cluster point of S if and
only if there exists a sequence (z,),_, of elements in S\ {c} such that
lim,, oo T,, = C.

proof:

e suppose c is a cluster point of .S, then Vo > 0, dx € S such that
O<|z—c| <

— Vn € N, choose z,, € S such that 0 < |z, — ¢| < %

- 150 = |z, >0 = z, —>c

e suppose there exists a sequence (), ., with z, € S\ {c} for all
n € N such that z,, — ¢, let 6 > 0

— 2, = cwith 2, € S\ {¢} = IM € N such that Vn > M,
0< |z, —c| <0

— choose x =z, then we have 0 < |x —¢| < § = S has cluster
point ¢
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Limits of functions

Definition 5.3 Let f: S — R be a function and ¢ be a cluster point of
S C R. Suppose there exists an L € R, and for all € > 0, there exists some
d > 0 such that for all x € S and 0 < |x — ¢| < J, we have |f(x) — L| < e.
We then say f(x) converges to L as x goes to ¢, and we write

flr) > L as x —c.
We say L is a limit of f(z) as x goes to ¢, and if L is unique, we write

lim f(x) = L.

r—C
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Remark 5.4 The function f: S — R does not converge to L € R as x
goes to a cluster point ¢ of S implies that there exists some € > 0, such
that for all 6 > 0, there exists some z € S and 0 < |z — ¢| < §, so that
|f(x) =L = €.

Theorem 5.5 Let f: S — R be a function and ¢ be a cluster point of
SCR. If f(x) = Ly and f(x) — Ly as x — ¢, then L1 = Ls.

proof: let ¢ > 0

o f(x) = Ly asxz — ¢ => 3d; > 0 such that for all x € S and
0<|z—c| <by, |f(x)— L] <€/2

o f(x) = Ly asxz — ¢ = 3d2 > 0 such that for all x € S and
0<|x—rc|l<d |f(x)— La| <e/2

e choose § = min{dy,d2}, then for all x € S and 0 < |x — ¢| < 6, we have
|[Li—Lo| = [Li—f(x)+f(x)—La| < [f(z)—La|+|f(x)—L2| < €/2+€/2 =€
— [y = Lo
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Example 5.6 Let the function f(x) = ax +b. Then, for all ¢ € R, we have
lim, . f(z) = ac+b.

proof: let € > 0, choose § = &7, then for all z € R and 0 < lx —c| <6,

we have

(@) = (ac+b)| = |(az +b) — (ac +b)| = |al|z — ¢| < |a|§ =

Example 5.7 Let f: (0,00) — R with f(z) = y/x. Then, for all ¢ > 0, we
have lim,_.. f(x) = /c.

proof: let € > 0, choose § = €y/c, then for all z > 0 and 0 < |z — ¢| < 4,

we have
e e |(VE = VOWE + VR
| z—c |z — | o .
'ﬂﬁ+ﬁ§ Ve S/ S
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1 x#0

2 =0

Example 5.8 Let f(z) = { . Then, lim, ¢ f(z) =1 (# f(0)).

proof: let ¢ > 0, choose § = 1, then Vx satisfies 0 < |z| < §, we have
r # (0 = Vuz satisfies 0 < |z| < §, we have |f(z) —1|=[1—-1]=0<¢

Theorem 5.9 Let f: S — R be a function and ¢ be a cluster point of
S C R. Then, the following statements are equivalent:

e The function f(x) converges to L € R as x goes to ¢, i.e.,

lim f(z) = L.

Tr—rC

e For all sequences (x,,)._, in S\ {c} such that lim,,_,~ 2, = ¢, we have
lim,, o0 f(xn) = L.
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proof:

e suppose lim, . f(x) =L, let e >0

— 30 > 0, such that for all z € S and 0 < |z — ¢| < §, we have
[f(z) = L] < e

— Ty — ¢ T, €S\ {c} = IM € N such that Vn > M,
0< |z, —c|<d = Vn>M, we have |f(x,) — L| <, i.e.,
f(xn) — L

e suppose for all sequences in S\ {c} s.t. x,, — ¢, we have f(z,) = L

— assume lim,_,. f(x) # L = de > 0 s.t. Vd > 0, there exists some
r e Sand 0<|xr—c|l<9,sothat |f(x) — L| > ¢

— choose a sequence (z,,), ., such that Vn € N, z,, € S\ {c},
0<|zp,—cl <2 and |f(z,) — L| >eforallneN

— however, + -0 = z, > ¢ = f(z,) =L = 3IM € Nsit.
Vn > M, |f(x,) — L| < €, which is a contradiction
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Theorem 5.10 For all ¢ € R, we have lim,_,.2? = ¢°.

proof: let (z,) _, be a sequence in R\ {c} such that z,, — ¢, then

according to theorem 3.24, we have 72 — ¢ = lim,_,. 2% = ¢?
(theorem 5.9)

Theorem 5.11 The limit lim, ,gsin(1/x) does not exist, but
lim, o xsin(1/x) = 0.

proof:

e we first show that lim, gz sin(1/z) = 0: let (z,,), ., be a sequence in

R\ {0} such that z,, — 0; since Vn € N, 0 < |z, sm(l/xn)\ < |zn],

and z,, — 0, we have |z, sin(1/z,)] - 0 = lim,_xsin(1/z) =0

e we now show that lim,_,gsin(1/x) does not exist:

— choose a sequence (z,,),. , where x,, = ﬁ then we have

T, — 0

Continuous functions

5-9



— consider the sequence (sin(1/zy,)),_,, we have

sin(1/z,) = sin <(2“ . 1>7T) _ pH

—> (sin(1/x,)),_, does not converge —> lim,_,osin(1/z) does
not exist
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Sequential properties

Theorem 5.12 Let f,g: S — R be functions and c be a cluster point of
S C R. Suppose f(x) < g(x) for all z € S, and we have lim,_,. f(x) and
lim,_,. g(x) both exist, then lim,_,. f(x) < lim,_.g(x).

proof: let (z,) _, be a sequence in S\ {c} such that x,, — ¢

o0

o lim, .. f(z) and lim,,. g(x) exist = (f(zn)),_, and (g(zn)),_;
converges

o let f(x,) — L1, g(x,) = Lo, since f(x) < g(z) for all x € S, we have
Ly < L, d.e., lim, . f(x) < lim,_,.g(x)

similarly, we can prove the following theorems:

Theorem 5.13 Let f: S — R be a function and ¢ be a cluster point of
S C R. Suppose the limit lim,_,. f(x) exists, and there exists a,b € R
such that a < f(x) < b for all x € S\ {c}, then a <lim,_,. f(z) <b.
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Theorem 5.14 Let ¢ be a cluster point of S C R, and f,g,h: S — R
be functions such that f(z) < g(x) < h(z) for all x € S\ {c}. Suppose
lim, . f(x) = lim,_,. h(x), then

lim g(z) = lim f(z) = lim h(z).

Theorem 5.15 Let ¢ be a cluster point of S C R, and f,g: S — R be
functions such that lim,_,. f(z) and lim,_,. g(x) both exist, we have:

o llmx_m(f(ﬂf) + g(ﬂf)) = lim, . f(x) + lim, . g(ﬂ?);
o if lim, ,.g(x)# 0 and g(x) # 0 for all x € S\ {c}, then

lim f(z)  limg_,. f(x)

e g(x)  Timgeg(@)
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Theorem 5.16 Let ¢ be a cluster point of S C R and f: S — R be a
function such that lim, .. f(x) exists, then we have

lim | ()| = | lim. f ()]

Tr—C
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Left and right limits

Definition 5.17 Let S C R and f: S — R be a function.

Suppose c is a cluster point of SN (—o0,c), we say f(x) converges to L as
xr — ¢, if for all e > 0, there exists a & > 0 such that for all x € S and
c— 0 <x<c wehave |f(x) — L| < e. We call such a limit the left limit

of f at ¢, denoted lim,_, .- f(x).
Suppose c is a cluster point of S N (c,0), we say f(x) converges to L as
x — cT, if for all € > 0, there exists a § > 0 such that for all x € S and
c<x<c+4d, wehave |f(x)— L| < e. We call such a limit the right limit
of f at ¢, denoted lim,_, .+ f(z).

Example 5.18 Consider the function f given by

f(a:)—{ 1 >0

0 x <0,

then lim,_,o- f(x) =0 and lim,_,,+ f(x) = 1, even if f(0) is undefined.
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Continuous functions

Definition 5.19 Let S C R and ¢ € S. We say the function f is
continuous at c if for all € > 0, there exists a § > 0 such that for all z € S

and |z — ¢| < §, we have |f(x) — f(c)] <.
We say the function f is continuous on the set U for U C S if f is
continuous at every point of U.

Remark 5.20 The function f is not continuous at point ¢ € S if there
exists some € > 0 such that for all 4 > 0, there exists some x € S and

|z — ¢| < 6, so that |f(x) — f(c)| > e.
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Example 5.21 The function f(x) = ax + b is continuous on R.

proof: let c€ R, € > 0, choose § = |a|€+1, then for all x € R, |x — ¢| < 6:

ol
€ €

f(x)— f(c)] = |lax +b—ac—b| = |a||lr — | < |ald = a1 s

Example 5.22 The function f given by

] 1 z#0
o=, 07

Is not continuous at ¢ = 0.

proof: choose e =1 and let 6 > 0, then x = §/2 satisfies |x| < J, but
f(z) = fO)[=1-0]=12>c¢
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Theorem 5.23 Let S C R be aset, c€ S beapoint,and f: S — R be a
function.
e If cis not a cluster point of .S, then the function f is continuous at c.

e If c is a cluster point of S, then the function f is continuous at ¢ if and
only if lim,_,. f(x) = f(c).

e The function f is continuous at ¢ if and only if for all sequences (z,,), .,
in S with lim,, ,. x, = ¢, we have lim,, , f(z,) = f(c).

proof: to show the first statement, let € > 0

e c € 5 and cis not a cluster point of S =— dJ > 0 such that

(c—=0d,c+d0)NS ={c}
e then for all x € S such that |z — ¢| < J, we have x = ¢, and hence,

f(z) = fle)l =|f(c)— flc)] =0<e
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we now show the second statement:

e suppose f is continuous at ¢, let € > 0

— f is continuous at ¢ = d6 > 0 such that for all x € S and
lx — | < §, we have |f(x) — f(c)] <€

— then Vx € S suchthat 0 < |z — ¢| < 6, |f(x) — f(o)| < e =
limg . f(x) = f(c)
e suppose lim, .. f(x) = f(c), let e >0

— f(x) = f(c) asx — ¢ = 30 > 0 such that for all x € S and
0<|z—c| <4, we have |f(x) — f(c)| <€

— then for all z € S such that |x — ¢| < d: if x = ¢, we have

f(z) = fleo)| =f(c) = flc)| =0<e

if x Ac,wehave 0 < |z —¢c|<d = |f(z)— f(c)| <€

— put together, we conclude that the function f is continuous at c

Continuous functions
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we now show the third statement

e suppose f is continuous at ¢, let (z,,).., be a sequence in S, =, — ¢,
let € > 0

— f is continuous at ¢ = 46 > 0 such that for all x € S and
lz — c| < §, we have |f(x) — f(c)] < e

— T, > ¢ = dM € N such that Vn > M, |z, —c| < =
Vi = M, [f(zn) - f(e)] <€ — (Fzn))iy — £(O

e suppose for all (x,) —, in S such that z,, — ¢, we have f(x,) — f(c)

— assume f is not continuous at ¢ = de > 0, Vo > 0, dz € S such
that |x — c| < 9, but |f(z) — f(c)| > €

— choose z, € S'st. Vn € N, 0 < |z, — ¢| < but |f(z,) — f(z)] > €

- 250 = z,—>c = f(zn) > f(¢) = IM € N such that
Vn > M, |f(x,) — f(c)| < e, which is a contradiction
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Theorem 5.24 The functions sinx and cosz are continuous on R.

proof:

e recall the following properties of sinx and cosx for all z € R:
— sin?(x) + cos?(z) =1 = |sinz| <1 and |cosz| <1
— |sinz| < |x|
— sin(a 4+ b) = cos(a) sin(b) + sin(a) cos(b)
— sin(a) — sin(b) = 2sin (%52) cos (%£2)

e we first show that sin z is continuous, let ¢ € R, let € > 0, choose
0 = ¢, then for all x € R such that |z — ¢| < §, we have

. [x—c x4+ c . [x—c |z — c|
2 sin cos < 2 |sin <2 =|r—c| <e
2 2 2 2

e we now show that cosxz is continuous, let ¢ € R, let ( ) bea
sequence with x,, — ¢, then we have z, + 5 — c+ 3, and hence

| sinz —sinc| =

. . . T . ™
lim cosx,, = lim sin (a:n + —) — sin (c + —) — COSC
n— 0o n— 0o 2 2
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Theorem 5.25 Dirichlet function. The Dirichlet function given by

)1 zeQ
o=, 1

is not continuous on all of R..

proof: let c e R

e if c € Q, then for all n € N, there exists z, ¢ Q s.t. ¢ < z,, < ¢+ =;
% — 0 = =z, — ¢, however,

lim f(zn) =07 f(c) =1
—> (f(x,)),_, does not converge to f(c)
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o if c¢ Q, then for all n € N, there exists 2, € Q s.t. ¢ < z, < ¢+ =
% — 0 = x, — ¢, however,

lim f(zn) =1# f(¢) =0

— (f(z,)).-_, does not converge to f(c)

n=1
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Operations that preserves continuity

Theorem 5.26 Let f,g: S — R be functions on .S C R and are continuous
at ce S.

e The function f 4+ g is continuous at c.
e The function f - g is continuous at c.

e If g(x) # 0 for all x € S, then the function f/g is continuous at c.

proof: we show that the function f + ¢ is continuous at ¢, the other two
statements can be proved similarly; let (z,,) ., be a sequence in S with
Ty —> C

e f is continuous at ¢ = lim, o f(x,) = f(c)

e ¢ is continuous at ¢ = lim, o g(zy) = g(c)

e hence, lim, o (f(zn) +9(xyn)) = f(c) +g(c) = f+ g is continuous
at c
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Theorem 5.27 Let f: B — R and g: A — B be functions on A, B C R.
If g is continuous at ¢ € A and f is continuous at g(c) € B, then fog is
continuous at c.

proof: let (x,) ., be a sequence in A and =, > ¢ = g(z,) — g(c)
— f(g(zn)) —>f( (c)) = fogis continuous at ¢

Theorem 5.28 Let f be a polynomial function of the form
f(x) = apx? + -+ ar1x + aop.

Then, the function f is continuous on R.

proof: let c € R, let (z,,), ., be a sequence in R and x,, — ¢, then:

lim f(x,) = lim (apacﬁ + -+ a1z, + ag)
n—oo
_a,phmac + - —|—allimxn—|—a0
n—oo

=a,c’+ -+ aic+ag = f(c)
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Example 5.29 Theorems 5.26 and 5.27 allows us to show that some given

function is continuous without a huge ¢ — ¢ proof, for example:

2

e The function 1/x? is continuous on (0,00), since z? is continuous on

(0, 00).

. 2 . . . .
e The function (cos(1/z?))” is continuous on (0,00), since cosx is
continuous on R, and z? is continuous on (0, co).
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Extreme value theorem

Definition 5.30 A function f: S — R is bounded if there exists some
B > 0 such that for all z € S, we have |f(x)| < B.

Theorem 5.31 If the function f: [a,b] — R is continuous then f is
bounded.

proof:

e suppose f is unbounded, then VB > 0, Jx € [a, b] such that |f(x)| > B
e let (z,), ., be a sequence in [a,b] such that for all n € N, |f(z,)| > n

e (z,),_,isin[a,b] = (z,),_, is bounded = there exists a
subsequence (x,).-, (theorem 3.37) that converges to c € R
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e 0<2,<b = a<uz, <b = cé€|a,b

e fis continuous on [a,b] = f(zn,) = f(c) = (f(xn,));=, is
bounded

o |f(zn,)] >n; = (n;),—, is bounded, which is a contradiction

Definition 5.32 Let f: S — R be a function. We say the function f
achieves an absolute minimum at ¢ if f(z) > f(c¢) for all x € S. We say
the function f achieves an absolute maximum at d if f(x) < f(d) for all

r e S.
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Theorem 5.33 Extreme value theorem. Let f: [a,b] — R be a function on
a closed, bounded interval [a,b]. If the function f is continuous on |a, b,
then f achieves absolute maximum and absolute minimum on [a, b].

proof: we show the case for absolute maximum

e f is continuous on [a,b] = f is bounded = the set
E={f(x) |z €la,b]} is bounded = sup F € R exists

e sup E is the supremum of {f(x) | z € [a,b]} = Vz € [a,1)],
f(x) < sup E, and, there exists some sequence (f(x,)),_, with
x, € [a,b] such that f(z,) > supE

o (,),_,isin [a,b] = there exists a subsequence (z,,)._, such that

)

Tn, —dand d € |a,b] = f(xn,) = f(d) (since f is continuous)

o f(xn,) »>supl = f(xp,) > supl = supE = f(d) = there
exists a point d € [a, b] such that f(x) < f(d) for all x € [a, b]
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Remark 5.34 To apply the extreme value theorem, the function f has to
be continuous on a closed, bounded interval.

If the function f: [a,b] — R is not continuous, consider the function given
by

r=0orxz=1

flz) = { r x€(0,1),

which neither achieves an absolute maximum nor an absolute minimum on
[O, 1].

If the function f: S — R is continuous but S not closed and bounded,
consider the function given by

N

flz) =~ - , 5=1(0,1),

which neither achieves an absolute maximum nor an absolute minimum on

0,1].
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Intermediate value theorem

Theorem 5.35 Let f: [a,b] — R be a continuous function. If f(a) <0
and f(b) > 0, then there exists some ¢ € (a, b) such that f(c) = 0.

proof: let a1 = a, by = b, for all n € N, given a,, and b,,, define a,,+1 and
bni1 as:

® ay =t b =b,, if f(2fbn) <0

o

then the sequences (a,,),_, and (b,),_,

has the following properties:

e a <ap<apt1 <bpi1 <b,<bforallne N = (a,),_, and
(bn). -, are monotone and bounded = (a,),_,; and (b)),
converge, let a,, — ¢, b, — d

e f(an) <0, f(by) >0 for all n € N, since f is continuous, ¢,d € |a, D]
— lim, . f(a,) = f(c) <0 and lim, . f(b,) = f(d) >0
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__bp—an _ bn_1—an—1 __ __b—a __ b—a
® b1 — G =570 = "ot = =T = by —an = 5T

and hence, we have

. . b—a . .
e n — an) = 0 ot = 0= 0 e~ g 0

put together, we have f(c) <0, f(d) >0, and f(c) = f(d)
— f(c¢) = f(d) =0 = dc € (a,b) such that f(c) =0
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Theorem 5.36 Bolzano's intermediate value theorem. Let f: |a,b] — R
be a continuous function. Suppose y € R such that f(a) <y < f(b) or
f(b) <y < f(a), then there exists a ¢ € (a,b) such that f(c) = y.

proof: we consider the case for f(a) < y < f(b), the other case is similar
e let g: [a,b] — R be a function given by g(z) = f(x) — y, then g is

continuous on [a, b] (theorem 5.26)

e fla) <y < [f(b) = gla) = a) y <0, g(b)=f(b) -y >0
—> dc € (a,b) such that g(c) = c) y = 0 (theorem 5.35)
—> dc € (a,b) such that f(c) =
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Theorem 5.37 Let f: [a,b] — R be a continuous function. Suppose the
function f achieves absolute minimum at ¢ € |a, b], and achieves absolute
maximum at d € |[a,b]. Then, we have f([a,b]) = [f(c), f(d)], i.e., every
value between the absolute minimum value and the absolute maximum
value is achieved.

proof:

e according to theorem 5.33, we have f([a,b]) C [f(c), f(d)]
e according to theorem 5.36, we have [f(c), f(d)] C f(|c,d]) C f([a,b])

e hence, f([a,b]) = [f(c), f(d)]

Remark 5.38 Similarly, theorem 5.36 is false if f is not continuous.

Example 5.39 The polynomial given by f(z) = 22%%! 4+ 22920 1+ 9.03x + 1
has at least one real root.

proof: we have f(0) =1 >0 and f(—1) = —8.03 < 0, hence, by
theorem 5.36, there exists some ¢ € (—1,0) such that f(c) =0
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Uniform continuity

Example 5.40 The function f(x) = 1 is continuous on (0, 1).

2

proof: let ¢ € (0,1) and € > 0, choose § = min {%, %e} then Vx € (0,1)
such that |z — ¢| < §, we have

e [lz]—cf|<|r—¢c|<di<s = —S<|z]—c = =<2

z[ T e

e hence, {———} :|Tx;

Remark 5.41 Example 5.40 shows that in the definition of function

continuity, the number 6 can depend on both the number € and the
point c.
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Definition 5.42 Let f: S — R be a function. We say the function f is
uniformly continuous on S if for all € > 0, there exists some ¢ > 0 such
that for all x,c € S and |x — ¢| < J, we have |f(z) — f(c)| < e

Remark 5.43 In the definition of uniform continuity, the number ¢ only
depends on e.

Example 5.44 The function f(x) = 2 is uniformly continuous on [0, 1].

proof: let € > 0, choose 6 = £, then for all x,c € [0,1] and |z — ¢| < §, we

have |z + ¢| < 2, and hence,

£
2!

[f(@) = flo)l=lz" =l =lztdlz—c <[z +cld <20 =2-c=¢
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Remark 5.45 Let f: S — R be a function. We say the function f is not
uniformly continuous on .S if there exists some € > 0 such that for all 6 > 0,
there exists some z,c € S and |z — ¢| < § so that |f(z) — f(c)| > €.

Example 5.46 The function given by f(z) = % Is not uniformly continuous

n (0,1).

proof: choose ¢ = 2, let § > 0, choose ¢ = min {5, %} r = 5, then:

oxcE(Ol)and\x—c[ £<i<d

1

2 1

— C
c 2 ¢

Example 5.47 The function f(x) = 22 is not uniformly continuous on R.

proof: choose ¢ = 2, let 0 > 0, choose c =%, . =c+ g, then we have

SN

er,ceERand [z —c|=5<§
o 22—l =lz+clz—c|=Q2c+23) 2=(G+2) t=2+L>2=¢
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Theorem 5.48 Let f: [a,b] — R be a function. Then, the function f is
continuous on |a, b] if and only if f is uniformly continuous on |[a, b].

proof:

e suppose f is uniformly continuous on [a,b]: let ¢ € [a, b], € > 0, then
according to uniform continuity, 30 > 0 such that for all = € |a,b] and
|z — | < §, we have |f(x) — f(c)| < e

e suppose f is continuous on [a, b]

— assume f is not uniformly continuous on [a, b], then Je > 0 such that
Vo > 0, there exists x, ¢ € [a,b] s.t. |z — | < 6 but |f(x) — f(c)| > €

— choose sequences (z,,).., and (¢,). ., such that for all n € N,
Ty Cn € [a,b], |2, — ¢ < £, but | f(z,) — f(cn)] > €

— since z,, € [a,b] for all n € N, there exists a subsequence (z,,),_, of
(zn), -, such that x,,, — ¢ and ¢ € [a, b] (theorem 3.37)
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— take subsequence (cn ),— of (¢n),—; according to the indexes n; of
(Tn;);=, then ¢y, € [a, b] for all n € N = there exists a

©.@)
subsequence (cn ) such that Cny, = d and d € |a, b]
71=1
o0 o0 . .
— take subsequence (:cn ) of (x,,),_, according to the indexes n;;
of (an) , then z,,, — csince z,,, — ¢
i/ j=1 J
-0< |xn —Cp, | < L and — 0 = lim,_ ]xn —Cp, | =0

Ly nz ZJ J
hmj_>OO Tn,;, = hmj_>OO Cn;, — c=d

— since f is continuous on [a,b] and z,, — ¢, ¢,, — ¢, we have
J J

lim f(ajn )_ lim f(cn ):f(C)

J—>00 ¥ J—>00 ‘3

— 0= 17(0) = /()] = lim |[(zn,) = flen,)| > &

J J
which i1s a contradiction
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Lipschitz continuity

Definition 5.49 Let f: S — R be a function. We say the function f is
Lipschitz continuous on S if there exists some K > 0 such that for all

x,y € .5, we have |f(x) — f(y)| < K|z —yl.

Remark 5.50 Geometrically, the function f is Lipschitz continuous if and
only if all lines intersects the graph of f in at least two distinct points has
slope in absolute value less than or equal to K.
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Theorem 5.51 Let f: S — R be a function. If the function f is Lipschitz
continuous, then f is uniformly continuous.

proof: let ¢ > 0

e f is Lipschitz continuous = dK > 0 such that for all x,y € 5, we
have |f(z) — f(y)| < K|z — ¥

e choose § = ¢/(K + 1), then for all z,y € S and |z — y| < §, we have

f(zx) = fy)| < Klz —y| < Ké = € < €

K+1
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Example 5.52 The function f(x) = \/x is Lipschitz continuous on [1, c0),
but is not Lipschitz continuous on [0, c0).

proof:
e consider the function f: [1,00) — R given by f(x) = v/z, then Vz,y € [1, 00):

—x>21ly>21 = o+ /y>2

— hence, | |
T — vy 1
< <l —y|

7@) = FW) = IVE = Vil = = <5

— f is Lipschitz continuous with K = 1/2

e consider the function g: [0, 00) — R given by g(x) = /x, let K > 0, choose

€r = O, Yy = K21—|—1’ then

'f(fl?)—f(y) :‘\/5—\/@ _ VYV _ 1l i VEE =K
T =y T —y y VY

— |f(z) — f(y)| > K|z — vy
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