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Series

Definition 4.1 Given a sequence (z,) _,, the formal object > 7  x,, is
called a series.

A series converges if the sequence (s,,). ., defined by

=S gyt ta
n=1

converges. The numbers s,, are called partial sums. If the series converges,
we write

©. @)
g r, = lim s,,.
mM—r 00
n=1
. 0. @)
In this case, we treat > . =, as a number.

If the sequence (s,,),._, diverges, we say the series is divergent. In this
case, ), _, xy is simply a formal object and not a number.

Series 4-2



Remark 4.2 Series need not start at n = 1.

Example 4.3 The series >, m converges.

proof: the sequence of partial sums (s,,),._, is given by:

n=1
S
—mn n+1
_ 1 1+1 1+1 1+ +1 1
N 2 2 3 3 4 m  m+1
1
- 1-—
m+1
00 1

00 1 1

hence, s, > 1 = > 1 W) =

n=1 m(nyT) Converges and >
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Theorem 4.4 If |r| < 1, then >  r™ converges and > oo 1" = .

proof:

e the sequence of partial sums (s,,).~_, is given by:

1—7r 1 —7r 1 —7r

m m_o P (1 — r ZL:O rn _T,n—l—l 1 _,rm—i—l
Sm:ZTnZ(Zn_ ) (A —=7) 2 nol ) _

1
1—r

e r| <1 = r"™ — 0 (theorem 3.16) — s,,, —

Remark 4.5 Series of the form Y ™  ar™ with a,7 € R are called
geometric series.
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Theorem 4.6 Let (x,) ., be a sequence and let M € N. Then, > 7 | z,
converges if and only if > "7 , x, converges.
proof:
e for all m > M, we have
m M—-1 m
2 Tn=Q Tt D
n=1 n=1 n=M
® suppose Y | x, converges, we have
m m M—1 m M—1
Jim 30w = Jim (S Dwn = 3w ) = tim (3 ) - 3w
o0
® suppose >, . Xy converges, we have
m m M—1 m M—1
Jim 3= fim (3wt 3w ) = tim (3w )+ 3
n=1 n=M n=1 n=M n=1
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Cauchy series

Definition 4.7 The series > | x,, is Cauchy if the sequence of partial
sums (Sm),-_, is Cauchy.

Theorem 4.8 The series >~ x, is Cauchy if and only if > x, is
convergent.

proof: according to theorem 3.45

e suppose >~ x, is Cauchy = (s,,), _, is Cauchy = (s,,), _, is
o0 .
convergent = )~ x, is convergent

e suppose Y -, &y, is convergent =—> (S,,) - _, is convergent —>
(8m),._, is Cauchy = > °"  x,, is Cauchy
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Theorem 4.9 The series > | x,, is Cauchy if and only if for all € > 0,
there exists an M & N such that for all m > M and k > m, we have

k
‘Zn:mﬂ Tn| < €.

proof: let ¢ > 0

e suppose > oo @, is Cauchy = (-, @,) _, is Cauchy = IM € N such
that Vm, k > M (assume k > m), we have

m k k

e suppose dM € N such that for all K > m > M, ‘Zk < €, then we have

n=m+1 Ln

k

m k
E Ln — E Ln
n=1 n=1

n=m-+1

ie., (30 xy,) _, is Cauchy = > x, is Cauchy
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Theorem 4.10 If the series > >~ | x,, converges then lim,, o z, = 0.

proof: let ¢ > 0

e >  x, converges — » . x,is Cauchy = IM; € N such
that Vk > m > My, we have |Zi:m+1 Tn| < € (theorem 4.9)

e choose M = My —+ 1, then Vm > M, by taking k =m > m — 1 > M,
we have

<e¢ — lim z,=0

[T — 0] = |24, | =
n—oo

m
2.

n=m-—1+1

Remark 4.11 The converse of theorem 4.10 does not hold.
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Theorem 4.12 If |r| > 1 then the series Y, r™ diverges.

proof: |r| > 1 = lim,_,oo "™ # 0, by theorem 4.10, ">, r™ diverges

Corollary 4.13 The series Y, ar™ with «,r € R converges if and only
if 7] < 1.
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Theorem 4.14 The harmonic series Z;:O:l% does not converge.

proof: we show that a subsequence of (s;,).-_, is unbounded

e consider the subsequence (s4i),—,, given by

D T T € B € Y et Y (e S
T2l T L T 2 371 5 8 2i-1 11 2

i 2" i
>14+y. > =14y @ - D+
k=1,—ok—141 k=1
NS Lt d )
=1+)> — —1+Z§:1+5
k=1 k=1
e (1+1i/2).°, is unbounded = (89i),2 is unbounded = (s;,),_;

is unbounded = "7 | L does not converge
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Linearity of series

Theorem 4.15 Let « € R and > 7 x, and > > v, be convergent

series. Then the series > " (ax,, + y,) converges and

n=1 n=1 n=1

proof: consider the partial sums of > > (axy, + yn), we have

Z(&$n+yn) — O‘an+ Zyn
n=1 n=1

n=1
m ™m ™m
n= n— n—

n=1 n=1 n=1
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Absolute convergence

Theorem 4.16 If 2,, > 0 for all n € N, then the series Zf;l X, converges
if and only if the sequence of partial sums (s,,),._, is bounded.

proof:

e suppose Y~ . x, converges = (8,,) - _, converges = (Sy,) ~_, is
bounded

® suppose (sm);f:l is bounded, since z,, > 0 for all n € N, we have

m m
Sm — E Ty < E Tpn + Tn+l = Sm+1,
n=1 n=1

i.e., (Sm),-_, is monotone increasing = (S,,),._, converges —>
©.¢)
> .. _1 T, converges
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Definition 4.17 The series > | x,, converges absolutely if > |z,
converges.

Theorem 4.18 If the series >~ | x;,, converges absolutely then > >7  x,
converges.
proof:

e we first prove the following claim by induction:

Lemma 4.19 For all z1,...,2, € R, we have |3 ;| <370 |xy.

— suppose n = 2, we have the triangle inequality |r1 + 22| < |x1| + |22|

— suppose n > 2, and > 0, x;| <> | |z, holds, we have

n—+1 n—+1

n n
Zflfz' < Zﬂfz + |xpt1| < Z 5| 4+ |Tna1| = Z |24
i—1 i—1 i—1 i=1
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e > x, converges absolutely = > " |x,| converges —> let
e>0,IMeNst.Vk>m>M, |SF_eal| =30 L Jza] <e

k
<D et 1Tl <€

e hence, for all k > m > M, we have ‘ZZ:mH T,

oo
— ), _, T, converges

Remark 4.20 The converse of theorem 4.18 does not hold.
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Comparison test

Theorem 4.21 Comparison test. Suppose 0 < x,, < y,, for all n € N.

oo oo
o If > ~_,yn converges then ) "~ x, converges.

o If Y7  x, diverges then > y, diverges.

proof:

m

e suppose > o, Y, converges =—> (> y,) . is bounded —>
B >0st. VYmeN, |Y " yu =>" yn < B = Ym e N, we

have
m m
0<) 2, <> yu<B
n=1 n=1

— >, xn)iﬂ is bounded — by theorem 4.16, the series
> 7 | Ty, converges
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m

e suppose > -, x, diverges = by theorem 4.16, (>, z,) _, is
unbounded =— VB > 0, 3m &€ N such that

m
D Tn
n=1

™m
= an > B,
n=1

hence, for this m,
D Un>) an>B
n=1 n=1

—> (>0, Yn). _, isunbounded => >y, diverges
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Theorem 4.22 The series > - converges if and only if p > 1.

nlp

proof:

® suppose Zn 1 =p converges, assume p < 1, then we have 0 < - S —p, the series
St dlverges — > .° | -5 diverges (theorem 4.21), WhICh is a contradiction

m 1

® suppose p > 1, let 5, = Zn:1 nP

— we first show that s,, < som for all m & N by induction, we have 2™ > m for

allm e N — Sm:Z$1nP<Zn 1np—82m

1

— we now show that som is bounded by 1 + TG D)

Som = —

—1+(1>+(1+1>+ +< ! + -+ 1)
B 2P 3P 4p (2m=1 4 1)P (2m)P

1

m Qk m Qk
1
=1+> > <1+ -
k=1 p=ok—141 e ; n:2k’Z_1—|—1 (21 + 1)
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1 (b _
<1430 Y Gl e - e+

14 zm: o~ (-1 _ g mzf o~ (p-D)k
k=1 k=0
<1+ i 2~ PmDF —q 4 i (2‘(p‘1>)k
k=0 k=0
1
=1+ 1 — 2—(-1)’

where the last equality is from the fact that p — 1 > 0, and using the properties of
geometric series (theorem 4.4)

— put together, we have 0 < s,,, < som < 1 + 12_% = (Sm),._, is
monotone increasing and bounded = (s,,) ._, converges = > >~

converges

L
nP
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Ratio test

Theorem 4.23 Ratio test. Suppose xz,, # 0 for all n and the limit

L= lim 2ol
oo |zn)

exists.
e If L >1then Y . x, diverges.

n=1

o If L <1then > " x, converges absolutely.

proof:

e suppose L > 1, then dM & N such that Vn > M, % >1 =
Vn > M, |zpt1| > 2] = limpoeo2, #0 = >~ | @, diverges

(theorem 4.10)
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e suppose L < 1,let L<a <1

- 3M eNst.Vn > M, "l <o = ¥n > M, |z,n] < alz,]

— ‘xn| S O“xn—ll S 8 |xn—2| S e S O5n_ZM|$J\4‘

—> Vn > M, we have |z,| < o™ M

— consider the partial sums of the series >_>° | |z, |, assume m > M:

m M-—-1 m
D za| = ] + D ] < Z |z | + Z E
n=1 n=1 n=M
M-—1 M-—-1 o0
< S leal+ 3= 0" Mawl = 3 bl + lowl 3 o”
n=1 n=1 n=0
n=1 o

where the last equality is from the properties of geometric series and 0 < o < 1

— hence, the sequencioof partial sums (> .~ ; |zx|), _, is monotone increasing and
o0
bounded = >~ |x,| converges = >~ | =, converges absolutely
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Remark 4.24 |If L = 1 in theorem 4.23 then the test doesn't apply. For
example, >~ | - diverges, and Y~ | -5 converges.

Example 4.25 The series > 7, 1" converges absolutely.

n241
proof:
(=p"* )
—1)" 1 1 n+1)2
(2) = — <— = lim (+1)j1<lim 'n 5 =1
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Example 4.26 The series >~ Z—? converges absolutely for all z € R.

proof:
xn—l—l
1)!
fim LD gy
nooo T mocon+
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Root test

Theorem 4.27 Root test. Let Zzozl x, be a series and suppose that the

limit
L= lim |z,|""
n—oo
exists.
o If L >1then Y >~ x, diverges.

o If L <1then > " x, converges absolutely.

proof:

e suppose L > 1, then dM € N s.t. Vn > M, wn\l/n21 — Vn > M,

zn| > 1 = limpsooxy, 20 = > 7 x, diverges (theorem 4.10)

e suppose L < 1,let L<a <1

— dM € N such that Vn > M, xnll/nga — Vn > M,

| < a”
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— consider the partial sums of the series > " | |x,|, assume m > M:

<

m —1 m

M-—-1 o0
n=1 n=M

n=1 n=M

o0 M—1 s
ol + 0 07 = Y faal 4 Yt
n=»M n=1 n=0

oo
n=0

OéM

— ’$n|+1_a7

S
I
[

<

IN
3
}&

D

S
I
[T

D

S
|
[t

where the last equality is from the properties of geometric series and
O<a<l

. m oo .
- hence, _the sequence of partial sums (D ope Tnl), s moncg’(c)one
increasing and bounded = ) ", |x,| converges — > ", x,
converges absolutely
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Remark 4.28 Similarly, if L = 1 in theorem 4.27 then the test doesn't
apply.

Series 4-25



Alternating series

Theorem 4.29 Llet (z,,).., be a monotone decreasing sequence with
limy, 00 &, = 0. Then the series > >° . (—1)"x,, converges.

proof: consider the partial sums s, =Y, (=1)"z,

e (z,) _, is monotone decreasing and z,, - 0 = Vn € N, we have

Ln an—l—l Z 0

e we first show that the subsequence (s2,,,),._, converges, notice that

2m

89y = Z (-)"z,=—21+T2 -3+ —Tom_1+ T2, (4.1)

n=1
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— rearranging the terms in (4.1), since x,.1 < x,, Vn € N, we have

Som = (x2 —x1) + (x4 —23) + - - + (T2m — T2m—1)
> (w2 — 1) + (23 — 20) + -+
+ (Tom — Tom—1) + (T2m+2 — Tam1)

= 82(m+1)

—> (S2m),-_, is monotone decreasing

— rearranging the terms in (4.1) differently, since z,, > x,11 > 0,
Vn € N, we have

Som = —T1+ (T2 —x3) + (x4 —x5) + - -

+ (Tom—2 — Tom—1) + Tom > —21

—> (S2m),-_, is bounded below

— put together, we conclude that (sa,,),._, converges, let so,, —
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e we now show that (s,,) ~_, also converges to z, let € > 0

— Som — © = dM; € N such that Vm > My, |som — x| < €/2
— , - 0 = dM, € N such that Vm > My, |t < €/2

let M = maX{2M1 + 1,M2}, then Ym 2 M, m Z 2M1 + 1, m Z M2

— if mis even — % > M, hence
5 — | = (32.% —x) <e/2<e

— if misodd, then m —-1isevenand m -1 > 2M; — m7_12]\41,
hence

Sy — T| = sm_l—x—l—xm\:|82_m—1—x—|—xm
2

IA

Symt — :c‘ b | < €/2+€/2 =

put together, (s,,),_, converges — > > (—1)"x,, converges
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Corollary 4.30 The series > 7 | (_i)n converges but does not converge

absolutely.
proof:
® since (H)n:1 is monotone decreasing with lim,, .. - = 0, it follows

immediately from theorem 4.29 that > 7 | (—i)” converges

: oo (=" _ oo 1 oo 1 4
® since ) ‘T‘ = > .1 and > -~ = diverges, we conclude that

> % does not converge absolutely
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Rearrangements

Theorem 4.31 Suppose >~ | x,, converges absolutely and Y~ | =, = .
Let 0: N — N be a bijective function. Then, the series 22021 To(n)
is absolutely convergent and > >, Tg(n) = . In other words, absolute
convergence implies, if we rearrange the sequence, the new series will still
converge to the same value of the original series.

proof:

IS

o we first show Y 0 | |z,(n)| converges, i.e., (31—, |$a(n)‘);o:1

bounded

— >0 |@n| converges = (3", |z,]). . _, is bounded —>
3B > 0 such that Vm € N, > | |z,| < B

—Vm e N, {1,...,m} is a finite set = Jk € N such that
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hence,

m k
Z |xa(n)‘ — Z |xn‘ < Z |xn| <B
n=1 n=1

— Vm €N, > " | [Ty is bounded
e we now show that >~ () =, let € > 0

- > x, =2 = My € N such that for all k > m > M), we have

m k
Zilfn—ilf < €/2 and Z Tp| < €/2
n=1 n=m-+1

— the set {1,..., My} is finite = dM € N, M > M such that
{1,.... My} Co({1,...,M}),
hence, for all m > M, let p = max(o({1,...,m})) > My, we have

o({1,....m})={1,... Mo} U{My+1,...,p}
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— consider the partial sums of > 7 | Ty (z), for all m > M, we have

iaza(n)—az: Z Ty — | = an—x+ Z T,
n=1

neo({1,...,m}) n=My+1

p
Z Tn| <€/24€/2=c¢

n=1 n=Mp+1

A
(]
3
.
_|_

. m oo
= iMoo ) 1 To(n) =T = D 1 To(n) =T
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