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Sequences and limits

Definition 3.1 A sequence (of real numbers) is a function z: N — R. To
denote a sequence we write (x,,) -, where x,, is the nth element in the
sequence.

e sequence need not start at n = 1, e.g., the sequence
r:{n€Z|n>m}— Ris denoted (z,), .

n=m

Definition 3.2 A sequence (z,,) ., is bounded if there exists some B > 0
such that |z,,| < B for all n € N.

examples:

1

e the sequence (n)oo Is bounded since % <1 for all n

n=1

e the sequence (n), _, is not bounded since for all B > 0 there exists
some n > B according to the Archimedian property
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Definition 3.3 A sequence (z,,),_, is said to converge to =z € R if for all
e > 0, there exists an M € N such that for all n > M, we have |z, — x| < €.

The number x is called a limit of the sequence. If the limit x is unique, we
write

r = lim z,.
n— oo

A sequence that converges is said to be convergent, and otherwise is
divergent.

Remark 3.4 A sequence (z,), ., is divergent if for all x € R, there exists
some € > 0, such that for all M € N, there exists an n > M, so that
|z, — x| > €

Theorem 3.5 Let z,y € R. If for all € > 0,

r —y| <e then x = .

proof: assume z £y = |z —y| > 0; take e = 1|z — y|
— |z —y| <i|lr—y| = |z —y| <0, which is a contradiction
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Theorem 3.6 If (x,) ., converges to z and y, then z = y, i.e., a
convergent sequence has a unique limit.

proof: let ¢ > 0

o (z,),_, convergesto x = IM; € N, Vn > M, |z, — z| < €/2
o ()., convergestoy = IMs € N, Vn > My, |z, —y| < €/2
o let M = My + Ms, then M > My and M > M, then we have
lxp — x| <€/2 and |y —y| < €/2,
hence,

lz -yl =|(x —2rp) + (20 — y)]
<lz—zym|+ly—om| <€/2+€/2=¢

e according to theorem 3.5, we have x = y
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Remark 3.7 Sometimes we write ‘z,, — © as n — oo to mean x =
lim,, o x,. We may also avoid the ‘as n — oo’ part if the limiting process
Is clear from the context.

Example 3.8 Given the sequence (z,,), ., with 2, = ¢ € R for all n € N,
we have lim,, .. x,, = C.

proof: let ¢ > 0, M =1, then for all n > M, we have

z, —c|=|c—c|=0<ce¢

1

1 1
n

Example 3.9 The sequence (n
0.

O . .
)n—l converges to x = 0, i.e., lim,,_

proof: let ¢ > 0, choose an M € N such that M > 1/€¢ (such an M exists
according to the Archimedian property), then for all n > M, we have

1 _ |1 1

w0 =[al <ar<e

n
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Example 3.10 The sequence ( 2+21+100) converges to z = 0.
mn n n=1

proof: let € > 0 choose M € N such that M > e~ !/2, then for all
n > M, we have

< €

1 1 1 1
— — < <
n?2 + 2n + 100 ‘ n?24+2n+100 — 2n — 2M

Example 3.11 The sequence (z,,), ., where z,, = (—1)" is divergent.

proof: let t € R, M € N, then

oar = aarga] = | (1) = ()M =2

= 2=|(em —2)+ (r —2p)| < oy — @)+ a4 — 2]

— |ley—x|>1 or |xpa—x|>1,
i.e., let e =1, n = M, we have either |z, — x| > €or |r,11 — x| > €

Sequences 3-6



Theorem 3.12 If ()., is convergent, then (z,) _, is bounded.

proof:

o0 .
® suppose (xn)n:1 converges to x, let € = 1, then there exists some
M € N such that foralln > M, |z, —z| <1 = z, <|z|+1

o let B = max{|x1]|,|z2|,- .., |rnm|, |x| + 1}, since z,, < |x,| for all
neN, n<M,and z, < |x|+ 1 for all n > M, we have B > |x,| for
alln e N
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Monotone sequences

Definition 3.13
e Asequence (), ., is monotone increasing if z, < x,,11 for alln € N.

e A sequence (x,) _, is monotone decreasing if =, > x,41 for all
n € N.

o If (x,),_, is either monotone increasing or monotone decreasing, we say
the sequence (z,,).. , is monotone (or monotonic).

examples:

1 o . .
e the sequence (E)n—l IS monotone decreasing

e the sequence <_E)n:1 IS monotone increasing

e the sequence ((—1)") _, is not monotone
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Theorem 3.14 A monotone sequence (x,,) ., converges if and only if it is
bounded.

e If the sequence (z,,), ., is monotone increasing and bounded, then

lim x, =sup{z, | n € N}.

n—oo

e If the sequence (z,,), ., is monotone decreasing and bounded, then

lim x, = inf{z, | n € N}.

n—oo

proof: we prove for monotone increasing sequences

® suppose (a:n)flo:l is convergent, according to theorem 3.12, it is bounded

e suppose (x,,)_ . IS monotone increasing and bounded
n/n=1

— (x,,),_, is monotone increasing —> x,, < Zp,41 for alln € N
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— (@), _, is bounded = the set {z,, | n € N} has supremum
r = sup{z, | n € N}

— let € > 0, according to theorem 2.17, there exists some M € N such
that £ — e < s < z, then for all n > M, we have

r—e<zry<z,<zr<zrt+e = |, x| <¢€
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Example

recall the following lemma from example 1.8:

Lemma 3.15 Bernoulli’s inequality. If x > —1 then (z +1)" > 1+ nx for
all n € N.

Theorem 3.16 If ¢ € (0,1) then the sequence (c¢™) ~_, converges and

lim, 00 ¢ = 0. If ¢ > 1, the sequence (¢™). __, does not converge.

proof:

e if ¢ > 1, we show that the sequence (¢") _, is unbounded (and hence
does not converge):

— let B > 0, then there exists some n € N, n > C% such that
"=((c—1)+1)">1+n(c—1)>n(c—1) > B

(the first inequality is because of lemma 3.15)
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o if c € (0,1), we first show that (¢™) ~_, is monotone decreasing and
bounded (and hence, convergent), i.e., show that ¢"*! < ¢" < ¢ for all

n € N by induction:

— suppose n =1 = ¢? < ¢ < ¢, the first inequality holds since
O<e<1

— suppose n > 1, and "t < ¢ < ¢, then we have

let lim,, o, ¢ = L, we now show that L = 0:

— let € > 0, then there exists some M & N such that for all n > M

such that .
" — L| < 5(1 — C)e

Sequences 3-12



— hence, we have

(1 —c¢)|L| =|L — cL|

= (L — M) + (M — L)

<|L—-cMT +¢|cM - L

<|L—cMT 4 |1cM - L)

1 1

< 5(1 —C)e+ 5(1 — C)e

= (1 — ¢)e,
i.e., |L| < e for all € > 0 (according to theorem 2.14) — |L| <0
— L =0
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Subsequences

Definition 3.17 Let (z,),., be a sequence and (n;),-, be a strictly
increasing sequence of natural numbers. The sequence (z,,).", is called a

i=1
subsequence of (z,) . ;.

example: consider the sequence (z,,) —, = (n),_, i.e.,, 1,2,3,4,...

e the following are subsequences of (z,) _;:
- 1,3,5,7,9,11, ..., described with (z,,).- | = (2i-1);-4
- 2,4,6,8,10,12,. .., described with (z,,),~, = (22;);—4

- 2,3,5,7,11,13, ..., described with (z,,),_, where n; are primes

e the following are not subsequences of (x,,) _ ;:
~1,1,1,1,1,1,...
~1,1,3,3,5,5, ...
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Theorem 3.18 If lim, ,o 2, = x, then all subsequences of (x,)
converge to .

proof:

oo

o let (z,,).—, be a subsequence of (z,),_,

e let € > 0, then there exists some My € N such that |z, — x| < € for all
n > MO

o let M = My, then for all ¢ > M, since n; > 1 > M = M,, we have

T, — x| < €

oo

Remark 3.19 Theorem 3.18 implies that the sequence ((—1)")
divergent.

n—1 IS
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Inequalities involving limits

Theorem 3.20 The sequence (z,,), ., converges with lim,, o 2, = x if
and only if (|z,, — x|),_, converges with lim,_, |z, — x| = 0.

proof: let ¢ > 0

e suppose lim,,_,., x,, = x, then dMy € N such that Vn > M,
|z, — x| <€ let M = My, then Vn > M = Mj, we have

T, — 2 —0| =z, — 2| <€

e suppose lim, . |z, — x| =0, then IM € N, Vn > M, we have
1z, —x — 0| <e¢, ie., |[x,—x| <e€
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Theorem 3.21 Squeeze theorem. Let (ay), ., (by) _,, and (z,). ., be
sequences such that
an < Tp < by

for all n € N. Suppose that (a,), ., and (b,,), ~_, converge and

lim a,, = x = lim b,.
n—oo n—oo

Then (x,,), -, converges and lim,,_, o T, = .

proof: let ¢ > 0

e a, —>x — dM; € N such that Vn > Mj,

e b, >x = dMs € N such that Vn > My, |b, — x| < €
o a,<zx,<b, — a,—r<x,—x<b,—x

o take M = max{M;, M5}, then Vn > M, we have

—e<ap—cr<zx,—x<b,—x<e = |r,—1x| <€
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Example 3.22 The sequence ( 2:32“) converges with
mn mn n=1

77,2

lim =1
n—soon?+n-+1

proof:

o let ¢ > 0, we have

2
0 < n o n-+1 <n—|—1:i
| n24+n+1 n2+n+1| " n24+n n
1 'rL2 n2
e 0—0and - =0 = n2+n+1—1|—>():>n2+n+1—>1
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Theorem 3.23 Let (x,). ., and (y,), ., be sequences.

o If (x,) ~, and (yn),., converge and z,, < y, for all n € N, then we
have

lim z, < lim y,.
n—oo n—oo

o If (x,), _, converges and a < x,, < b for all n € N, then

a< lim =z, <b.

n—oo

proof: we show the first statement; the second statement can then be
proved by considering (y.,)._, and (z,),_, where y, =a < z,, <b = z,

o let lim, ..o x, = and lim,,_, y,, = Yy, Suppose r > vy
e x>y = z—y>0lete="5%>0

o r, > — dM; € N s.t. Vn > M;,

Ty — x| < FH2
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o let M = max{M;i, M}, we have xp; — x > —% and yyr —y < x—;y
hence,
rT—Yy TTY r—y

which contradicts to z,, < y,, foralln € N

> Ym,
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Operations involving limits

Theorem 3.24 Suppose lim,, ., x,, = = and lim,, o Yn, = V.

e The sequence (2, + yn), . is convergent and lim, o0 (Tr,+yn) = T+Y.
e For all c € R, the sequence (cz,,), ., converges and lim,, o, cx, = cT.

e The sequence (z,yy), ., is convergent and lim,,, o Tpyn = Y.

o If y, #% 0 for all n € N and y # 0, then the sequence (5—") 5
"/ n=1
convergent and lim,, z—: — %

proof:

e toshowz, >z, yp >y — 2, +yn, —>x+y, lete >0

— &, > x = dM; € N such that Vn > M, |z, — x| < €/2

— Y, — y = M, € N such that Vn > Ms,

Yn — Y| < €/2
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— let M = max{M;, M>}, then for all n > M, we have

[(@n+yn) — @+ Y| < |on—z[+|yn —y| <€/24¢/2=c¢

e toshow z,, Vo — cx,, > cx, lete >0

-, - == dM € N such that Vn > M, |z, CU\<||+1

— then for all n > M, we have |cz,, — cz| = |c||z, —:1:|<|||j|L1 < €

e we show that x,, > x, y, >y = T,y — TV:

-y, > = |z, —x| =0

— Yp =Y = |yn —y| — 0, and (y,),_, is bounded, i.e., 3B > 0,
lyn| < B
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— hence, we have

TnYn + TYn — TYn — TY|
(Tn — 2)Yn + (Yn — y)z|
Tn — T/ |Yn| + yn — yl|2|
Tn — | B+ |yn — yl|z|

0 S |xnyn T xy|

IA

IA

— according to the previous statements, we have
z, — x| >0 = |z, —x|B —0
and

yn =yl = 0 = |y, —yl[z] =0,
then |z, — x|B + |y, — y||x| — 0

— hence, according to theorem 3.21, |z,y, — xy| — 0
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e to prove x,, > x, Yy >y (yn ZOforalln e N, y #0) = ;—Z—>§,

we first show that there exists some b > 0 such that |y,| > b:

<

Iete—"thenyn y\<|%

— then for all n > M, we have

[yl [yl
5 > |y =yl 2 lynl =yl ==yl > 5
(the second inequality is from the reverse triangle inequality)
— take b = min{|y1|, ..., |y, ly|/2}, we have |y,| > b forall n € N
we then show that (i> converges with lim,, yi = %: note that
n ?’Lzl n
0 < i_}‘ _ yn—y| _ =yl yn =yl
Yn Y YnY [ynl |yl bly|
and y, =y = |yg|;|y| > 0, hence, 1| — 0, i.e., yin — %

put together, x,, > v and - — & — Zn &
yn Y Un Y
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Theorem 3.25 If (x,,) ., is a convergent sequence with lim,, ,~ 2, = ,
and z,, > 0 for all n € N, then the sequence (w/a;n)OO Is convergent and

lim,, o0 /Ty = V.

proof:

n=1

e suppose r =0, let ¢ >0, we have z,, =0 =— dM € N s.t. Vn > M,

T — 0| = |zn| < € = Vn > M, |\/Tn — VE| = |/Tn| < Ve < ¢

e suppose x > 0, we have

0 < |/ — V| = W—g{@@
‘xn —CE‘ < |£En —$|

T T T

hence, z, > v — |z, — 2| >0 = len—z| _,

\/E I4
— |\/Tn — V2| = 0
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Remark 3.26 Suppose the sequence (z,).., is convergent and
lim,,_soo T, = x. One can prove that

lim xk ok

n—oo

by induction. Moreover, if x,, > 0 for all n € N, one can also prove that

lim #z, = Vx.

n—oo

Theorem 3.27 If (z,).., is convergent and lim, ooz, = z, then
(|zn|),— is convergent and lim,, o0 |Zn| = |2|.

proof: let ¢ > 0; x,, > =— dM € N such that Vn > M,
hence, by reverse triangle inequality, for all n > M, we have

T, — x| <€

|za] = [2|] < 2n — 2] <€
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Some special sequences

Theorem 3.28 If p > 0 then lim,,_,,on"? = 0.

proof: let € > 0, choose M € N such that M > (1/6)1/p, then for all
n>M, n7P—-0]=1/n? <1/MP <e¢

Theorem 3.29 If p > 0 then lim,, o, p*/™ = 1.

proof:

o if p=1, limn_mopl/” — lim,, . 1¥/" =1

® suppose p > 1

—p>1 = p/">1Vr =1 — p/r_1>0
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— according to the Bernoulli's inequality (example 1.8), we have

n — 1
(1+(p1/”—1)) >14np/m—1) = 2= 2>plm 1590
n
-2l 50 = pl/"-1-50 = pi/n -1
e if0<p<1l = 1/p>1, hence, we have
. 1/n . 1
lim p*/" = lim =1/1=1
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__, satisfies lim,, o nt/m =1

Theorem 3.30 The sequence (nl/”)

proof:

e one can simply show that n!/” > 1 by induction = n'/" —1 >0

e according to the binomial theorem, for all x,y € R and n € N, we have
n n n n— n !
(x+9)" = >0 ()" "y", where (}) = W

o let x =1, y:nl/”—l, for all n > 1, we have

n=01+n""—-1) = En: (Z) i/ —1)* > (Z) (/7 — 1)

k=0
'n/' l/n 2_]_ 1/n 2
— nZQ'(n—2)'(n —1) —§n(n—1)(n —1)
2 1/n
— >n —1>0
n_
— /"1 50 = /" 1
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Limit superior and limit inferior

Definition 3.31 Let (x,) ., be a bounded sequence. Define, if the limits
exist, the limit superior and limit inferior respectively, as

limsup x, = lim (sup{zy | £k > n})
n— 00 n—00

and

. i (s S 1)
lgr_léréf T nh_)r{)lo(mf{xk | k> n})
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Theorem 3.32 Let (x,,). ., be a bounded sequence; let
a, =sup{xx | kK >n} and b, =inf{xx | kK > n}.

Then:

e The sequence (a,), ., is monotone decreasing and bounded.
e The sequence (b,), ., is monotone increasing and bounded.

e We have liminf,, . z, < limsup,, ., Tp.

proof:

e we first prove the following lemma:

Lemma 3.33 Let A, B C R, A,B # (), and A, B are bounded. If
A C B then we have inf B <inf A < sup A < sup B.

— ACB — supBis an upper bound of A — sup A <supB
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— similarly, inf B is an lower bound of A =— inf B <inf A
— AB#() —= infA<supA — infB<infA <supA <supB

e we now show the first two statements in the theorem

— (x,),_, is bounded = there exists some B > 0 such that
—B<zx,<B

— we have Vn e N, {xx |k >n+ 1} C{zr | k >n} C{x, | n € N},
according to lemma 3.33, this implies that

_ngngbn—kl San—kl SG”RSB)

i.e., (an), -, is bounded monotone decreasing and (b,),_, is
bounded monotone increasing ( = (a,), ., and (b,) ., converge)

e according to the previous inequalities, we have b, < a,, for alln € N
— lim,, 00 by < lim,, o a,, (theorem 3.23), i.e.,
limint, . z, < limsup,,_, . zp
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Example 3.34 We have the following:

limsup (—=1)" =1 and liminf(-1)" = —1.

n— oo n—oo

proof: we have Vn € N, the set {(—=1)" | k> n} ={-1,1} =
sup{(-1)* |k >n}=1and inf{(-1)" |k >n} = -1 =
limsup,, .. (—1)" =1 and liminf, . (-1)" = —1

Example 3.35 We have lim supn_mO% = lim infn%w% = 0.

proof: Vn € N, sup{l/k |k >n} =1/k and inf{1/k | k > n} =0,
hence,

1 1
limsup— = lim — =0 and liminf—= lim 0=0
n—soo N n—ook n—oo T, =~ n—o0
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Bolzano-Weierstrass theorem

Theorem 3.36 Let (z,,) ., be a bounded sequence. Then, there exists

subsequences (zn,)._, and (z,,).-, such that

lim z,, = limsupx, and lim z,, = liminfz,.

proof: let a,, = sup{xx | k > n}

e a; =sup{zy | k>1} = dn; >1suchthata; —1 <2, <a

® a,,+1 =sup{xx |k >ni+1} = Iny > ny such that
Anqi+1 — % < Tny < Apy41

® ay,,11 =sup{xx | k >ne+1} = dIng > ny such that
afng—}-l T % < xng S a”ng—l—l
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e repeatedly, we can find a sequence of integers n; < ny < --- such that

a’ni—1‘|‘1 o ; < Ini S a’ni—1‘|‘1
(defining ng = 0)

O .
o (G,ni_1_|_1)i_1 is a subsequence of (a,,) .., and
lim;,— o0 @y, = limsup,, , . n, = lim,_cap, ,+1 = limsup,,_, Tn
— limy, o0 Ty, = limsup,,_, . T,
e similarly, we can find a subsequence of (x,) ., that converges to
liminf,,_ oo
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Theorem 3.37 Bolzano-Weierstrass. Every bounded sequence consisting
of real numbers has a convergent subsequence.

s
n=1

Theorem 3.38 Let (z,) ., be a bounded sequence. Then, (z,)

n=1
converges if and only if liminf, . x, = limsup,, . xy.

proof:

e suppose lim,, ,~, x,, = x, then the subsequences that converge to
limsup,, .., Tn and liminf,,_, ., x,, must converge to = (theorem 3.18)

e suppose limsup,, .z, = limint,,, z, = z, for all n € N, according
to the squeeze theorem,

inf{zy |k >n} <z, <sup{zp |k >n} = lim z, ==x

n—oo
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Cauchy sequences

Definition 3.39 A sequence (z,,), ., is Cauchy if for all € > 0, there exists
an M € N such that for all n, k > M, we have |z, — x| < €.

Remark 3.40 A sequence (z,,).., is not Cauchy if there exists some € > 0,
such that for all M € N, there exists some n,k > M, so that we have

|xn, — x| > €

Example 3.41 The sequence (%):;1 is Cauchy.

proof: let ¢ > 0, choose M € N such that M > 2/¢, then for all
n,k > M, we have
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Example 3.42 The sequence ((—1)")._, is not Cauchy.

proof: lete=1, M eN,n=M, k=M + 1, then

()" = (-1)f|=2>¢

Theorem 3.43 If the sequence ()., is Cauchy, then it is bounded.

proof:

o lete=1, (z,), _, is Cauchy = IM € N such that Vn,k > M,
|z, — x| < 1

o letbk=M — VYn> M,
‘CUn‘<|CUM“|’1

T, —xyp| <1 = Vn > M, we have

o take B = max{|z1|,|z2l,...,|xrm|, |Tr| + 1}, then |z,| < B for all
n N
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Theorem 3.44 If the sequence (z,), ., is Cauchy and a subsequence
(Zn,;);—, converges, then (z,) -, converges.

proof: let ¢ > 0

° (zz:n)zo:l is Cauchy = dM; € N such that Vn, k > M,
|z, — xk| < €/2

o let lim; ,oc ¥y, = == dM> € N such that Vi > Moy,

T, — 2| < €/2

o let M = max{Mi, Ms}, thenVk > M, n > k > My, np > k > Mo,
hence,

Tk — x| <|zp — 20, | + |20, — 2| <€/2+€/2=¢
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Theorem 3.45 Completeness of the real numbers. A sequence of real

numbers (z,) _, is Cauchy if and only if the sequence (z,), -

n=1 IS
convergent.

proof:

e suppose (z,) _, is Cauchy = (z,) _, is bounded (theorem 3.43)
—> by theorem 3.37 there exists convergent subsequence of (x,,),_,
—> (x,), ., is convergent (theorem 3.44)

e suppose lim,,_,o T, = x, let € > 0, then M € N, Vn > M, we have
lz, — x| < €/2; let k> M, then

lxn — xk| <|xp — x|+ |z —2K| <€/2+€/2=c¢
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Remark 3.46 We say a set is Cauchy-complete, or just complete, if all
Cauchy sequence of elements in the set converges to some point in the set.
Theorem 3.45 indicates that R is complete.

Remark 3.47 The set Q is not complete. Since QQ does not have the least
upper bound property, then, e.g., sup{z, | n € N}, sup{xr | £k > n}, etc.,
might not exist in Q.

Sequences 3-41



