Real Analysis

Hao Zhu



1. Basic set theory

sets
mathematical induction
functions

cardinality

Real Analysis — Zhu

1-1



Sets

Definition 1.1 A set is a collection of objects called elements or members.
A set with no objects is called the empty set and is denoted by ) (or
sometimes by {}).

notation:

e a € S means that ‘a is an element in S’

e a ¢ S means that ‘a is not an element in S
e YV means ‘for all’

e J means ‘there exists’

e ! means ‘there exists a unique'

e —> means ‘implies’

e <> means 'if and only if’
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Definition 1.2

e A set Ais a subset of a set B if v+ € A implies x € B, denoted as
AC B.

e Two sets A and B are equal if A C B and B C A, denoted as A = B.

e A set A is a proper subset of B if A C B and A # B, denoted as
AC B.

set building notation: we write
{ze A[ P(x)} or {z]|P(z)}

to mean ‘all z € A that satisfies property P(x)'
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examples:

e N =1{1,2,3,4,...}: the set of natural numbers
e Z=1{0,1,—-1,2,-2,3,-3,...}: the set of integers
e Q={m/n|m,n €Z, n#0}: the set of rational numbers

e R: the set of real numbers

it followsthat NCZ C QCR
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Definition 1.3 Given sets A and B:
e The union of A and Bistheset AUB={x|xz € Aorx e B}.

e The intersection of A and Bistheset ANB ={z |z € Aand z € B}.
e The set difference of A and B istheset A\ B={x € A|z ¢ B}.
e The complement of A is the set A°={z | x ¢ A}.

e A and B are disjoint if AN B = 0.

Theorem 1.4 De Morgan’s Laws. If A, B,C are sets, then
e (BUCO)"=B°NC¢

e (BNC)"=BcUuCs
e AN\(BUC)=A\BNA\C,

e A\(BNC)=A\BUA\C.
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proof: we prove the first statement:

o let B, (' be sets, we need to show that

(BUC)"CB°NC® and B°NC°C (BUC)"

e rc(BUC) = 2¢ BUC = x¢ Bandx¢C
— re€B‘andze€(C® — € B°NC° = (BUC)"C B°NC*

e reB°NC* = rxeBandxe(C® = rx¢ Bandx ¢ C
— ¢ BUC = z€(BUC)" = B°NC°C (BUC)"

Basic set theory 1-6



Mathematical induction

Axiom 1.5 Well ordering property. If the set S C N is nonempty, then
there exists some = € S such that x < y for all y € S, i.e., the set S always
has a least element.

Theorem 1.6 Induction. Let P(n) be a statement depending on n € N.
Assume that we have:

1. Base case. The statement P(1) is true.

2. Inductive step. If P(m) is true then P(m + 1) is true.
Then, P(n) is true for all n € N.
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proof:

e suppose S # (), then S has a least element m € S

e since P(1) is true, we have m # 1, i.e., m > 1

e since m is a least element, we have m —1 ¢ S = P(m — 1) is true

e this implies that P(m) is true = m ¢ S, which is a contradiction

e hence, S =10, i.e., P(n) is true for all n € N

Basic set theory
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Example 1.7 For allc € R, ¢ # 1, and for all n € N,

1 — n—+1
l4ctPt o tc=—"
1 —-c

proof:

e the base case (n = 1): the left hand side of the equation is 1 4 ¢; the

right hand side is 11_—_002 = (H?_(i_c) = 1 4 ¢, which equals to the left
hand side

e the inductive step: assume that the equation is true for kK € N, 1.e.,

) y 1 — k1
l+c+c"+---+c" = ] :
—C
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we have

l4+c+c®+ -4+

1 — Ck—l—l
_ - + Ck—i—l
— C

1 — ck+1 4 okl _ (k+1)+1
1 —c

1 — C(k—i—l)—l—l
1 —c
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Example 1.8 Bernoulli’s inequality. For all ¢ > —1, (1 +¢)" > 1+ nc for
all n € N.

proof:

o for the base case (n = 1), we have (1 +¢)' >1+1-¢

e the inductive step: suppose m € N, m > 1 and (1+¢)"" > 1+ mec,
then

1+e)" > A +me)l+e)=1+(m+1)c+me®>1+ (m+1)c
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Functions

Definition 1.9 If A and B are sets, a function f: A — B is a mapping
that assigns each x € A to a unique element in B denoted f(x).

Definition 1.10 Consider a function f: A — B. Define the image (or
direct image) of a subset C' C A as

f(C)={f(x) e Bz e}
Define the inverse image of a subset D C B as

[7H(D)={z€ A| f(z) € D}.
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examples:

o f:{1,2,3,4} — {a,b} where f(1) = f(2) =a, f(3) = f(4) = b, we
have £({1,2}) = {a}, /' ({b}) = {3,4}

e /: R — R where f(x) = sin(mx), we have f([0,1/2]) = [0, 1],

I} = 2

Definition 1.11 Let f: A — B be a function.

e The function f is injective or one-to-one if f(x1) = f(x2) implies
1 = I9.

e The function f is surjective or onto if f(A) = B.

e The function f is bijective if f is both surjective and injective. In this
case, the function f‘lz B — A is the inverse function of f, which
assigns each y € B to the unique z € A such that f(z) = y.
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e if the function f is a bijection, then f(f~'(z)) =«

3

e example: for the bijection f: R — R given by f(z) = x°, we have

@) = Ve

Definition 1.12 Consider f: A — B and g: B — C'. The composition of
the functions f and g is the function go f: A — C defined as

(go f)(x)=g(f(x)).

o example: if f(z) = 23 and g(y) = sin(y), then (g o f)(x) = sin(a?)
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Cardinality

Definition 1.13 We state that the two sets A and B have the same
cardinality if there exists a bijection f: A — B.

notation:

e |A| denotes the cardinality of the set A

o |A| = |B]| if the sets A and B have the same cardinality

o |Al=nif|Al=|{1,...,n}

e |A| < |B] if there exists an injection f: A — B

o [A] <|B|if |[A] <[B|and |A] # |B]
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Theorem 1.14
o If |A| = |B|, then |B| = |A]|.

o If |A| = |B|, and |B| = |C]|, then |A] = |C].

proof:

e show that the inverse function f=!': B — A of f: A — B is a bijection

e show that the composition go f: A — C of functions f: A — B and
g: B — C'is a bijection

Theorem 1.15 Cantor-Schréoder-Bernstein. If |A| < |B| and |B| < |A]
then |A| = |B|.

Definition 1.16 The set A is countably finite if |A| = |N|. Specifically,
the set A is finite if |A] =n € N. The set A is countable if A is finite or
countably infinite. Otherwise, we say A is uncountable.
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Example 1.17 The set of even natural numbers and the set of odd natural
numbers have the same cardinality as N, i.e., [{2n |n € N}| = [{2n — 1 |
n € N} = |N|.

proof: consider the bijection f: N — {2n | n € N} given by f(n) = 2n
and g: N — {2n — 1| n € N} given by g(n) =2n — 1

Example 1.18 The set of all integers has the same cardinality as N, i.e.,
Z| = |NJ.

proof: consider the bijection f: Z — N given by

2n n >0
f(n)—{ —2n+1) n<0
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Definition 1.19 The powerset of a set A, denoted by P(A), is the set of
all subsets of A, i.e., P(A) ={B | B C A}.

e for a finite set A of cardinality n, the cardinality of P(A) is 2™

examples:

o A= then P(A) = {0}

o A= {1} then P(A) ={0,{1}}

e A={1,2} then P(A) ={0,{1},{2},{1,2}}

Theorem 1.20 Cantor. If A is a set, then |A| < |P(A)|.

e therefore, [IN| < |P(N)| < |P(P(N))| < ---, i.e., there are infinite
number of infinite sets
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proof:

e we first show that |A| < |[P(A)]
— consider the function f: A — P(A) given by f(z) = {z}

— the function f is a injection since

f(@1) = f(x2) = {o1) ={22) = v1 =12

e we now show that |A| # | P(A)| by contradiction

— suppose |A| = |P(A)|, then there is a surjection g: A — P(A)

— consider the set B C A given by
B={xeA|x¢qg(x)} € P(A)

— since g is surjective and B € P(A), there exists a b € A such that
g(b) =B
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— there are two cases
.beB = bdglb) = b¢ B

2.b¢ B = b¢glb) = beB
where in either case we obtain a contradiction

— hence, ¢ is not surjective = |A| # |P(A)|

Corollary 1.21 For all n € N U {0}, n < 2".

Basic set theory
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Ordered sets

Definition 2.1 An ordered set is a set S with a relation < called an
‘ordering’ such that:

1. Trichotomy. For all x,y € S, either x <y, x =y, or = > .

2. Transitivity. If x,y,z € S have x <y and y < z, then = < 2.

examples:

e 7 is an ordered set with ordering m >n<—= m—n €N

e Q is an ordered set with ordering p > q¢ <= p — ¢ = m/n for some
m,n € N

e ) x Q is an ordered set with dictionary ordering
(q,r) > (s,t) <= q>s,orqg=sandr >t

e the set P(IN) with ordering defined by A < B if A C B is not an
ordered set
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Least upper bound property

Definition 2.2 Let S be an ordered set and let £ C S, then:

o |f there exists some b € S such that £ < b for all x € E, then E is
bounded above and b is an upper bound of E.

e |f there exists some ¢ € S such that £ > ¢ for all x € E, then E is
bounded below and ¢ is a lower bound of F.

o |f there exists an upper bound by of E such that by < b for all upper
bounds b of E, then by is the least upper bound or the supremum of
E, written as

bp = sup E.

e If there exists a lower bound ¢y of E such that ¢y > ¢ for all lower
bounds ¢ of E, then ¢ is the greatest lower bound or the infimum of
E, written as

Co — inf F.
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examples:

e S=Zand F={-2,-1,0,1,2}, then inf E = —2 and sup £ = 2

e S=Qand E={¢qgeQ|0<q<1}, theninf F =0 and
supF =1¢ FE, i.e., the supremum or infimum need not be in E

e S=7Z and £ =N, then inf £ = 1 but sup £ does not exist

Definition 2.3 Least upper bound property. An ordered set S has the
least upper bound property if every £ C S which is nonempty and bounded
above has a supremum in S.

example: —N = {—1,—-2,—-3,...}, to show this (informally), suppose
E C —N is bounded above, then —F C N is bounded below and
according to the well ordering principle, —FE' has a least element x € —F,
and thus —x = sup F
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Theorem 2.4 If z € Q and

z=sup{g e Qlq>0, ¢° <2},

then z > 1 and z° = 2.

proof: let E={q€Q|q>0, ¢° <2}

e r >1lsincele B = supk >1

e we show z2 > 2 by contradiction: suppose z2? < 2, let

. [1 2—2a?
h = min < —,
2" 2(2x + 1)

—sincex >1and 2° <2, wehave 0 < h <1/2< 1

—h<l = (z+h)’=22+2hz+h2<2?+2hz+h

Real numbers
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2—:1:2

m, we have

— since h <

1
(l"|‘h)2<$2+(2$+1)h§$2—|—§(2—$2)<CE2—|—2—$2:2

— v+ h€eEFE

—h>0 = z+h>z, bute+he E = xis not an upper bound
for E, i.e., x # sup E/, which is a contradiction

e we now show x? %# 2 by contradiction: suppose z2 > 2, let

_x2—2

h
2x

— sincex?2>2and z>1, we have h > 0

—h>0 = (z—h)>=22—2ha+h?>22—2hx = 22— (22—2) =2
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— let ¢ € E, then ¢® < 2 < (x — h)*, hence
(x=h)’ =g =((x=h)+a)((x—h) —q) >0

— (r—h)—q>0,%e,x—h>qforallge E = x — his an
upper bound for F

—h>0 = x>x—h = x # sup FE, which is a contradiction

e therefore, 22 = 2
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Theorem 2.5 Theset £ = {g € Q| ¢ > 0, ¢*> < 2} does not have a
supremum in Q.

proof (by contradiction): suppose there exists some x € Q such that
xr=supk

e by theorem 2.4, we have x > 1 and 2° = 2

e in particular, z > 1sinceifr =1 = a2 =1+#2

e r € Q = there exist m,n € N (m > n) such that z = m/n, i.e.,
m=nx € N

e let S={keN|kreN} CN,thenS+#0sincenecsS

e by the well ordering property, there is a least element kg € S
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o let k1 = ko(x — 1) = koxr — ko € Z, in particular, k; € N since
xr>1 = k1 >0

e 1°=2 — 1 < 2 as otherwise 2 > 4, hence
k1:k0($—1)<k0(2—1):]€0 — k’lﬁés
o ki =kolx —1) = kiz = koz? — kox, since x* = 2, we have
kliC:Qko—ka:ko—ko(ZC—l):k()—klEN — k1 €5,

which is a contradiction

Real numbers
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Fields

Definition 2.6 A set F is a field if it has two operations: addition (+) and
multiplication (-) with the following properties.

(Al) If x,y € F thenx+y € F.
(A2) Commutativity. For all x,y € F, z +y =y + x.
(A3) Associativity. For all z,y,z € F, (xr4+y)+z=x+ (y + 2).

(A4) There exists an element 0 € F such that 0 +x = 2 = z + 0 for all
x e F.

(A5) For all x € F, there exists a y € F such that x + y = 0, denoted by
Yy = —2x.

(M1) If z,y € F thenz -y € F.

(M2) Commutativity. Forall z,y € F, z -y =1y - x.
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(M3) Associativity. For all x,y,z € F, (x-y)-z=x - (y - 2).

(M4) There exists an element 1 € F such that 12z =x = z -1 for all
x e .

(M5) For all z € F\ {0}, there exists an 27! € F such that 2 - 27! = 1.

(D) Distributativity. For all z,y,z € F, (x +y) - z2=x-z24+y - 2.

examples:

e Qis a field

e Z is not a field since it fails (M5)

e Z> ={0,1} where 1 +1 =0 (mod 2) is a field
e Z3=1{0,1,2} with c=a+ b (mod 3), i.e.,

2+1=3=0 and 2:-2=4=3+1=1,
Is a field
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Theorem 2.7 If £ € F where F'is a field then 0z = 0.

proof: xz = (z+0)z =22+ 0z = 0z =0

Definition 2.8 A field F' is an ordered field if I is also an ordered set
with ordering < and satisfies:

1. Forallz,y,ze Fe <y —= z+2<y+z.

2. If x>0 and y > 0 then zy > 0.
If x > 0 we say x is positive, and if x > 0 we say x is nonnegative.

examples:

e Q) is an ordered field
e Z> ={0,1} where 1 +1 =0 is not a ordered field

(if0>1 = 0+1>14+1 = 1> 0;
if1>0 = 1+1>140 = 0>1)
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Theorem 2.9 Let F' be an ordered field and z, vy, z, w € F, then:
e If £ > 0 then —x < 0 (and vice versa).

o If x>0 and y < z then zy < zz.
o If x <0 andy < zthen xy > zz.
o If x # 0 then 22 > 0.

e fO<ax<ythen0<1/y<1/x.
o If 0 < z <y then 22 < 2.

o lfr<yand z<wthenz+ 2z <y+w.
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Theorem 2.10 Let x,y € F where F' is an ordered field. If x > 0 and
y<0orax<0andy>0, then xy < 0.

proof:

ez >0, yYy<0 = >0, - y>0 — —zy>0 — zy <0

o r <0, y>0 —m —ax>0,y>0 = —axy>0 = z2zy <0
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Theorem 2.11 Greatest lower bound. Let F' be an ordered field with the
least upper bound property. If A C F' is nonempty and bounded below,
then inf A exists in F..

proof: let B={—z |z € A}

e AC F bounded below = dJac F,Vz € A, a<x = da € F,
Ve A, —a> - =— dJace F,Vxe€ B, —a>x = B C F has an
upper bound —a

(this also shows that if a is a lower bound of A then —a is an upper
bound of B)

e [ has the least upper bound property =— sup B € F

e letc=supB,thenc>zx, VreB — —c< —z, VxeB
— —c<zx, Vr €A = —c & Fis an lower bound of A

e we also have ¢ < —a with a being a lower bound of A — —c>a
— —c € F is the greatest lower bound of A, i.e., —c=inf A € F
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Real nubmers

Theorem 2.12 There exists a “unique” ordered field, labeled R, such that
Q C R and R has the least upper bound property.

e one can construct R using Dedekind cuts or as equivalence classes of
Cauchy sequences.

Theorem 2.13 There exists a unique 7 € R such that » > 1 and 7% = 2,

i.e., ﬂERbutﬂgéQ.

proof: et E={receR|2>0, 2° <2} CR

e we havex < 2forallx € E (sinceifz >2 = 2°>4) = E'is
bounded above — sup E exists in R

e let » = sup F, using the same proof for theorem 2.4 we have » > 1 and
2
re =2
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e to show the uniqueness, suppose 7 > 1, 72 = 2, then
- =0= (r+7f)Fr-7)=0=r—7=0 = r=r

(sincer>1,7>1 = r+7>0)

Theorem 2.14 If x € R satisfies x < e for all e € R, € > 0, then 2 < 0.

proof by contradiction:

e suppose x > 0 satisfies x < e for all e > 0
e r>0 = 2r>x>0 = xz>z/2>0

e take ¢ = x/2 we have z > € > 0, which is a contradiction
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Archimedian property

Theorem 2.15 Archimedian property. If x,y € R and x > 0, then there
exists an n € N such that nx > y.

proof by contradiction:

e suppose nx <y forallne N = VYne N, n<y/r = N s
bounded above by y/xr = there exists supN € R

e let a=supN =— a—1 < aisnot an upper bound of N —
dJmeN,a—1<m — a<m-+1&N = ais not an upper
bound of N, which is a contradiction
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Theorem 2.16 Density of Q. If z,y € R and x < y then there exists some
r € Qsuchthat x <r <uy.

proof:

e first suppose 0 < x < y, by the Archimedian property, we have
n(y—z)>1 = ny>nz+1
for some n € N

o let S={keN|k>nx} CN, by Archimedian property, there exists
some p € N suchthat p > nr — S #10

e by the well ordering property, there is a least element m € S such that
m > nx

e meN — m>1

oeifm=1,thenm—-1=0 = nr>m-—-—1=0sincex >0
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o ifm>1 thenm—1€&Nbutm—1¢ .S since m >m — 1 is the least
element — nr>m—-—1 = m<nr+1<ny

e hence, we have
nr<m<ny = x<m/n<y

for some m,n € N, i.e., there exists an r = m/n € Q such that
r<<r<uy

e now suppose x < 0, if x < 0 < y then simply take r =0; if z <y <0,
we have 0 < —y < —z, thus there exists some 7 € QQ such that

—yY<r< - =< -r<y

(by the first case), i.e., we have x < r < y by taking r = —7
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Theorem 2.17 Suppose S C R is nonempty and bounded above. Then,
x = sup S if and only if:
1. x is an upper bound of S.

2. For all € > 0, there exists some y € S such that z — e < y < x.

proof:

e first suppose z = sup S

— obviously, x is an upper bound of S

— for all € > 0, we have > x — € == x — € is not an upper bound of
S, i.e., there exists some y € S suchthat xr —e <y <«

e now suppose x is an upper bound of S, and satisfies t — e < y < x for
all € > 0 and for some y € S, we only need to show that for all z that is
an upper bound of S, we have z < z

— assume there exists an upper bound z of S smaller than z, i.e.,
y<z<zxforallyels
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— take e = x — 2z > 0 (since x > 2)
— T >2Y>Tr—€e=r—T+z=2=2
— y > z forsomey €S
i.e., z is not an upper bound of S, which is a contradiction

Theorem 2.18 Let S = {1 — % | n € N}, then sup S = 1.

proof:

o ianN,thenl—%<1 — 1 is an upper bound of S

e let ¢ > 0, then by the Archimedian property, for some n € N, we have
1 1 1
ne>1 —m e>— — —e<— — 1l—-e<1—-—-<1

n n n

by theorem 2.17, we have sup S =1
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Remark 2.19 We have similar property as theorem 2.17 for infimum.
Suppose S C R is nonempty and bounded below, then x = inf S if and
only if:

e 1 is a lower bound of S.

e For all € > 0, there exists some y € S such that x <y < x + €.
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Using supremum and infimum

Definition 2.20 For x € R and A C R, define

r+A={z+alac A}, rtA={zxa|aec A}l

Theorem 2.21 Let A C R be nonempty, we have:

e If x € R and A is bounded above, then sup(xz + A) = x + sup A.

e If x >0 and A is bounded above, then sup(zA) = xsup A.

proof:

e suppose x € R and A is bounded above:

— forallae A, we have a <supA — x+a <z +supA, ie., the

set x + A is bounded by x + sup A

Real numbers
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— let € > 0, for some b € A, we have
supA—e<b<supA = (r+supd)—e<z+b<z+supA,

i.e., sup(x + A) =x +sup A
e suppose x > 0 and A is bounded above:

—forallae A, a<supA — za < xsupA, i.e., theset A is
bounded by x sup A

—lete >0 = €/x >0, for some b € A, we have
supA —e/x <b<supA = zsupA—e<zxb<zsupA,

i.e., sup(xA) = xsup A
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Remark 2.22 Similarly, we can also show that:
e If x € R and A is bounded below, then inf(z + A) = x + inf A.

e If x >0 and A is bounded below, then inf(xA) = xinf A.
e If x <0 and A is bounded below, then sup(zA) = xinf A.
e If x <0 and A is bounded above, then inf(zA) = xzsup A.

Theorem 2.23 Let A, B C R where x < y for all x € A, y € B, then
sup A < inf B.

proof: forallz € A, y€ B, xt <y = B is bounded below by r —
x <inf B =—> A is bounded above by inf B — sup A <inf B
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Absolute value

Definition 2.24 If x € R, we define the absolute value of x as

x x>0
x| =
—x x<0.

Theorem 2.25
e |x| >0, and, |x| =0 if and only if x = 0.

o | — x| =|x| for all x € R.
o |xy| = |x||y| for all z,y € R.

o |z|° =22 forall z € R.

o |x| <yifandonlyif —y <z <y.

o —|z| <z <|zx|forall x € R.
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Triangle inequality

Theorem 2.26 Triangle inequality. For all x,y € R,

2+ y| < 2|+ [yl.

proof: let x,y € R

o z+y < |z[+ |y
e v+ —y<|—z[+|-yl=lz|+ |y = —(z[+]y]) <z+y
e hence, we have

(e[ +y) <z +y < o[+ |yl = |z +y| <|z[+]y
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Corollary 2.27 Reverse triangle inequality. For all x,y € R,

2] = [yl| < |z —yl.
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Uncountabality of the real numbers

Definition 2.28 Let x € (0,1] and let d_; € {0,1,...,9}. We say that x
is represented by the digits {d_; | i € N}, i.e., t =0.d_1d_o---, if

r=sup{l0 *d_; +107%d_g3 +---+10""d_, | n € N}.

example:

2 5 2 5) 0 1 1
0.2500 - - —Sup{ — +—, — + + ,,,,}—Sup{ —l =

1
10 10 ' 100’ 10 ' 100 ' 1000 5 47 74
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Theorem 2.29

e For all set of digits {d_; | ¢ € N}, there exists a unique = € [0, 1] such
that x = 0.d_1d_o---.

e For all x € (0,1], there exists a unique sequence of digits d_; such that

Ir = O.d_ld_g .-+ and

0d_1d_o---d_, <x<0d_1d_o9---d_, + 10_n, for all n € N.
(2.1)

e the second part indicates that the digital representation of 1/2 is
0.4999 - - -
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Theorem 2.30 Cantor. The set (0, 1] is uncountable.

proof (by contradiction):

e assume (0, 1] is countable, then there exists a bijection x: N — (0, 1],

let
x(n) = O.d(_nl)d(_ng .-+, n &N,
where d(_ni) denotes the ith decimal of the real number x(n) € (0, 1],
and let ”
1 d#1
€_; — —iz 2.2
{ 2 4" =1 (2:2)
o let y=0.e_1e_5---, since all e_; are nonzero, e_1,e_s, ... satisfies

(2.1); according to theorem 2.29, we have 0.e_je_5--- being the
unique decimal representation of y

e again according to theorem 2.29 and all e_; are nonzero, we have
y€(0,1] = ImeN,y=x(m)= O.d(_nf)d(_n;) o =0._16_9---,
however, we have e_,, # d(_”;z since (2.2), i.e., for all m € N,

x(m) # y, which is a contradiction
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Corollary 2.31 The set of real numbers R is uncountable.
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Sequences and limits

Definition 3.1 A sequence (of real numbers) is a function z: N — R. To
denote a sequence we write (x,,) -, where x,, is the nth element in the
sequence.

e sequence need not start at n = 1, e.g., the sequence
r:{n€Z|n>m}— Ris denoted (z,), .

n=m

Definition 3.2 A sequence (z,,) ., is bounded if there exists some B > 0
such that |z,,| < B for all n € N.

examples:

1

e the sequence (n)oo Is bounded since % <1 for all n

n=1

e the sequence (n), _, is not bounded since for all B > 0 there exists
some n > B according to the Archimedian property
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o

Definition 3.3 A sequence (z,,),_, is said to converge to =z € R if for all
e > 0, there exists an M € N such that for all n > M, we have |z, — x| < €.

The number x is called a limit of the sequence. If the limit x is unique, we
write

r = lim z,.
n— oo

A sequence that converges is said to be convergent, and otherwise is
divergent.

Remark 3.4 A sequence (z,), ., is divergent if for all x € R, there exists
some € > 0, such that for all M € N, there exists an n > M, so that
|z, — x| > €

Theorem 3.5 Let z,y € R. If for all € > 0,

r —y| <e then x = .

proof: assume z £y = |z —y| > 0; take e = 1|z — y|
— |z —y| <i|lr—y| = |z —y| <0, which is a contradiction
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Theorem 3.6 If (x,) ., converges to z and y, then z = y, i.e., a
convergent sequence has a unique limit.

proof: let ¢ > 0

o (z,),_, convergesto x = IM; € N, Vn > M, |z, — z| < €/2
o ()., convergestoy = IMs € N, Vn > My, |z, —y| < €/2
o let M = My + Ms, then M > My and M > M, then we have
lxp — x| <€/2 and |y —y| < €/2,
hence,

lz -yl =|(x —2rp) + (20 — y)]
<lz—zym|+ly—om| <€/2+€/2=¢

e according to theorem 3.5, we have x = y
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Remark 3.7 Sometimes we write ‘z,, — © as n — oo to mean x =
lim,, o x,. We may also avoid the ‘as n — oo’ part if the limiting process
Is clear from the context.

Example 3.8 Given the sequence (z,,), ., with 2, = ¢ € R for all n € N,
we have lim,, .. x,, = C.

proof: let ¢ > 0, M =1, then for all n > M, we have

z, —c|=|c—c|=0<ce¢

1

1 1
n

Example 3.9 The sequence (n
0.

O . .
)n—l converges to x = 0, i.e., lim,,_

proof: let ¢ > 0, choose an M € N such that M > 1/€¢ (such an M exists
according to the Archimedian property), then for all n > M, we have

1 _ |1 1

w0 =[al <ar<e

n
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oo

Example 3.10 The sequence ( 2+21+100) converges to z = 0.
mn n n=1

proof: let € > 0 choose M € N such that M > e~ !/2, then for all
n > M, we have

< €

1 1 1 1
— — < <
n?2 + 2n + 100 ‘ n?24+2n+100 — 2n — 2M

Example 3.11 The sequence (z,,), ., where z,, = (—1)" is divergent.

proof: let t € R, M € N, then

oar = aarga] = | (1) = ()M =2

= 2=|(em —2)+ (r —2p)| < oy — @)+ a4 — 2]

— |ley—x|>1 or |xpa—x|>1,
i.e., let e =1, n = M, we have either |z, — x| > €or |r,11 — x| > €
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Theorem 3.12 If ()., is convergent, then (z,) _, is bounded.

proof:

o0 .
® suppose (xn)n:1 converges to x, let € = 1, then there exists some
M € N such that foralln > M, |z, —z| <1 = z, <|z|+1

o let B = max{|x1]|,|z2|,- .., |rnm|, |x| + 1}, since z,, < |x,| for all
neN, n<M,and z, < |x|+ 1 for all n > M, we have B > |x,| for
alln e N
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Monotone sequences

Definition 3.13
e Asequence (), ., is monotone increasing if z, < x,,11 for alln € N.

e A sequence (x,) _, is monotone decreasing if =, > x,41 for all
n € N.

o If (x,),_, is either monotone increasing or monotone decreasing, we say
the sequence (z,,).. , is monotone (or monotonic).

examples:

1 o . .
e the sequence (E)n—l IS monotone decreasing

e the sequence <_E)n:1 IS monotone increasing

e the sequence ((—1)") _, is not monotone
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Theorem 3.14 A monotone sequence (x,,) ., converges if and only if it is
bounded.

e If the sequence (z,,), ., is monotone increasing and bounded, then

lim x, =sup{z, | n € N}.

n—oo

e If the sequence (z,,), ., is monotone decreasing and bounded, then

lim x, = inf{z, | n € N}.

n—oo

proof: we prove for monotone increasing sequences

® suppose (a:n)flo:l is convergent, according to theorem 3.12, it is bounded

e suppose (x,,)_ . IS monotone increasing and bounded
n/n=1

— (x,,),_, is monotone increasing —> x,, < Zp,41 for alln € N
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— (@), _, is bounded = the set {z,, | n € N} has supremum
r = sup{z, | n € N}

— let € > 0, according to theorem 2.17, there exists some M € N such
that £ — e < s < z, then for all n > M, we have

r—e<zry<z,<zr<zrt+e = |, x| <¢€
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Example

recall the following lemma from example 1.8:

Lemma 3.15 Bernoulli’s inequality. If x > —1 then (z +1)" > 1+ nx for
all n € N.

Theorem 3.16 If ¢ € (0,1) then the sequence (c¢™) ~_, converges and

lim, 00 ¢ = 0. If ¢ > 1, the sequence (¢™). __, does not converge.

proof:

e if ¢ > 1, we show that the sequence (¢") _, is unbounded (and hence
does not converge):

— let B > 0, then there exists some n € N, n > C% such that
"=((c—1)+1)">1+n(c—1)>n(c—1) > B

(the first inequality is because of lemma 3.15)
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o if c € (0,1), we first show that (¢™) ~_, is monotone decreasing and
bounded (and hence, convergent), i.e., show that ¢"*! < ¢" < ¢ for all

n € N by induction:

— suppose n =1 = ¢? < ¢ < ¢, the first inequality holds since
O<e<1

— suppose n > 1, and "t < ¢ < ¢, then we have

let lim,, o, ¢ = L, we now show that L = 0:

— let € > 0, then there exists some M & N such that for all n > M

such that .
" — L| < 5(1 — C)e
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— hence, we have

(1 —c¢)|L| =|L — cL|

= (L — M) + (M — L)

<|L—-cMT +¢|cM - L

<|L—cMT 4 |1cM - L)

1 1

< 5(1 —C)e+ 5(1 — C)e

= (1 — ¢)e,
i.e., |L| < e for all € > 0 (according to theorem 2.14) — |L| <0
— L =0
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Subsequences

Definition 3.17 Let (z,),., be a sequence and (n;),-, be a strictly
increasing sequence of natural numbers. The sequence (z,,).", is called a

i=1
subsequence of (z,) . ;.

example: consider the sequence (z,,) —, = (n),_, i.e.,, 1,2,3,4,...

e the following are subsequences of (z,) _;:
- 1,3,5,7,9,11, ..., described with (z,,).- | = (2i-1);-4
- 2,4,6,8,10,12,. .., described with (z,,),~, = (22;);—4

- 2,3,5,7,11,13, ..., described with (z,,),_, where n; are primes

e the following are not subsequences of (x,,) _ ;:
~1,1,1,1,1,1,...
~1,1,3,3,5,5, ...
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Theorem 3.18 If lim, ,o 2, = x, then all subsequences of (x,)
converge to .

proof:

oo

o let (z,,).—, be a subsequence of (z,),_,

e let € > 0, then there exists some My € N such that |z, — x| < € for all
n > MO

o let M = My, then for all ¢ > M, since n; > 1 > M = M,, we have

T, — x| < €

oo

Remark 3.19 Theorem 3.18 implies that the sequence ((—1)")
divergent.

n—1 IS
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Inequalities involving limits

Theorem 3.20 The sequence (z,,), ., converges with lim,, o 2, = x if
and only if (|z,, — x|),_, converges with lim,_, |z, — x| = 0.

proof: let ¢ > 0

e suppose lim,,_,., x,, = x, then dMy € N such that Vn > M,
|z, — x| <€ let M = My, then Vn > M = Mj, we have

T, — 2 —0| =z, — 2| <€

e suppose lim, . |z, — x| =0, then IM € N, Vn > M, we have
1z, —x — 0| <e¢, ie., |[x,—x| <e€
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Theorem 3.21 Squeeze theorem. Let (ay), ., (by) _,, and (z,). ., be
sequences such that
an < Tp < by

for all n € N. Suppose that (a,), ., and (b,,), ~_, converge and

lim a,, = x = lim b,.
n—oo n—oo

Then (x,,), -, converges and lim,,_, o T, = .

proof: let ¢ > 0

e a, —>x — dM; € N such that Vn > Mj,

e b, >x = dMs € N such that Vn > My, |b, — x| < €
o a,<zx,<b, — a,—r<x,—x<b,—x

o take M = max{M;, M5}, then Vn > M, we have

—e<ap—cr<zx,—x<b,—x<e = |r,—1x| <€
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Example 3.22 The sequence ( 2:32“) converges with
mn mn n=1

77,2

lim =1
n—soon?+n-+1

proof:

o let ¢ > 0, we have

2
0 < n o n-+1 <n—|—1:i
| n24+n+1 n2+n+1| " n24+n n
1 'rL2 n2
e 0—0and - =0 = n2+n+1—1|—>():>n2+n+1—>1
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Theorem 3.23 Let (x,). ., and (y,), ., be sequences.

o If (x,) ~, and (yn),., converge and z,, < y, for all n € N, then we
have

lim z, < lim y,.
n—oo n—oo

o If (x,), _, converges and a < x,, < b for all n € N, then

a< lim =z, <b.

n—oo

proof: we show the first statement; the second statement can then be
proved by considering (y.,)._, and (z,),_, where y, =a < z,, <b = z,

o let lim, ..o x, = and lim,,_, y,, = Yy, Suppose r > vy
e x>y = z—y>0lete="5%>0

o r, > — dM; € N s.t. Vn > M;,

Ty — x| < FH2
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o let M = max{M;i, M}, we have xp; — x > —% and yyr —y < x—;y
hence,
rT—Yy TTY r—y

which contradicts to z,, < y,, foralln € N

> Ym,
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Operations involving limits

Theorem 3.24 Suppose lim,, ., x,, = = and lim,, o Yn, = V.

e The sequence (2, + yn), . is convergent and lim, o0 (Tr,+yn) = T+Y.
e For all c € R, the sequence (cz,,), ., converges and lim,, o, cx, = cT.

e The sequence (z,yy), ., is convergent and lim,,, o Tpyn = Y.

o If y, #% 0 for all n € N and y # 0, then the sequence (5—") 5
"/ n=1
convergent and lim,, z—: — %

proof:

e toshowz, >z, yp >y — 2, +yn, —>x+y, lete >0

— &, > x = dM; € N such that Vn > M, |z, — x| < €/2

— Y, — y = M, € N such that Vn > Ms,

Yn — Y| < €/2
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— let M = max{M;, M>}, then for all n > M, we have

[(@n+yn) — @+ Y| < |on—z[+|yn —y| <€/24¢/2=c¢

e toshow z,, Vo — cx,, > cx, lete >0

-, - == dM € N such that Vn > M, |z, CU\<||+1

— then for all n > M, we have |cz,, — cz| = |c||z, —:1:|<|||j|L1 < €

e we show that x,, > x, y, >y = T,y — TV:

-y, > = |z, —x| =0

— Yp =Y = |yn —y| — 0, and (y,),_, is bounded, i.e., 3B > 0,
lyn| < B
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— hence, we have

TnYn + TYn — TYn — TY|
(Tn — 2)Yn + (Yn — y)z|
Tn — T/ |Yn| + yn — yl|2|
Tn — | B+ |yn — yl|z|

0 S |xnyn T xy|

IA

IA

— according to the previous statements, we have
z, — x| >0 = |z, —x|B —0
and

yn =yl = 0 = |y, —yl[z] =0,
then |z, — x|B + |y, — y||x| — 0

— hence, according to theorem 3.21, |z,y, — xy| — 0

Sequences 3-23



e to prove x,, > x, Yy >y (yn ZOforalln e N, y #0) = ;—Z—>§,

we first show that there exists some b > 0 such that |y,| > b:

<

Iete—"thenyn y\<|%

— then for all n > M, we have

[yl [yl
5 > |y =yl 2 lynl =yl ==yl > 5
(the second inequality is from the reverse triangle inequality)
— take b = min{|y1|, ..., |y, ly|/2}, we have |y,| > b forall n € N
we then show that (i> converges with lim,, yi = %: note that
n ?’Lzl n
0 < i_}‘ _ yn—y| _ =yl yn =yl
Yn Y YnY [ynl |yl bly|
and y, =y = |yg|;|y| > 0, hence, 1| — 0, i.e., yin — %

put together, x,, > v and - — & — Zn &
yn Y Un Y
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Theorem 3.25 If (x,,) ., is a convergent sequence with lim,, ,~ 2, = ,
and z,, > 0 for all n € N, then the sequence (w/a;n)OO Is convergent and

lim,, o0 /Ty = V.

proof:

n=1

e suppose r =0, let ¢ >0, we have z,, =0 =— dM € N s.t. Vn > M,

T — 0| = |zn| < € = Vn > M, |\/Tn — VE| = |/Tn| < Ve < ¢

e suppose x > 0, we have

0 < |/ — V| = W—g{@@
‘xn —CE‘ < |£En —$|

T T T

hence, z, > v — |z, — 2| >0 = len—z| _,

\/E I4
— |\/Tn — V2| = 0
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Remark 3.26 Suppose the sequence (z,).., is convergent and
lim,,_soo T, = x. One can prove that

lim xk ok

n—oo

by induction. Moreover, if x,, > 0 for all n € N, one can also prove that

lim #z, = Vx.

n—oo

Theorem 3.27 If (z,).., is convergent and lim, ooz, = z, then
(|zn|),— is convergent and lim,, o0 |Zn| = |2|.

proof: let ¢ > 0; x,, > =— dM € N such that Vn > M,
hence, by reverse triangle inequality, for all n > M, we have

T, — x| <€

|za] = [2|] < 2n — 2] <€
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Some special sequences

Theorem 3.28 If p > 0 then lim,,_,,on"? = 0.

proof: let € > 0, choose M € N such that M > (1/6)1/p, then for all
n>M, n7P—-0]=1/n? <1/MP <e¢

Theorem 3.29 If p > 0 then lim,, o, p*/™ = 1.

proof:

o if p=1, limn_mopl/” — lim,, . 1¥/" =1

® suppose p > 1

—p>1 = p/">1Vr =1 — p/r_1>0
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— according to the Bernoulli's inequality (example 1.8), we have

n — 1
(1+(p1/”—1)) >14np/m—1) = 2= 2>plm 1590
n
-2l 50 = pl/"-1-50 = pi/n -1
e if0<p<1l = 1/p>1, hence, we have
. 1/n . 1
lim p*/" = lim =1/1=1
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oo

__, satisfies lim,, o nt/m =1

Theorem 3.30 The sequence (nl/”)

proof:

e one can simply show that n!/” > 1 by induction = n'/" —1 >0

e according to the binomial theorem, for all x,y € R and n € N, we have
n n n n— n !
(x+9)" = >0 ()" "y", where (}) = W

o let x =1, y:nl/”—l, for all n > 1, we have

n=01+n""—-1) = En: (Z) i/ —1)* > (Z) (/7 — 1)

k=0
'n/' l/n 2_]_ 1/n 2
— nZQ'(n—2)'(n —1) —§n(n—1)(n —1)
2 1/n
— >n —1>0
n_
— /"1 50 = /" 1
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Limit superior and limit inferior

Definition 3.31 Let (x,) ., be a bounded sequence. Define, if the limits
exist, the limit superior and limit inferior respectively, as

limsup x, = lim (sup{zy | £k > n})
n— 00 n—00

and

. i (s S 1)
lgr_léréf T nh_)r{)lo(mf{xk | k> n})
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Theorem 3.32 Let (x,,). ., be a bounded sequence; let
a, =sup{xx | kK >n} and b, =inf{xx | kK > n}.

Then:

e The sequence (a,), ., is monotone decreasing and bounded.
e The sequence (b,), ., is monotone increasing and bounded.

e We have liminf,, . z, < limsup,, ., Tp.

proof:

e we first prove the following lemma:

Lemma 3.33 Let A, B C R, A,B # (), and A, B are bounded. If
A C B then we have inf B <inf A < sup A < sup B.

— ACB — supBis an upper bound of A — sup A <supB
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— similarly, inf B is an lower bound of A =— inf B <inf A
— AB#() —= infA<supA — infB<infA <supA <supB

e we now show the first two statements in the theorem

— (x,),_, is bounded = there exists some B > 0 such that
—B<zx,<B

— we have Vn e N, {xx |k >n+ 1} C{zr | k >n} C{x, | n € N},
according to lemma 3.33, this implies that

_ngngbn—kl San—kl SG”RSB)

i.e., (an), -, is bounded monotone decreasing and (b,),_, is
bounded monotone increasing ( = (a,), ., and (b,) ., converge)

e according to the previous inequalities, we have b, < a,, for alln € N
— lim,, 00 by < lim,, o a,, (theorem 3.23), i.e.,
limint, . z, < limsup,,_, . zp
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Example 3.34 We have the following:

limsup (—=1)" =1 and liminf(-1)" = —1.

n— oo n—oo

proof: we have Vn € N, the set {(—=1)" | k> n} ={-1,1} =
sup{(-1)* |k >n}=1and inf{(-1)" |k >n} = -1 =
limsup,, .. (—1)" =1 and liminf, . (-1)" = —1

Example 3.35 We have lim supn_mO% = lim infn%w% = 0.

proof: Vn € N, sup{l/k |k >n} =1/k and inf{1/k | k > n} =0,
hence,

1 1
limsup— = lim — =0 and liminf—= lim 0=0
n—soo N n—ook n—oo T, =~ n—o0
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Bolzano-Weierstrass theorem

Theorem 3.36 Let (z,,) ., be a bounded sequence. Then, there exists

subsequences (zn,)._, and (z,,).-, such that

lim z,, = limsupx, and lim z,, = liminfz,.

proof: let a,, = sup{xx | k > n}

e a; =sup{zy | k>1} = dn; >1suchthata; —1 <2, <a

® a,,+1 =sup{xx |k >ni+1} = Iny > ny such that
Anqi+1 — % < Tny < Apy41

® ay,,11 =sup{xx | k >ne+1} = dIng > ny such that
afng—}-l T % < xng S a”ng—l—l
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e repeatedly, we can find a sequence of integers n; < ny < --- such that

a’ni—1‘|‘1 o ; < Ini S a’ni—1‘|‘1
(defining ng = 0)

O .
o (G,ni_1_|_1)i_1 is a subsequence of (a,,) .., and
lim;,— o0 @y, = limsup,, , . n, = lim,_cap, ,+1 = limsup,,_, Tn
— limy, o0 Ty, = limsup,,_, . T,
e similarly, we can find a subsequence of (x,) ., that converges to
liminf,,_ oo
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Theorem 3.37 Bolzano-Weierstrass. Every bounded sequence consisting
of real numbers has a convergent subsequence.

s
n=1

Theorem 3.38 Let (z,) ., be a bounded sequence. Then, (z,)

n=1
converges if and only if liminf, . x, = limsup,, . xy.

proof:

e suppose lim,, ,~, x,, = x, then the subsequences that converge to
limsup,, .., Tn and liminf,,_, ., x,, must converge to = (theorem 3.18)

e suppose limsup,, .z, = limint,,, z, = z, for all n € N, according
to the squeeze theorem,

inf{zy |k >n} <z, <sup{zp |k >n} = lim z, ==x

n—oo
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Cauchy sequences

Definition 3.39 A sequence (z,,), ., is Cauchy if for all € > 0, there exists
an M € N such that for all n, k > M, we have |z, — x| < €.

Remark 3.40 A sequence (z,,).., is not Cauchy if there exists some € > 0,
such that for all M € N, there exists some n,k > M, so that we have

|xn, — x| > €

Example 3.41 The sequence (%):;1 is Cauchy.

proof: let ¢ > 0, choose M € N such that M > 2/¢, then for all
n,k > M, we have
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Example 3.42 The sequence ((—1)")._, is not Cauchy.

proof: lete=1, M eN,n=M, k=M + 1, then

()" = (-1)f|=2>¢

Theorem 3.43 If the sequence ()., is Cauchy, then it is bounded.

proof:

o lete=1, (z,), _, is Cauchy = IM € N such that Vn,k > M,
|z, — x| < 1

o letbk=M — VYn> M,
‘CUn‘<|CUM“|’1

T, —xyp| <1 = Vn > M, we have

o take B = max{|z1|,|z2l,...,|xrm|, |Tr| + 1}, then |z,| < B for all
n N

Sequences 3-38



Theorem 3.44 If the sequence (z,), ., is Cauchy and a subsequence
(Zn,;);—, converges, then (z,) -, converges.

proof: let ¢ > 0

° (zz:n)zo:l is Cauchy = dM; € N such that Vn, k > M,
|z, — xk| < €/2

o let lim; ,oc ¥y, = == dM> € N such that Vi > Moy,

T, — 2| < €/2

o let M = max{Mi, Ms}, thenVk > M, n > k > My, np > k > Mo,
hence,

Tk — x| <|zp — 20, | + |20, — 2| <€/2+€/2=¢
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Theorem 3.45 Completeness of the real numbers. A sequence of real

numbers (z,) _, is Cauchy if and only if the sequence (z,), -

n=1 IS
convergent.

proof:

e suppose (z,) _, is Cauchy = (z,) _, is bounded (theorem 3.43)
—> by theorem 3.37 there exists convergent subsequence of (x,,),_,
—> (x,), ., is convergent (theorem 3.44)

e suppose lim,,_,o T, = x, let € > 0, then M € N, Vn > M, we have
lz, — x| < €/2; let k> M, then

lxn — xk| <|xp — x|+ |z —2K| <€/2+€/2=c¢
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Remark 3.46 We say a set is Cauchy-complete, or just complete, if all
Cauchy sequence of elements in the set converges to some point in the set.
Theorem 3.45 indicates that R is complete.

Remark 3.47 The set Q is not complete. Since QQ does not have the least
upper bound property, then, e.g., sup{z, | n € N}, sup{xr | £k > n}, etc.,
might not exist in Q.

Sequences 3-41
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4. Series

series

Cauchy series

linearity of series

absolute convergence
comparison, ratio, and root tests
alternating series

rearrangements



Series

Definition 4.1 Given a sequence (z,) _,, the formal object > 7  x,, is
called a series.

A series converges if the sequence (s,,). ., defined by

=S gyt ta
n=1

converges. The numbers s,, are called partial sums. If the series converges,
we write

©. @)
g r, = lim s,,.
mM—r 00
n=1
. 0. @)
In this case, we treat > . =, as a number.

If the sequence (s,,),._, diverges, we say the series is divergent. In this
case, ), _, xy is simply a formal object and not a number.
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Remark 4.2 Series need not start at n = 1.

Example 4.3 The series >, m converges.

proof: the sequence of partial sums (s,,),._, is given by:

n=1
S
—mn n+1
_ 1 1+1 1+1 1+ +1 1
N 2 2 3 3 4 m  m+1
1
- 1-—
m+1
00 1

00 1 1

hence, s, > 1 = > 1 W) =

n=1 m(nyT) Converges and >

Series



Theorem 4.4 If |r| < 1, then >  r™ converges and > oo 1" = .

proof:

e the sequence of partial sums (s,,).~_, is given by:

1—7r 1 —7r 1 —7r

m m_o P (1 — r ZL:O rn _T,n—l—l 1 _,rm—i—l
Sm:ZTnZ(Zn_ ) (A —=7) 2 nol ) _

1
1—r

e r| <1 = r"™ — 0 (theorem 3.16) — s,,, —

Remark 4.5 Series of the form Y ™  ar™ with a,7 € R are called
geometric series.
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Theorem 4.6 Let (x,) ., be a sequence and let M € N. Then, > 7 | z,
converges if and only if > "7 , x, converges.
proof:
e for all m > M, we have
m M—-1 m
2 Tn=Q Tt D
n=1 n=1 n=M
® suppose Y | x, converges, we have
m m M—1 m M—1
Jim 30w = Jim (S Dwn = 3w ) = tim (3 ) - 3w
o0
® suppose >, . Xy converges, we have
m m M—1 m M—1
Jim 3= fim (3wt 3w ) = tim (3w )+ 3
n=1 n=M n=1 n=M n=1
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Cauchy series

Definition 4.7 The series > | x,, is Cauchy if the sequence of partial
sums (Sm),-_, is Cauchy.

Theorem 4.8 The series >~ x, is Cauchy if and only if > x, is
convergent.

proof: according to theorem 3.45

e suppose >~ x, is Cauchy = (s,,), _, is Cauchy = (s,,), _, is
o0 .
convergent = )~ x, is convergent

e suppose Y -, &y, is convergent =—> (S,,) - _, is convergent —>
(8m),._, is Cauchy = > °"  x,, is Cauchy

Series 4-6



Theorem 4.9 The series > | x,, is Cauchy if and only if for all € > 0,
there exists an M & N such that for all m > M and k > m, we have

k
‘Zn:mﬂ Tn| < €.

proof: let ¢ > 0

e suppose > oo @, is Cauchy = (-, @,) _, is Cauchy = IM € N such
that Vm, k > M (assume k > m), we have

m k k

e suppose dM € N such that for all K > m > M, ‘Zk < €, then we have

n=m+1 Ln

k

m k
E Ln — E Ln
n=1 n=1

n=m-+1

ie., (30 xy,) _, is Cauchy = > x, is Cauchy
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Theorem 4.10 If the series > >~ | x,, converges then lim,, o z, = 0.

proof: let ¢ > 0

e >  x, converges — » . x,is Cauchy = IM; € N such
that Vk > m > My, we have |Zi:m+1 Tn| < € (theorem 4.9)

e choose M = My —+ 1, then Vm > M, by taking k =m > m — 1 > M,
we have

<e¢ — lim z,=0

[T — 0] = |24, | =
n—oo

m
2.

n=m-—1+1

Remark 4.11 The converse of theorem 4.10 does not hold.
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Theorem 4.12 If |r| > 1 then the series Y, r™ diverges.

proof: |r| > 1 = lim,_,oo "™ # 0, by theorem 4.10, ">, r™ diverges

Corollary 4.13 The series Y, ar™ with «,r € R converges if and only
if 7] < 1.
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Theorem 4.14 The harmonic series Z;:O:l% does not converge.

proof: we show that a subsequence of (s;,).-_, is unbounded

e consider the subsequence (s4i),—,, given by

D T T € B € Y et Y (e S
T2l T L T 2 371 5 8 2i-1 11 2

i 2" i
>14+y. > =14y @ - D+
k=1,—ok—141 k=1
NS Lt d )
=1+)> — —1+Z§:1+5
k=1 k=1
e (1+1i/2).°, is unbounded = (89i),2 is unbounded = (s;,),_;

is unbounded = "7 | L does not converge
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Linearity of series

Theorem 4.15 Let « € R and > 7 x, and > > v, be convergent

series. Then the series > " (ax,, + y,) converges and

n=1 n=1 n=1

proof: consider the partial sums of > > (axy, + yn), we have

Z(&$n+yn) — O‘an+ Zyn
n=1 n=1

n=1
m ™m ™m
n= n— n—

n=1 n=1 n=1

Series

4-11



Absolute convergence

Theorem 4.16 If 2,, > 0 for all n € N, then the series Zf;l X, converges
if and only if the sequence of partial sums (s,,),._, is bounded.

proof:

e suppose Y~ . x, converges = (8,,) - _, converges = (Sy,) ~_, is
bounded

® suppose (sm);f:l is bounded, since z,, > 0 for all n € N, we have

m m
Sm — E Ty < E Tpn + Tn+l = Sm+1,
n=1 n=1

i.e., (Sm),-_, is monotone increasing = (S,,),._, converges —>
©.¢)
> .. _1 T, converges
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Definition 4.17 The series > | x,, converges absolutely if > |z,
converges.

Theorem 4.18 If the series >~ | x;,, converges absolutely then > >7  x,
converges.
proof:

e we first prove the following claim by induction:

Lemma 4.19 For all z1,...,2, € R, we have |3 ;| <370 |xy.

— suppose n = 2, we have the triangle inequality |r1 + 22| < |x1| + |22|

— suppose n > 2, and > 0, x;| <> | |z, holds, we have

n—+1 n—+1

n n
Zflfz' < Zﬂfz + |xpt1| < Z 5| 4+ |Tna1| = Z |24
i—1 i—1 i—1 i=1
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e > x, converges absolutely = > " |x,| converges —> let
e>0,IMeNst.Vk>m>M, |SF_eal| =30 L Jza] <e

k
<D et 1Tl <€

e hence, for all k > m > M, we have ‘ZZ:mH T,

oo
— ), _, T, converges

Remark 4.20 The converse of theorem 4.18 does not hold.
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Comparison test

Theorem 4.21 Comparison test. Suppose 0 < x,, < y,, for all n € N.

oo oo
o If > ~_,yn converges then ) "~ x, converges.

o If Y7  x, diverges then > y, diverges.

proof:

m

e suppose > o, Y, converges =—> (> y,) . is bounded —>
B >0st. VYmeN, |Y " yu =>" yn < B = Ym e N, we

have
m m
0<) 2, <> yu<B
n=1 n=1

— >, xn)iﬂ is bounded — by theorem 4.16, the series
> 7 | Ty, converges
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m

e suppose > -, x, diverges = by theorem 4.16, (>, z,) _, is
unbounded =— VB > 0, 3m &€ N such that

m
D Tn
n=1

™m
= an > B,
n=1

hence, for this m,
D Un>) an>B
n=1 n=1

—> (>0, Yn). _, isunbounded => >y, diverges
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Theorem 4.22 The series > - converges if and only if p > 1.

nlp

proof:

® suppose Zn 1 =p converges, assume p < 1, then we have 0 < - S —p, the series
St dlverges — > .° | -5 diverges (theorem 4.21), WhICh is a contradiction

m 1

® suppose p > 1, let 5, = Zn:1 nP

— we first show that s,, < som for all m & N by induction, we have 2™ > m for

allm e N — Sm:Z$1nP<Zn 1np—82m

1

— we now show that som is bounded by 1 + TG D)

Som = —

—1+(1>+(1+1>+ +< ! + -+ 1)
B 2P 3P 4p (2m=1 4 1)P (2m)P

1

m Qk m Qk
1
=1+> > <1+ -
k=1 p=ok—141 e ; n:2k’Z_1—|—1 (21 + 1)
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1 (b _
<1430 Y Gl e - e+

14 zm: o~ (-1 _ g mzf o~ (p-D)k
k=1 k=0
<1+ i 2~ PmDF —q 4 i (2‘(p‘1>)k
k=0 k=0
1
=1+ 1 — 2—(-1)’

where the last equality is from the fact that p — 1 > 0, and using the properties of
geometric series (theorem 4.4)

— put together, we have 0 < s,,, < som < 1 + 12_% = (Sm),._, is
monotone increasing and bounded = (s,,) ._, converges = > >~

converges

L
nP
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Ratio test

Theorem 4.23 Ratio test. Suppose xz,, # 0 for all n and the limit

L= lim 2ol
oo |zn)

exists.
e If L >1then Y . x, diverges.

n=1

o If L <1then > " x, converges absolutely.

proof:

e suppose L > 1, then dM & N such that Vn > M, % >1 =
Vn > M, |zpt1| > 2] = limpoeo2, #0 = >~ | @, diverges

(theorem 4.10)
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e suppose L < 1,let L<a <1

- 3M eNst.Vn > M, "l <o = ¥n > M, |z,n] < alz,]

— ‘xn| S O“xn—ll S 8 |xn—2| S e S O5n_ZM|$J\4‘

—> Vn > M, we have |z,| < o™ M

— consider the partial sums of the series >_>° | |z, |, assume m > M:

m M-—-1 m
D za| = ] + D ] < Z |z | + Z E
n=1 n=1 n=M
M-—1 M-—-1 o0
< S leal+ 3= 0" Mawl = 3 bl + lowl 3 o”
n=1 n=1 n=0
n=1 o

where the last equality is from the properties of geometric series and 0 < o < 1

— hence, the sequencioof partial sums (> .~ ; |zx|), _, is monotone increasing and
o0
bounded = >~ |x,| converges = >~ | =, converges absolutely
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Remark 4.24 |If L = 1 in theorem 4.23 then the test doesn't apply. For
example, >~ | - diverges, and Y~ | -5 converges.

Example 4.25 The series > 7, 1" converges absolutely.

n241
proof:
(=p"* )
—1)" 1 1 n+1)2
(2) = — <— = lim (+1)j1<lim 'n 5 =1
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Example 4.26 The series >~ Z—? converges absolutely for all z € R.

proof:
xn—l—l
1)!
fim LD gy
nooo T mocon+
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Root test

Theorem 4.27 Root test. Let Zzozl x, be a series and suppose that the

limit
L= lim |z,|""
n—oo
exists.
o If L >1then Y >~ x, diverges.

o If L <1then > " x, converges absolutely.

proof:

e suppose L > 1, then dM € N s.t. Vn > M, wn\l/n21 — Vn > M,

zn| > 1 = limpsooxy, 20 = > 7 x, diverges (theorem 4.10)

e suppose L < 1,let L<a <1

— dM € N such that Vn > M, xnll/nga — Vn > M,

| < a”
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— consider the partial sums of the series > " | |x,|, assume m > M:

<

m —1 m

M-—-1 o0
n=1 n=M

n=1 n=M

o0 M—1 s
ol + 0 07 = Y faal 4 Yt
n=»M n=1 n=0

oo
n=0

OéM

— ’$n|+1_a7

S
I
[

<

IN
3
}&

D

S
I
[T

D

S
|
[t

where the last equality is from the properties of geometric series and
O<a<l

. m oo .
- hence, _the sequence of partial sums (D ope Tnl), s moncg’(c)one
increasing and bounded = ) ", |x,| converges — > ", x,
converges absolutely
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Remark 4.28 Similarly, if L = 1 in theorem 4.27 then the test doesn't
apply.
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Alternating series

Theorem 4.29 Llet (z,,).., be a monotone decreasing sequence with
limy, 00 &, = 0. Then the series > >° . (—1)"x,, converges.

proof: consider the partial sums s, =Y, (=1)"z,

e (z,) _, is monotone decreasing and z,, - 0 = Vn € N, we have

Ln an—l—l Z 0

e we first show that the subsequence (s2,,,),._, converges, notice that

2m

89y = Z (-)"z,=—21+T2 -3+ —Tom_1+ T2, (4.1)

n=1
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— rearranging the terms in (4.1), since x,.1 < x,, Vn € N, we have

Som = (x2 —x1) + (x4 —23) + - - + (T2m — T2m—1)
> (w2 — 1) + (23 — 20) + -+
+ (Tom — Tom—1) + (T2m+2 — Tam1)

= 82(m+1)

—> (S2m),-_, is monotone decreasing

— rearranging the terms in (4.1) differently, since z,, > x,11 > 0,
Vn € N, we have

Som = —T1+ (T2 —x3) + (x4 —x5) + - -

+ (Tom—2 — Tom—1) + Tom > —21

—> (S2m),-_, is bounded below

— put together, we conclude that (sa,,),._, converges, let so,, —
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e we now show that (s,,) ~_, also converges to z, let € > 0

— Som — © = dM; € N such that Vm > My, |som — x| < €/2
— , - 0 = dM, € N such that Vm > My, |t < €/2

let M = maX{2M1 + 1,M2}, then Ym 2 M, m Z 2M1 + 1, m Z M2

— if mis even — % > M, hence
5 — | = (32.% —x) <e/2<e

— if misodd, then m —-1isevenand m -1 > 2M; — m7_12]\41,
hence

Sy — T| = sm_l—x—l—xm\:|82_m—1—x—|—xm
2

IA

Symt — :c‘ b | < €/2+€/2 =

put together, (s,,),_, converges — > > (—1)"x,, converges
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Corollary 4.30 The series > 7 | (_i)n converges but does not converge

absolutely.
proof:
® since (H)n:1 is monotone decreasing with lim,, .. - = 0, it follows

immediately from theorem 4.29 that > 7 | (—i)” converges

: oo (=" _ oo 1 oo 1 4
® since ) ‘T‘ = > .1 and > -~ = diverges, we conclude that

> % does not converge absolutely
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Rearrangements

Theorem 4.31 Suppose >~ | x,, converges absolutely and Y~ | =, = .
Let 0: N — N be a bijective function. Then, the series 22021 To(n)
is absolutely convergent and > >, Tg(n) = . In other words, absolute
convergence implies, if we rearrange the sequence, the new series will still
converge to the same value of the original series.

proof:

IS

o we first show Y 0 | |z,(n)| converges, i.e., (31—, |$a(n)‘);o:1

bounded

— >0 |@n| converges = (3", |z,]). . _, is bounded —>
3B > 0 such that Vm € N, > | |z,| < B

—Vm e N, {1,...,m} is a finite set = Jk € N such that
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hence,

m k
Z |xa(n)‘ — Z |xn‘ < Z |xn| <B
n=1 n=1

— Vm €N, > " | [Ty is bounded
e we now show that >~ () =, let € > 0

- > x, =2 = My € N such that for all k > m > M), we have

m k
Zilfn—ilf < €/2 and Z Tp| < €/2
n=1 n=m-+1

— the set {1,..., My} is finite = dM € N, M > M such that
{1,.... My} Co({1,...,M}),
hence, for all m > M, let p = max(o({1,...,m})) > My, we have

o({1,....m})={1,... Mo} U{My+1,...,p}
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— consider the partial sums of > 7 | Ty (z), for all m > M, we have

iaza(n)—az: Z Ty — | = an—x+ Z T,
n=1

neo({1,...,m}) n=My+1

p
Z Tn| <€/24€/2=c¢

n=1 n=Mp+1

A
(]
3
.
_|_

. m oo
= iMoo ) 1 To(n) =T = D 1 To(n) =T
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limits of functions and sequential properties
left and right limits
continuous functions
operations that preserves continuity
extreme value theorem
intermediate value theorem

uniform and Lipschitz continuity



Cluster points of sets

Definition 5.1 Let S C R. We say that the point ¢ € R is a cluster point
of S if for all § > 0, we have (c—d,c+ )N S\ {c} #0, i.e., forall 6 > 0,
there exists some z € S, such that 0 < |x — ¢| < .

examples:

e S={1/n|n €N} has a cluster point ¢ =0

e S =(0,1) has a set of cluster points given by [0, 1]
e S = Q has a set of cluster points given by R

e S = {0} has no cluster points

e S = Z has no cluster points
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Theorem 5.2 Let S C R. Then ¢ € R is a cluster point of S if and
only if there exists a sequence (z,),_, of elements in S\ {c} such that
lim,, oo T,, = C.

proof:

e suppose c is a cluster point of .S, then Vo > 0, dx € S such that
O<|z—c| <

— Vn € N, choose z,, € S such that 0 < |z, — ¢| < %

- 150 = |z, >0 = z, —>c

e suppose there exists a sequence (), ., with z, € S\ {c} for all
n € N such that z,, — ¢, let 6 > 0

— 2, = cwith 2, € S\ {¢} = IM € N such that Vn > M,
0< |z, —c| <0

— choose x =z, then we have 0 < |x —¢| < § = S has cluster
point ¢
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Limits of functions

Definition 5.3 Let f: S — R be a function and ¢ be a cluster point of
S C R. Suppose there exists an L € R, and for all € > 0, there exists some
d > 0 such that for all x € S and 0 < |x — ¢| < J, we have |f(x) — L| < e.
We then say f(x) converges to L as x goes to ¢, and we write

flr) > L as x —c.
We say L is a limit of f(z) as x goes to ¢, and if L is unique, we write

lim f(x) = L.

r—C

Continuous functions



Remark 5.4 The function f: S — R does not converge to L € R as x
goes to a cluster point ¢ of S implies that there exists some € > 0, such
that for all 6 > 0, there exists some z € S and 0 < |z — ¢| < §, so that
|f(x) =L = €.

Theorem 5.5 Let f: S — R be a function and ¢ be a cluster point of
SCR. If f(x) = Ly and f(x) — Ly as x — ¢, then L1 = Ls.

proof: let ¢ > 0

o f(x) = Ly asxz — ¢ => 3d; > 0 such that for all x € S and
0<|z—c| <by, |f(x)— L] <€/2

o f(x) = Ly asxz — ¢ = 3d2 > 0 such that for all x € S and
0<|x—rc|l<d |f(x)— La| <e/2

e choose § = min{dy,d2}, then for all x € S and 0 < |x — ¢| < 6, we have
|[Li—Lo| = [Li—f(x)+f(x)—La| < [f(z)—La|+|f(x)—L2| < €/2+€/2 =€
— [y = Lo
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Example 5.6 Let the function f(x) = ax +b. Then, for all ¢ € R, we have
lim, . f(z) = ac+b.

proof: let € > 0, choose § = &7, then for all z € R and 0 < lx —c| <6,

we have

(@) = (ac+b)| = |(az +b) — (ac +b)| = |al|z — ¢| < |a|§ =

Example 5.7 Let f: (0,00) — R with f(z) = y/x. Then, for all ¢ > 0, we
have lim,_.. f(x) = /c.

proof: let € > 0, choose § = €y/c, then for all z > 0 and 0 < |z — ¢| < 4,

we have
e e |(VE = VOWE + VR
| z—c |z — | o .
'ﬂﬁ+ﬁ§ Ve S/ S
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1 x#0

2 =0

Example 5.8 Let f(z) = { . Then, lim, ¢ f(z) =1 (# f(0)).

proof: let ¢ > 0, choose § = 1, then Vx satisfies 0 < |z| < §, we have
r # (0 = Vuz satisfies 0 < |z| < §, we have |f(z) —1|=[1—-1]=0<¢

Theorem 5.9 Let f: S — R be a function and ¢ be a cluster point of
S C R. Then, the following statements are equivalent:

e The function f(x) converges to L € R as x goes to ¢, i.e.,

lim f(z) = L.

Tr—rC

e For all sequences (x,,)._, in S\ {c} such that lim,,_,~ 2, = ¢, we have
lim,, o0 f(xn) = L.
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proof:

e suppose lim, . f(x) =L, let e >0

— 30 > 0, such that for all z € S and 0 < |z — ¢| < §, we have
[f(z) = L] < e

— Ty — ¢ T, €S\ {c} = IM € N such that Vn > M,
0< |z, —c|<d = Vn>M, we have |f(x,) — L| <, i.e.,
f(xn) — L

e suppose for all sequences in S\ {c} s.t. x,, — ¢, we have f(z,) = L

— assume lim,_,. f(x) # L = de > 0 s.t. Vd > 0, there exists some
r e Sand 0<|xr—c|l<9,sothat |f(x) — L| > ¢

— choose a sequence (z,,), ., such that Vn € N, z,, € S\ {c},
0<|zp,—cl <2 and |f(z,) — L| >eforallneN

— however, + -0 = z, > ¢ = f(z,) =L = 3IM € Nsit.
Vn > M, |f(x,) — L| < €, which is a contradiction
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Theorem 5.10 For all ¢ € R, we have lim,_,.2? = ¢°.

proof: let (z,) _, be a sequence in R\ {c} such that z,, — ¢, then

according to theorem 3.24, we have 72 — ¢ = lim,_,. 2% = ¢?
(theorem 5.9)

Theorem 5.11 The limit lim, ,gsin(1/x) does not exist, but
lim, o xsin(1/x) = 0.

proof:

e we first show that lim, gz sin(1/z) = 0: let (z,,), ., be a sequence in

R\ {0} such that z,, — 0; since Vn € N, 0 < |z, sm(l/xn)\ < |zn],

and z,, — 0, we have |z, sin(1/z,)] - 0 = lim,_xsin(1/z) =0

e we now show that lim,_,gsin(1/x) does not exist:

— choose a sequence (z,,),. , where x,, = ﬁ then we have

T, — 0

Continuous functions
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— consider the sequence (sin(1/zy,)),_,, we have

sin(1/z,) = sin <(2“ . 1>7T) _ pH

—> (sin(1/x,)),_, does not converge —> lim,_,osin(1/z) does
not exist
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Sequential properties

Theorem 5.12 Let f,g: S — R be functions and c be a cluster point of
S C R. Suppose f(x) < g(x) for all z € S, and we have lim,_,. f(x) and
lim,_,. g(x) both exist, then lim,_,. f(x) < lim,_.g(x).

proof: let (z,) _, be a sequence in S\ {c} such that x,, — ¢

o0

o lim, .. f(z) and lim,,. g(x) exist = (f(zn)),_, and (g(zn)),_;
converges

o let f(x,) — L1, g(x,) = Lo, since f(x) < g(z) for all x € S, we have
Ly < L, d.e., lim, . f(x) < lim,_,.g(x)

similarly, we can prove the following theorems:

Theorem 5.13 Let f: S — R be a function and ¢ be a cluster point of
S C R. Suppose the limit lim,_,. f(x) exists, and there exists a,b € R
such that a < f(x) < b for all x € S\ {c}, then a <lim,_,. f(z) <b.
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Theorem 5.14 Let ¢ be a cluster point of S C R, and f,g,h: S — R
be functions such that f(z) < g(x) < h(z) for all x € S\ {c}. Suppose
lim, . f(x) = lim,_,. h(x), then

lim g(z) = lim f(z) = lim h(z).

Theorem 5.15 Let ¢ be a cluster point of S C R, and f,g: S — R be
functions such that lim,_,. f(z) and lim,_,. g(x) both exist, we have:

o llmx_m(f(ﬂf) + g(ﬂf)) = lim, . f(x) + lim, . g(ﬂ?);
o if lim, ,.g(x)# 0 and g(x) # 0 for all x € S\ {c}, then

lim f(z)  limg_,. f(x)

e g(x)  Timgeg(@)

Continuous functions 5-12



Theorem 5.16 Let ¢ be a cluster point of S C R and f: S — R be a
function such that lim, .. f(x) exists, then we have

lim | ()| = | lim. f ()]

Tr—C

Continuous functions 5-13



Left and right limits

Definition 5.17 Let S C R and f: S — R be a function.

Suppose c is a cluster point of SN (—o0,c), we say f(x) converges to L as
xr — ¢, if for all e > 0, there exists a & > 0 such that for all x € S and
c— 0 <x<c wehave |f(x) — L| < e. We call such a limit the left limit

of f at ¢, denoted lim,_, .- f(x).
Suppose c is a cluster point of S N (c,0), we say f(x) converges to L as
x — cT, if for all € > 0, there exists a § > 0 such that for all x € S and
c<x<c+4d, wehave |f(x)— L| < e. We call such a limit the right limit
of f at ¢, denoted lim,_, .+ f(z).

Example 5.18 Consider the function f given by

f(a:)—{ 1 >0

0 x <0,

then lim,_,o- f(x) =0 and lim,_,,+ f(x) = 1, even if f(0) is undefined.
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Continuous functions

Definition 5.19 Let S C R and ¢ € S. We say the function f is
continuous at c if for all € > 0, there exists a § > 0 such that for all z € S

and |z — ¢| < §, we have |f(x) — f(c)] <.
We say the function f is continuous on the set U for U C S if f is
continuous at every point of U.

Remark 5.20 The function f is not continuous at point ¢ € S if there
exists some € > 0 such that for all 4 > 0, there exists some x € S and

|z — ¢| < 6, so that |f(x) — f(c)| > e.
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Example 5.21 The function f(x) = ax + b is continuous on R.

proof: let c€ R, € > 0, choose § = |a|€+1, then for all x € R, |x — ¢| < 6:

ol
€ €

f(x)— f(c)] = |lax +b—ac—b| = |a||lr — | < |ald = a1 s

Example 5.22 The function f given by

] 1 z#0
o=, 07

Is not continuous at ¢ = 0.

proof: choose e =1 and let 6 > 0, then x = §/2 satisfies |x| < J, but
f(z) = fO)[=1-0]=12>c¢
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Theorem 5.23 Let S C R be aset, c€ S beapoint,and f: S — R be a
function.
e If cis not a cluster point of .S, then the function f is continuous at c.

e If c is a cluster point of S, then the function f is continuous at ¢ if and
only if lim,_,. f(x) = f(c).

e The function f is continuous at ¢ if and only if for all sequences (z,,), .,
in S with lim,, ,. x, = ¢, we have lim,, , f(z,) = f(c).

proof: to show the first statement, let € > 0

e c € 5 and cis not a cluster point of S =— dJ > 0 such that

(c—=0d,c+d0)NS ={c}
e then for all x € S such that |z — ¢| < J, we have x = ¢, and hence,

f(z) = fle)l =|f(c)— flc)] =0<e
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we now show the second statement:

e suppose f is continuous at ¢, let € > 0

— f is continuous at ¢ = d6 > 0 such that for all x € S and
lx — | < §, we have |f(x) — f(c)] <€

— then Vx € S suchthat 0 < |z — ¢| < 6, |f(x) — f(o)| < e =
limg . f(x) = f(c)
e suppose lim, .. f(x) = f(c), let e >0

— f(x) = f(c) asx — ¢ = 30 > 0 such that for all x € S and
0<|z—c| <4, we have |f(x) — f(c)| <€

— then for all z € S such that |x — ¢| < d: if x = ¢, we have

f(z) = fleo)| =f(c) = flc)| =0<e

if x Ac,wehave 0 < |z —¢c|<d = |f(z)— f(c)| <€

— put together, we conclude that the function f is continuous at c
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we now show the third statement

e suppose f is continuous at ¢, let (z,,).., be a sequence in S, =, — ¢,
let € > 0

— f is continuous at ¢ = 46 > 0 such that for all x € S and
lz — c| < §, we have |f(x) — f(c)] < e

— T, > ¢ = dM € N such that Vn > M, |z, —c| < =
Vi = M, [f(zn) - f(e)] <€ — (Fzn))iy — £(O

e suppose for all (x,) —, in S such that z,, — ¢, we have f(x,) — f(c)

— assume f is not continuous at ¢ = de > 0, Vo > 0, dz € S such
that |x — c| < 9, but |f(z) — f(c)| > €

— choose z, € S'st. Vn € N, 0 < |z, — ¢| < but |f(z,) — f(z)] > €

- 250 = z,—>c = f(zn) > f(¢) = IM € N such that
Vn > M, |f(x,) — f(c)| < e, which is a contradiction
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Theorem 5.24 The functions sinx and cosz are continuous on R.

proof:

e recall the following properties of sinx and cosx for all z € R:
— sin?(x) + cos?(z) =1 = |sinz| <1 and |cosz| <1
— |sinz| < |x|
— sin(a 4+ b) = cos(a) sin(b) + sin(a) cos(b)
— sin(a) — sin(b) = 2sin (%52) cos (%£2)

e we first show that sin z is continuous, let ¢ € R, let € > 0, choose
0 = ¢, then for all x € R such that |z — ¢| < §, we have

. [x—c x4+ c . [x—c |z — c|
2 sin cos < 2 |sin <2 =|r—c| <e
2 2 2 2

e we now show that cosxz is continuous, let ¢ € R, let ( ) bea
sequence with x,, — ¢, then we have z, + 5 — c+ 3, and hence

| sinz —sinc| =

. . . T . ™
lim cosx,, = lim sin (a:n + —) — sin (c + —) — COSC
n— 0o n— 0o 2 2
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Theorem 5.25 Dirichlet function. The Dirichlet function given by

)1 zeQ
o=, 1

is not continuous on all of R..

proof: let c e R

e if c € Q, then for all n € N, there exists z, ¢ Q s.t. ¢ < z,, < ¢+ =;
% — 0 = =z, — ¢, however,

lim f(zn) =07 f(c) =1
—> (f(x,)),_, does not converge to f(c)
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o if c¢ Q, then for all n € N, there exists 2, € Q s.t. ¢ < z, < ¢+ =
% — 0 = x, — ¢, however,

lim f(zn) =1# f(¢) =0

— (f(z,)).-_, does not converge to f(c)

n=1

Continuous functions 5-22



Operations that preserves continuity

Theorem 5.26 Let f,g: S — R be functions on .S C R and are continuous
at ce S.

e The function f 4+ g is continuous at c.
e The function f - g is continuous at c.

e If g(x) # 0 for all x € S, then the function f/g is continuous at c.

proof: we show that the function f + ¢ is continuous at ¢, the other two
statements can be proved similarly; let (z,,) ., be a sequence in S with
Ty —> C

e f is continuous at ¢ = lim, o f(x,) = f(c)

e ¢ is continuous at ¢ = lim, o g(zy) = g(c)

e hence, lim, o (f(zn) +9(xyn)) = f(c) +g(c) = f+ g is continuous
at c
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Theorem 5.27 Let f: B — R and g: A — B be functions on A, B C R.
If g is continuous at ¢ € A and f is continuous at g(c) € B, then fog is
continuous at c.

proof: let (x,) ., be a sequence in A and =, > ¢ = g(z,) — g(c)
— f(g(zn)) —>f( (c)) = fogis continuous at ¢

Theorem 5.28 Let f be a polynomial function of the form
f(x) = apx? + -+ ar1x + aop.

Then, the function f is continuous on R.

proof: let c € R, let (z,,), ., be a sequence in R and x,, — ¢, then:

lim f(x,) = lim (apacﬁ + -+ a1z, + ag)
n—oo
_a,phmac + - —|—allimxn—|—a0
n—oo

=a,c’+ -+ aic+ag = f(c)
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Example 5.29 Theorems 5.26 and 5.27 allows us to show that some given

function is continuous without a huge ¢ — ¢ proof, for example:

2

e The function 1/x? is continuous on (0,00), since z? is continuous on

(0, 00).

. 2 . . . .
e The function (cos(1/z?))” is continuous on (0,00), since cosx is
continuous on R, and z? is continuous on (0, co).
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Extreme value theorem

Definition 5.30 A function f: S — R is bounded if there exists some
B > 0 such that for all z € S, we have |f(x)| < B.

Theorem 5.31 If the function f: [a,b] — R is continuous then f is
bounded.

proof:

e suppose f is unbounded, then VB > 0, Jx € [a, b] such that |f(x)| > B
e let (z,), ., be a sequence in [a,b] such that for all n € N, |f(z,)| > n

e (z,),_,isin[a,b] = (z,),_, is bounded = there exists a
subsequence (x,).-, (theorem 3.37) that converges to c € R
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e 0<2,<b = a<uz, <b = cé€|a,b

e fis continuous on [a,b] = f(zn,) = f(c) = (f(xn,));=, is
bounded

o |f(zn,)] >n; = (n;),—, is bounded, which is a contradiction

Definition 5.32 Let f: S — R be a function. We say the function f
achieves an absolute minimum at ¢ if f(z) > f(c¢) for all x € S. We say
the function f achieves an absolute maximum at d if f(x) < f(d) for all

r e S.
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Theorem 5.33 Extreme value theorem. Let f: [a,b] — R be a function on
a closed, bounded interval [a,b]. If the function f is continuous on |a, b,
then f achieves absolute maximum and absolute minimum on [a, b].

proof: we show the case for absolute maximum

e f is continuous on [a,b] = f is bounded = the set
E={f(x) |z €la,b]} is bounded = sup F € R exists

e sup E is the supremum of {f(x) | z € [a,b]} = Vz € [a,1)],
f(x) < sup E, and, there exists some sequence (f(x,)),_, with
x, € [a,b] such that f(z,) > supE

o (,),_,isin [a,b] = there exists a subsequence (z,,)._, such that

)

Tn, —dand d € |a,b] = f(xn,) = f(d) (since f is continuous)

o f(xn,) »>supl = f(xp,) > supl = supE = f(d) = there
exists a point d € [a, b] such that f(x) < f(d) for all x € [a, b]
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Remark 5.34 To apply the extreme value theorem, the function f has to
be continuous on a closed, bounded interval.

If the function f: [a,b] — R is not continuous, consider the function given
by

r=0orxz=1

flz) = { r x€(0,1),

which neither achieves an absolute maximum nor an absolute minimum on
[O, 1].

If the function f: S — R is continuous but S not closed and bounded,
consider the function given by

N

flz) =~ - , 5=1(0,1),

which neither achieves an absolute maximum nor an absolute minimum on

0,1].
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Intermediate value theorem

Theorem 5.35 Let f: [a,b] — R be a continuous function. If f(a) <0
and f(b) > 0, then there exists some ¢ € (a, b) such that f(c) = 0.

proof: let a1 = a, by = b, for all n € N, given a,, and b,,, define a,,+1 and
bni1 as:

® ay =t b =b,, if f(2fbn) <0

o

then the sequences (a,,),_, and (b,),_,

has the following properties:

e a <ap<apt1 <bpi1 <b,<bforallne N = (a,),_, and
(bn). -, are monotone and bounded = (a,),_,; and (b)),
converge, let a,, — ¢, b, — d

e f(an) <0, f(by) >0 for all n € N, since f is continuous, ¢,d € |a, D]
— lim, . f(a,) = f(c) <0 and lim, . f(b,) = f(d) >0
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__bp—an _ bn_1—an—1 __ __b—a __ b—a
® b1 — G =570 = "ot = =T = by —an = 5T

and hence, we have

. . b—a . .
e n — an) = 0 ot = 0= 0 e~ g 0

put together, we have f(c) <0, f(d) >0, and f(c) = f(d)
— f(c¢) = f(d) =0 = dc € (a,b) such that f(c) =0
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Theorem 5.36 Bolzano's intermediate value theorem. Let f: |a,b] — R
be a continuous function. Suppose y € R such that f(a) <y < f(b) or
f(b) <y < f(a), then there exists a ¢ € (a,b) such that f(c) = y.

proof: we consider the case for f(a) < y < f(b), the other case is similar
e let g: [a,b] — R be a function given by g(z) = f(x) — y, then g is

continuous on [a, b] (theorem 5.26)

e fla) <y < [f(b) = gla) = a) y <0, g(b)=f(b) -y >0
—> dc € (a,b) such that g(c) = c) y = 0 (theorem 5.35)
—> dc € (a,b) such that f(c) =
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Theorem 5.37 Let f: [a,b] — R be a continuous function. Suppose the
function f achieves absolute minimum at ¢ € |a, b], and achieves absolute
maximum at d € |[a,b]. Then, we have f([a,b]) = [f(c), f(d)], i.e., every
value between the absolute minimum value and the absolute maximum
value is achieved.

proof:

e according to theorem 5.33, we have f([a,b]) C [f(c), f(d)]
e according to theorem 5.36, we have [f(c), f(d)] C f(|c,d]) C f([a,b])

e hence, f([a,b]) = [f(c), f(d)]

Remark 5.38 Similarly, theorem 5.36 is false if f is not continuous.

Example 5.39 The polynomial given by f(z) = 22%%! 4+ 22920 1+ 9.03x + 1
has at least one real root.

proof: we have f(0) =1 >0 and f(—1) = —8.03 < 0, hence, by
theorem 5.36, there exists some ¢ € (—1,0) such that f(c) =0
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Uniform continuity

Example 5.40 The function f(x) = 1 is continuous on (0, 1).

2

proof: let ¢ € (0,1) and € > 0, choose § = min {%, %e} then Vx € (0,1)
such that |z — ¢| < §, we have

e [lz]—cf|<|r—¢c|<di<s = —S<|z]—c = =<2

z[ T e

e hence, {———} :|Tx;

Remark 5.41 Example 5.40 shows that in the definition of function

continuity, the number 6 can depend on both the number € and the
point c.
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Definition 5.42 Let f: S — R be a function. We say the function f is
uniformly continuous on S if for all € > 0, there exists some ¢ > 0 such
that for all x,c € S and |x — ¢| < J, we have |f(z) — f(c)| < e

Remark 5.43 In the definition of uniform continuity, the number ¢ only
depends on e.

Example 5.44 The function f(x) = 2 is uniformly continuous on [0, 1].

proof: let € > 0, choose 6 = £, then for all x,c € [0,1] and |z — ¢| < §, we

have |z + ¢| < 2, and hence,

£
2!

[f(@) = flo)l=lz" =l =lztdlz—c <[z +cld <20 =2-c=¢
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Remark 5.45 Let f: S — R be a function. We say the function f is not
uniformly continuous on .S if there exists some € > 0 such that for all 6 > 0,
there exists some z,c € S and |z — ¢| < § so that |f(z) — f(c)| > €.

Example 5.46 The function given by f(z) = % Is not uniformly continuous

n (0,1).

proof: choose ¢ = 2, let § > 0, choose ¢ = min {5, %} r = 5, then:

oxcE(Ol)and\x—c[ £<i<d

1

2 1

— C
c 2 ¢

Example 5.47 The function f(x) = 22 is not uniformly continuous on R.

proof: choose ¢ = 2, let 0 > 0, choose c =%, . =c+ g, then we have

SN

er,ceERand [z —c|=5<§
o 22—l =lz+clz—c|=Q2c+23) 2=(G+2) t=2+L>2=¢
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Theorem 5.48 Let f: [a,b] — R be a function. Then, the function f is
continuous on |a, b] if and only if f is uniformly continuous on |[a, b].

proof:

e suppose f is uniformly continuous on [a,b]: let ¢ € [a, b], € > 0, then
according to uniform continuity, 30 > 0 such that for all = € |a,b] and
|z — | < §, we have |f(x) — f(c)| < e

e suppose f is continuous on [a, b]

— assume f is not uniformly continuous on [a, b], then Je > 0 such that
Vo > 0, there exists x, ¢ € [a,b] s.t. |z — | < 6 but |f(x) — f(c)| > €

— choose sequences (z,,).., and (¢,). ., such that for all n € N,
Ty Cn € [a,b], |2, — ¢ < £, but | f(z,) — f(cn)] > €

— since z,, € [a,b] for all n € N, there exists a subsequence (z,,),_, of
(zn), -, such that x,,, — ¢ and ¢ € [a, b] (theorem 3.37)
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— take subsequence (cn ),— of (¢n),—; according to the indexes n; of
(Tn;);=, then ¢y, € [a, b] for all n € N = there exists a

©.@)
subsequence (cn ) such that Cny, = d and d € |a, b]
71=1
o0 o0 . .
— take subsequence (:cn ) of (x,,),_, according to the indexes n;;
of (an) , then z,,, — csince z,,, — ¢
i/ j=1 J
-0< |xn —Cp, | < L and — 0 = lim,_ ]xn —Cp, | =0

Ly nz ZJ J
hmj_>OO Tn,;, = hmj_>OO Cn;, — c=d

— since f is continuous on [a,b] and z,, — ¢, ¢,, — ¢, we have
J J

lim f(ajn )_ lim f(cn ):f(C)

J—>00 ¥ J—>00 ‘3

— 0= 17(0) = /()] = lim |[(zn,) = flen,)| > &

J J
which i1s a contradiction
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Lipschitz continuity

Definition 5.49 Let f: S — R be a function. We say the function f is
Lipschitz continuous on S if there exists some K > 0 such that for all

x,y € .5, we have |f(x) — f(y)| < K|z —yl.

Remark 5.50 Geometrically, the function f is Lipschitz continuous if and
only if all lines intersects the graph of f in at least two distinct points has
slope in absolute value less than or equal to K.
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Theorem 5.51 Let f: S — R be a function. If the function f is Lipschitz
continuous, then f is uniformly continuous.

proof: let ¢ > 0

e f is Lipschitz continuous = dK > 0 such that for all x,y € 5, we
have |f(z) — f(y)| < K|z — ¥

e choose § = ¢/(K + 1), then for all z,y € S and |z — y| < §, we have

f(zx) = fy)| < Klz —y| < Ké = € < €

K+1
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Example 5.52 The function f(x) = \/x is Lipschitz continuous on [1, c0),
but is not Lipschitz continuous on [0, c0).

proof:
e consider the function f: [1,00) — R given by f(x) = v/z, then Vz,y € [1, 00):

—x>21ly>21 = o+ /y>2

— hence, | |
T — vy 1
< <l —y|

7@) = FW) = IVE = Vil = = <5

— f is Lipschitz continuous with K = 1/2

e consider the function g: [0, 00) — R given by g(x) = /x, let K > 0, choose

€r = O, Yy = K21—|—1’ then

'f(fl?)—f(y) :‘\/5—\/@ _ VYV _ 1l i VEE =K
T =y T —y y VY

— |f(z) — f(y)| > K|z — vy
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Derivative of functions

Definition 6.1 Let I be an interval, let f: I — R be a function, and let
c € I. We say the function f is differentiable at c if the limit

L f@) = 1

T—cC €T — C

exists. We call L the derivative of f at ¢, and we write f'(c¢) = L.

If f is differentiable at all ¢ € I, then we say the function f is differentiable,
and we write f’ or % for the function f'(z), = € 1.

Example 6.2 Consider the function f(z) = ax + b, then f’(c) = a for all
ce R.

proof: let x,c € R, then we have

L f@) SO | artb—(actb) | aw—c)
im = lim = lim = lima = a

T—cC xr — C r—c €xr — C r—c I — C T—cC
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Example 6.3 Consider the function f(z) = 22, then f/(c¢) = 2¢ for all
c € R.

proof: let x,c € R, then we have

lim fz) = jle) —1lim2—% — lim (@ +e)@=c) = lim(z 4 ¢) = 2c¢
r—cC €T — C rT—=c 1 — C r—cC €T — C T—cC

Theorem 6.4 Suppose the function f: I — R is differentiable at ¢ € I,
then f is continuous at c.

proof: f is differentiable at c € I = the limit lim,_,. f(xa);:f(c) exists,
and hence,

lim f(z) = lim

r—cC r—cC

<f($) — f(¢)

(x—c) + f<c>) — F(e)- 0+ £(c) = £(c)

Remark 6.5 The converse of theorem 6.4 does not hold.
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Example 6.6 The function f(z) = |z| is not differentiable at 0.

proof: let (z,) _, be a sequence with z,, = (_ ) foralln € N

o (<

Land 2 -0 = 1z, =0

f(w£2:£(0)> e have

e consider the sequence (

o lim, ,. (—1)" does not exist = lim,_,q f(xa)::g(o) does not exist

Remark 6.7 There exist functions that are continuous but nowhere
differentiable.

Derivative 6-4



Differentiation rules

Theorem 6.8 Let I be an interval, let f: I — R and ¢g: I — R be
differentiable functions at ¢ € I.

e Linearity. Let a € R. Define h(x) = af(x) + g(x), then h'(c) =
af'(c) +g'(c).

e Product rule. Define h(x) = f(x)g(x), then h'(c) = f'(c)g(c) +
fle)g'(e).

e Quotient rule. If g(x) # 0 for all x € I, define h(z) = f(x)/g(x), then

proof: f,g differentiable at ¢ = lim,_.. f(mgz:f(c), lim,,_,, $@=9(c)

r—C

exists; f,g continuous at ¢ = lim,_,. f(x) = f(c¢), lim,.g(x) = g(c)
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o if h(x) = af(x)+ g(c), then we have

h(z) — h(c) af(x) +g(x) — af(c) — g(c)

lim = lim
ST ST RS
e if h(z) = f(x)g(x), then we have
h@)—h(e) _ | f@)ge) — [(e)a(e)
T @ - 1) + 1) - S
 SOUE) 1) + ) e(E) — g(e)
B o (x) — 9(0)

= g(c) lim
= f'(e)g(c) + f(e)g'(¢)

f()

f(x) — f(C)
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o if h(xz) = f(x)/g(x), then we have

lim hz) = h(c)

r—C €T — C

o F@)/e(@) = £(0)/9(e)

—  lim ! f(x)g(c) — f(c)g(x)
z—=e g(x)g(c) T —cC
it F(x)g(e) — fle)g(z) + f(x)g(x) — Ff(z)g(z)

5% g(2)g(c) —
1 @) (@) = £(e) — F@)(9(@) — g(e))
~ e g(a)gle) r—
F'(e)g(e) = f(e)g'(©)
(9(c))’

Derivative
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Theorem 6.9 Chain rule. Let I, I; be two intervals. Let g: I; — R be

differentiable at ¢ € I; and f: I — R be differentiable at g(c).
h: I — R by h = f og, then h is differentiable at ¢, and

Define

proof: let d = g(c)

e define the following functions:

- [ B v
f'(d) y=d
and
g(x)—g(c) T+ c
o) = g'(c) T =c,

Derivative
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then we have

fy) — f(d)

t u(y) = tim LD — ) — uga)
tim v(z) = lim 999 ) = o),

7.e., u 1S continuous at d, v 1s continuous at ¢

e note that f(y) — f(d) = u(y)(y — d) and g(x) — d = v(zx)(z — ¢), we

have

e put together, we have

jim M) i wg(@))o(e) = ulg(@)o(o

Tr—c €Tr — C Tr—c
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Rolle’s theorem

Definition 6.10 Let f: S — R with S C R.

The function f is said to have a relative maximum at c € S if there exists
some § > 0 such that for all x € S and |z — ¢| < §, we have f(x) < f(c).

The function f is said to have a relative minimum at c € S if there exists
some § > 0 such that for all x € S and |z — ¢| < 4, we have f(z) > f(c).

Theorem 6.11 If the function f: [a,b] — R has a relative maximum or
minimum at ¢ € (a,b) and f is differentiable at ¢, then f'(c) = 0.

proof: we show the case for ¢ being a relative maximum point

e c € (a,b) is an relative maximum point = 3§ > 0 such that for all
x € |a,b] and |z — ¢| < 9, we have f(x) < f(c)

e let (z,,) ., be a sequence with z,, = ¢ — % for all n € N, then we have
Ty < ¢ Tp—c and |z, —c| <dforalln e N —
£/(€) = limy, oo LEU=HE >
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o let (y,)—, be a sequence with y,, = ¢+ 2> for all n € N, then we have
Yn > C, yn%c, and |y, — ¢| <5fora||n€N
= f'(c) = limy, o {8209 <

Remark 6.12 In theorem 6.11, the function f does not necessarily have to
be defined on a closed interval, but the point ¢ where the relative extremum
is achieved has to be on the open interval (a,b).

Remark 6.13 Absolute extremum is a special case of relative extremum.
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Theorem 6.14 Rolle. Let the function f: [a,b] — R be continuous and
differentiable on (a,b). If f(a) = f(b), then there exists some ¢ € (a,b)
such that f'(c) = 0.

proof: let f(a) = f(b) = K; f is continuous on |a,b] = there exists an

absolute maximum point ¢; € [a, b] and an absolute minimum point
co € [a,b] (theorem 5.33)

e if c; > K, then ¢; € (a,b) = f'(c1) = 0 (theorem 6.11)
o if co < K, then ¢3 € (a,b) = f'(c2) = 0 (theorem 6.11)

o ifcy =co=K, then K < f(zx) < K forall x € [a,0)] = f(z)=K
for all x € [a,b] = f'(c) =0 for all ¢ € (a,b)
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Mean value theorem

Theorem 6.15 Mean value theorem. Let the function f: [a,b] — R be
continuous and differentiable on (a,b), then there exists some ¢ € (a,b)
such that

f() = fa) = f'(c)(b—a).

proof:

o define g: [a,b] — R with g(z) = f(z) — f(b) + LE= G _ g)

e since g(a) = g(b) = 0, by theorem 6.14, there exists ¢ € (a,b) such that
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Theorem 6.16 If the function f: I — R is differentiable and f/(x) = 0 for
all x € I, then f is constant.

proof: let a,b € I with a < b, then f is continuous on [a, b] and
differentiable on (a,b) = dJc € (a,b) such that

f) = fla) = f(c)(b—a)=0

(since f'(z) =0forallz € I) = f(b) = f(a)

Theorem 6.17 Let f: I — R be a differentiable function.
e The function f is increasing if and only if f/(x) > 0 for all x € I.

e The function f is decreasing if and only if f'(z) <0 for all x € I.
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proof: we prove the first statement

e suppose f'(x) >0 forall x € I, let a,b € I with a < b, then f is
continuous on [a, b] and differentiable on (a,b) = dc € (a,b) s.t.
f() — f(a) (¢)(b—a) (theorem 6.15) and f'(c) > 0 =

— f/
f(b) = fla) >0 = f(a) < f(b)

e suppose f is increasing, let ¢ € I, then we can find a sequence (z,,). .,
with either x,, < ¢ or x,, > ¢ for all n € N such that z,, — ¢

—ifx, <cforallne N = f(z,) < f(c) for all n € N, and hence

f,(C) — lim f(ﬂj) o f(C) I T >

—ifx, >cforallne N = f(z,) > f(c) for all n € N, and hence

f'(c) = lim f(z) = f(o) = lim > ()

in either case, we have f'(c) > 0
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Taylor’s theorem

Definition 6.18 We say the function f: I — R is n-times differentiable
on J C Tif f/,f" ..., f(") exist at every point in J, where (™) denotes

the nth derivative of f.

Theorem 6.19 Taylor. Suppose the function f: |a,b] — R is continuous

and has n continuous derivatives on [a, b] such that f("*1) exists on (a,b).
Given g, € |a, b], there exists some ¢ € (xq, x) such that

° 1 F 0 (e) .
F@) =2 5o (e —wo)" + e = a0 ™
We denote
Po(z) = iif(k)(a: )z — z0)" and R,(z) = f(n+1)(c>(x — zo)"!
T g ’ ’ T (4 1) ’

as the nth order Taylor polynomial and the nth order remainder of f,
respectively.
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proof: let x,xy € |a,b] and x # x¢ (if x = x( then any c satisfies the
theorem)

o let M, ., = f(;x_);jzﬁ), then we have

f(@) = Po(x) + My g (x — o)™
e note that for all 0 < k < n, we have f¥)(zg) = Pf,gk)(xg)

o let g(s) = f(s) — Pu(s) — My o,(s — 20)" ", then we have

g(xO) — f(ajO) - Pn(xO) - Mx,xo(xO - xO)n+1 =0
g'(ro) = f'(x0) — Pp(20) — My zo(n + 1) (z0 — 20)" =0
g™ () : F) (20) — P™ (z0) — My zo(n+1)(xg — 209) =0

Derivative

6-17



e by theorem 6.15:

g(xg) = g(z) =0 1 between xg and z s.t. g'(z1) = 0

g (z9) = ¢ (1) =0 Jx5 between g and 21 s.t. g/ (x2) = 0
3z, between g and 1 s.t. ¢ (zn) = 0
Jc between xg and xy, s.t. g(”+1)(c) =0

g V(zg) = ¢ V(z,_1) =0
9" (20) = " (an) = 0

L1

e note that

dn—|—1

n+1 n+1
Mg (s — 20)" = My (n + 1)1 and PV (e) =0

e we have the (n + 1)-times derivative of g at ¢ given by

(n+1)
_ Dy — D Ly , _
0=g (c)=f (c) Mx,mo(n +1)! — Mz 2, 1)
e hence, we have
n+1 f(n+1)(c) n+1
F@) = Pa(e) + Mog(@ = 20)""! = Pafe) + 50w = 0
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Theorem 6.20 Second derivative test. Suppose the function f: (a,b) - R
has two continuous derivatives. If xo € (a,b) such that f'(zo) = 0 and
f"(xg) > 0, then f has a strict relative minimum at x.

proof:
e it is easy to show that f” is continuous and f"”(zg) >0 = 3§ > 0
such that Vc € (zg — 6,9 + d), we have f(¢) > 0

e then for all x € (xg — d, 29 + §), by theorem 6.19, there exists some cg
between x and xg such that

() = Fwo) + (w0) & = 0) + 51" (o) — o)’

e ¢ between x and g = ¢¢ € (xg — 0,20 +90) = f"(c) >0, and
since f'(xg) = 0, we have

f(@) ~ f(wo) = 51" (co)(w —z0)* > 0 = f(x) > f (o)
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Riemann sum

Definition 7.1 A partition = = {x¢, z1,...,2z,} of [a,b] is a finite set such
that
a=x9g< 1< - <x,, =0.

The norm of x, denoted ||z||, is a number defined as

|x|| = max{x1 — xo9, T2 — X1, ..., Ty — Tp_1}-

Definition 7.2 let = be a partition of [a,b]. A tag of z is a finite set
§=1{&,...,&n} such that

a=x0< & <11 <EH << <21 <, <z, =0

The pair (z,§) is referred to as a tagged partition.
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example: (z,{) = ({1,3/2,2,3}, {5/4,7/4,5/2}) is a tagged partition
with norm
|z|| = max{3/2 -1, 2—-3/2, 3—2} =1

Definition 7.3 The Riemann sum of f corresponding to (z,§) is the
number

Remark 7.4 For a continuous function f on [a,b] that is positive, the
Riemann sum Sy(x,§) is an approximate area under the graph of f. As
|z|]| — 0, we should expect these approximate areas to converge to some

number, which we interpret as the area under the graph of f on the interval
a, b].
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Some useful facts

Definition 7.5 We define the set

C(la,b]) ={f: |a,b] = R | f is continuous}.

Definition 7.6 Let f € C([a,b]) and 7 > 0, we define the modulus of
continuity of the function f as

wy(T) = supi|f(z) = f(Y)| | [z —y[ <7}
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Theorem 7.7 For all f € C([a,b]), we have lim,_,ow¢(7) =0, i.e., for all
e > 0, there exists some § > 0 such that for all 7 < J, we have w¢(7) < e.

proof: let ¢ > 0

e fc(C(la,b]) = f is uniformly continuous on [a,b] = 3§ > 0 such
that for all z,y € |a,b] and |z — y| < J, we have |f(x) — f(y)| < €/2

e let 7 < ¢, then for all x,y € [a,b] and |x — y| < 7, we have |[r —y| < 0
— |f(x) — f(y)| < €/2 for all x,y € [a,b] and |x —y| < T
—> ¢/2 is an upper bound of the set {|f(z) — f(y)| | |x —y| < 7}
— wy(7) <€/2 <€

Theorem 7.8 Let f € C(|a,b]), then w¢(7) has the following properties:
o Forall x,y € [a,b], we have w¢(|z —y|) > |f(z) — f(y)|.

e Monotonicity. If 71 < 19, then wy(11) < wy(T2).
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Definition 7.9 Let (z,&) and (2/,£’) be tagged partitions of [a,b]. We say
z' is a refinement of z if x C 2.

Theorem 7.10 Let (z,€) and (2/,¢') be tagged partitions of [a,b] such
that 2’ is a refinement of z. If f € C(|a,b]), then

[Sp(x,8) — S¢(2', &) < we(l|z]))(b — a).

proof: let x = {zo,..., 2.}, £ ={&1,. ., &) 2" = {zp, ..., 2}, and
& ={&.....&}

o fori=1,...,n, let

y(i) — {g;;,gjiﬁ_l, .. xk} and C(Z = {§q+17€q+27 . gk}

such that
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e then forall 2 =1,...,n, we have

F(€) (i — xim1) — Sp(y™, ¢D)]

k k
= [f(&) > (@ —z 1) — > F(EN(al — ) y)
l=q+1 l=q+1
= | > (F(&) = FEN (& —m )| < D 1F(&) — FEDI () — m_y)
l=q+1 l=q+1

< D wpw —aima) (@ — ) < Y wi(llzl]) (2 — zy)

l=q+1 l=q+1
= wy(lzl) (z; — zi1) (7.1)

— the first inequality is by lemma 4.19
— the second inequality is from &;, &) € [x;-1, x4

— the third inequality is by the second statement of theorem 7.8, and
|z]| > 2 — 21
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e put together, we have

where the last inequality is by plugging in (7.1)
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Theorem 7.11 Let (z,£) and (2/,£’) be any two tagged partitions of [a, b]
and f € C([a,b]), then

S¢(2,8) = Sy, ) < (wy(llzll) + we(ll2l)) (b = a).

proof: let '/ = x Uz’ and §” be a tag of 2, then by theorem 7.10:

S¢(z, &) — Sy(2', &)
1Sz, &) — Sp(z”, &)+ |Sp(z”, &) — Sy, &)

< (wr(llzlh) +we(lz'[)) (b - a)

IA
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Riemann integral of continuous functions

Theorem 7.12 Let f € C([a,b]), then there exists a unique number
denoted f;f(a;) dx with the following property: For all sequences of tagged

partitions ((gmé(r))) such that lim, .« [|z(")|| = 0, we have

r=1

lim S¢(z (") f(r) /f
r—00

proof: uniqueness follows immediately from uniqueness of limits of
sequences of real numbers, we only need to show the existence

o let ((g(r),g(”)) be a sequence of tagged partitions with

r=1

lim, o0 [y || = 0, we first show that (Sf(g(r),g(r)» is a Cauchy

=

sequence; let € > 0
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— by theorem 7.7, 36 > 0 such that for all 7 < §, wy(7) < m

— |y -0 = 3IM eNst Vr,s > M, [y <4, ly®] <9

€

—> Vr,s > M, we have wy(|ly™|) < 555, wr (¥ < 555

— hence, for all r,s > M, by theorem 7.11, we have

1S5 (y™, ¢ — Sp(y®), ¢

(wr(lly™ 1) +wr (g™ D) (b — a)

A (2(196—@) " Q(be—a)) (b=a)

— €

I

let L = lim,_, Sf(g(”,g(r)) (which exists by theorem 3.45)
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o let ((g(’"), 5(7"))) be any sequence of partitions s.t. lim,_,« ||z™ || = 0,
- r=1

we now show that lim,_, Sf@(r),é(r)) =L

— since [|z"] = 0, |ly'")|| = 0, by theorem 7.7, we have
Tim (g (|2) + s (ly )b — a) = 0

- Sy, (" = L = Sy, (")~ L] =0

— by theorem 7.11, we have

0 < [Sp(z™,eM) -1
< 1852, €7 = Sp(y™, ¢ 4 S (y™, ¢ ) — L
< (wi(|z)) +wr |y 0 — a) + [Sp(y™, ") — L]

— lim, o |Sf(z™,€) — L] = 0 (theorem 3.21)
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Remark 7.13 Let f € C(|a,b]). We sometimes write

/abf(w) dw:/abf-

By convention, we also define

af:O and af:— bf.
J )=
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Properties of Riemann integral

Theorem 7.14 Linearity. Let f,g € C(|a,b]) and a € R, then

Lb(af+g)=albf+/Ong-

oo

proof: let ((g(”,g(r))) be a sequence of tagged partitions such that

r=1

|z || = 0, then we have

b
/ (af +g) = lim Sapg(a™, €")

= lim (osz(g(T), é(r)) + Sg(g(r)a §(T)))

r—00
= o lim Sf(g(r), S(T)) + lim Sg(g(r)a 5(7")>
r—00 — r—00 —

Za/abfﬂtfabg

Riemann integral 7-14



Theorem 7.15 Additivity. Let f € C([a,b]) and a < ¢ < b, then we have

[i-[rfs

proof:
o let ((y@“),g(”)) be a sequence of tagged partitions of |a, ¢] with
- - r=1
ly ) — 0

o let ((g(”,ﬂ("“)))zl be a sequence of tagged partitions of [c, b] with
|27 — 0

oo

o then ((2(,67)) _ with 2 =y Uz and ¢ = (U s a

sequence of tagged partitions of [a, D]
o [y = 0and [z =0 = [z < [ly™| +[127]] =0
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e hence, we have

b
=l S5(a.60) = lim (8;",¢7) + S 1")

r—00 r—00

(?“) (r) (7“) (7")
— lim Sy, (") + lim Sz /f+/f
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Theorem 7.16 Let f,g € C([a,b]) and f(x) < g(x) for all x € [a, b], then

we have
[1<[

proof: let ((g(r), f(r))> be a sequence of tagged partitions with
- r=1
|z(")|| — 0, then

()
Sp(z, €M) =S f(e) (@ — 2]

i=1
n(7)

<> 9@ — a2,
i=1

_ Sg(g(r), §(?”))

o im0 Sp(2), €7) < lim,y 0 8,2, €M) = [P < [y
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Corollary 7.17 Let f € C([a,b]), then we have:

/abf s/abm.

proof: +f(z) < |f(z)] = f;:l:f = :tf;f < ff|f\ (theorem 7.16)
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Theorem 7.18 Let f € C([a,b]), and

my = inf{f(z) [z € la,b]},  My=sup{f(z) |z cla,bl}.

Then, we have

myb—a) < [ 1< M- a)

proof: let ((g(r), £(r))) be a sequence of tagged partitions with ||z"|| — 0, then
- r=1

n(r) (7’)
Spe™, €M) =37 fE) (@D — 27 > Z my(z'" — 2{")) = ms(b — a)
1=1

() ()
Sp(a™, e =37 M) (@) - 2l7) < Z My — z{")) = Ms(b — a)
=1

= my(b—a) < lim, e Sp(z™, €7) < My(b - a)
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Fundamental theorem of calculus

Theorem 7.19 Fundamental theorem of calculus. Let f € C(la,b]).
o If F: [a,b] — R is differentiable and F’ = f, then

b
/ f= F(b) — Fla)

e The function G(z) = [ f is differentiable on [a, b] with

Riemann integral 7-20



proof:

o let ( (r)) be a sequence of partitions with ||z"|| — 0, then by theorem 6.15,
r=1

there exist tags S(T) with 5( ") ¢ [a; :13( )], i=1,...,n" such that

1—1?
Fa”) = F@) = Fig) " = o) = f(&7) (" = 27,
hence, for the sequence of tagged partitions ((g(r), §(T))) | we have

()
Sp(z™, e =" fe) (! — 2,
1=1

n(T)
=S F@) - Fa!”)
1=1

= F(b) — F(a)

= [ f = lim, o Sy(z™, ")) = F(b) — F(a)
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e we only need to show that G is differentiable and G’ = f, i.e., let ¢ € [a, b], we
need to prove that lim,_,. G2)=Gle) _ lim,_s. Jof=Jaf _ f(c);lete >0

r—cC r—C

— f continuous on [a,b] == 3§ > 0 such that for all ¢t € [a, b] and |t — c| < I,
we have |f(t) — f(c)| < €/2

— suppose © € (¢, c + 9), then for all t € [c, x], we have | f(t) — f(c)] < €/2,
hence,

5o - £

e <c>|

x_(j(/ f(t)dt—/ f(c)dt)‘

| [ G0 - a

1 T 1 T
<— [ o -rolda<— [ La
r—cJ,. r—cJ, 2

1
— Sw—e) =<
T —cC

(the first inequality is by corollary 7.17)

Riemann integral 7-22



faf fa — f(o)| < e

— suppose x € (¢ — 9, ¢), using similar argument, we have

— put together, we conclude that for all x € [a,b] and 0 < |x — ¢| < &, we have

fa-:;:{af_f(c)

< €

G(z)—G(c)

r—cC

—> lim,_,. = lim,_,. M = f(c)
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Integration by parts

Theorem 7.20 Integration by parts. Suppose f,g € C([a,b]), f',g" €

C(la,b]), then

/ I'g = (f(b)g(b) — f(a)g(a)) — / 1q.

proof: let F' ¢ C([a, b]) with F'(2) = f(x)g(x), by theorem 6.8, we have

F'(z) = f'(z)g(z) + f(z)g'(2),

and hence,
[ F@e@ ot [ f@)g @ do= [ (F@)g@) + 1) (@) do
— | Fla) dz = F(b) - F(a) = £(0)g(®) ~ S (@)g(a)

— [V fg=(f(b)g(b) — f(a)g(a)) — [} g’

Riemann integral
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Change of variables

Theorem 7.21 Change of variables. Let f € C([c,d]) and ¢: |a,b] — [c,d]
be continuously differentiable with ¢(a) = ¢ and ¢(b) = d. Then, we have

/Cdf<u> w~ | @) @) de

proof:

e let F': [a,b] — R be a function with F' = f, then we have
d
| #w) du=F(@) - F(o)
e by theorem 6.9, we have (F o ¢)'(z) = F'(¢(z))¢' (x) = f(o(x))p'(x), hence,

/ fle())¢'(z) dz = F(p(b)) — F(p(a)) = F(d) — F(c) = / f(u) du

Riemann integral 7-25



8. Sequences of functions

power series

pointwise and uniform convergence
interchange of limits

Weierstrass M-test

properties of power series

Real Analysis — Zhu

8-1



Power series

Definition 8.1 A power series about xo € R is a series of the form

©.@)
Z am(x — 20)"".
m=0

Definition 8.2 Let >~ _ a(x — )" be a power series, if the limit

R = lim |am\1/m
m—0o0

exists, we define the radius of convergence p as

_J 1/R R>0
P 00 R =0.
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Theorem 8.3 Let >~ an(x —xp)" be a power series and suppose

R =lim,, \am|1/m exists. If R = 0, the series converges absolutely for
all z € R. If R > 0, the series converges absolutely if |z — xg| < p and
diverges if |x — xg| > p.

proof: consider the root test (theorem 4.27), we have

L = lim |am(x—x0)m\1/m L/m

= R|lr — xg
mM—r 00

= |x — xo| lim |a,]
m— o0

e suppose R =0, then we have L =0 <1 forallx € R
— > > am(x — x0)"" converges absolutely for all x € R

e suppose R >0

—iflr—xo|]<p = L<Rp=1 = >~ am(r—x0)"
converges absolutely

—ifle—x|>p = L>Rp=1 = >~ an(x—xp)" diverges
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Remark 8.4 Let >~  an(x —xzp)" be a power series with radius of
convergence p. Define f: (zg — p,xo + p) — R such that

o

-1, given

then, the function f is the limit of a sequence of functions (f,)
by

fl@) = lim fa@), fale) = am(e —20)"

Example 8.5 Consider the geometric series Y °_ 2™ (which is a power
series with a,, = 1, xop = 0), we have f: (—1,1) — R given by

fa) = —— =3 o™= lim fule), fulx)= S o™
m=0

n—oo
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Example 8.6 Exponential function. Consider the power series with a,, =
L. 79 = 0, we have the exponential function f(z): R — R, given by

m!’

n

fla) = exp(@) = 3 T = lim fule). ful@)= 30 T
m=0 ) m=0 |

Remark 8.7 Based on remark 8.4, we may ask several questions.
(1) Is the function f continuous?

(2) If (1) is true, is f differentiable, and does f' = lim,, o f}?

(3) If (1) is true, does f:f = lim,,, o f; fn?
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Pointwise convergence

Definition 8.8 Let (f,,) _, with f,,: S — R for all n € N be a sequence
of functions, and let f: S — R be a function. We say that (f,) _,
converges pointwise (or just converges) to f if for all x € S, we have

Example 8.9 Let f,,(x) = 2" be defined on [0, 1], then we have the sequence
0 ze€]|0,1)

of functions (f,),—, converges pointwise to f(x) = { ) )
r =

proof:

e if x €0,1): limy, ,o 2" =0

o ifx =1: lim,, 1" =1
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1
0.9
0.8
0.7 |
0.6 |

2 05
0.4}
0.3
0.2}
0.1}

0

T 72 25 10 /100

0 01 02 03 04 05 0.6 07 08 09 1

X

Remark 8.10 A sequence of continuous functions may not converge
pointwise to a continuous function.
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Example 8.11 Let f,,(x): [0,1] — R be defined by

(

N1
4In’x z € (0,5
fax) =< 4n —4n?z z € %,%]
0 r e [+ 1] :
\ LT

then (f,), -, converges pointwise to f(z) =0 (z € [0,1]).

proof:
e if z =0, we have lim,, . f,(0) =0
e if z € (0,1], then 3M € [0,1] such that Vn > M, £ < z, and hence,

(fu(x), = fi(®),..., frr—1(2),0,0,0,... = lim f,(z) =0

n—oo
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Sequences of functions

fa(z)

32 |

fie()
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Uniform convergence

Definition 8.12 Let (f,,),_, with f,: S — R for all n € N be a sequence
of functions, and let f: S — R be a function. We say that (f,) _,
converges uniformly to f if for all € > 0, there exists some M € N such
that for all n > M and = € S, we have |f,(z) — f(x)| < e.

Theorem 8.13 Let f: S — R, f,: S — R for all n € N be functions. If
the sequence of functions (f,). ., converges uniformly to f, then (f,)
converges pointwise to f.

proof: let c€ 5, ¢ >0

(fn) _, converges uniformly to f == dM € N such that for all
n>Mandzxz el |fulzx) — f(x)| <e

e hence, Vn > M, |fn(c) — f(c)] <€ = (fn),., converges pointwise

to f
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Remark 8.14 Let f: S — R, f,: S — R for all n € N be functions. The
sequence (fy,), ., does not converge to f uniformly if there exists some
e > 0 such that for all M € N, there exist some n > M and some x € S,

so that |f,(x) — f(x)| > €.

Theorem 8.15 Let f,,(x) = 2", n € N, and let

f(x)_{ 0 z€l0,1)

1 =1
e The sequence (f,). -, converges uniformly to f on [0,b] for all 0 < b < 1.

e The sequence (f,), -, does not converges to f uniformly on [0, 1].
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proof:

o lete>0,b€e (0,1), then b - 0 = dM &€ N such that Vn > M,
V" <e = VYn > M and x € [0,b], we have

[fu(z) = flz)] = 2" < b" <e

e choose ¢ = 1/2, then VM € N, choose n =M, z = (1/2)1/M <1, we
have
far(@) — f(z)| =a™ =1/2>¢
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Interchange of limits

Example 8.16 In general, limits cannot be interchanged. For example,

k k
o tim —7F — bmo=o0  tm tim " gmoi—1

Remark 8.17 Based on example 8.16, we may ask the following questions.

o If f,: S — R with f,, continuous for all n € N and (f,,),_, converges
to f uniformly or pointwise, then is f continuous?

o If f,:[a,b] = R with f, differentiable for all n € N, and (f.) —,

converges to f, (f!) __, converges to g uniformly or pointwise, then is f
differentiable and does [/ = ¢?

o If fr:]a,b] > R, n €N, f:]a,b] = R, with f, and f continuous,
and (fn).., converges to f uniformly or pointwise, then does f;f —

. b
hmn—>oo fa fn7
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Remark 8.18 If convergence is only pointwise, the answer is no for all
questions in remark 8.17.

o Let fu(x) = 2™ on [0,1], n € N. Example 8.9 shows that (f,), _,
converges pointwise to a noncontinuous function.

n+1

o Let fu(x) = T on [0,1], then (f,),_, converges to f(z) = 0

pointwise on [0,1] and (f}) ., converges pointwise to g given by

0 ze€|0,1
oy =1 0 0D ) =02 g0y =1
x =1
[ an?y z € (0,5]
e Let f,: [0,1] = R be given by f,(z) = ¢ 4n—4n’z z € [5=, 1] ,
0 af;E—l 1]

then (f,), ., converges to f(z) =0 poth|se on [0, 1] (example 8.11),
but

n— 00 n—oo 2 n

1
/f—();éhm fnzlim(l-l-Qn)zl.
0
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Theorem 8.19 If f,,: S — R is continuous for all n € N, f: § — R, and
(fn);;o:1 converges to f uniformly, then f is continuous.

proof: let c€ 5, ¢ >0

e f, continuouson S, c€e S = d6 > 0 such that for all x € S and
|z — c| < 0, we have |f,(z) — fn(c)| < €/3

e f, = f uniformly = dM & N such that for all n > M and z € §,
we have |f(z) — fu(z)| < €/3

e hence, for all x € S and |x — ¢| < §, we have
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Theorem 8.20 If f,,: [a,b] — R is continuous for all n € N, f la,b] — R,
and (fy,),_, converges to f uniformly, then f f= hmn_mof fon.

proof: let ¢ > 0

e by theorem 8.19, we know that f is continuous on [a, b]

e (fn),—, converges uniformly to f = IM € N such that for all
n > M and z € [a,b], we have |f,(z) — f(2)| < +%
e hence, for all n > M, we have

bf'— [0 [h-s1< [ o =e

where the first inequality is by corollary 7.17

b
fn_
a
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Remark 8.21 Notationally, theorem 8.20 says that

b b b
/ f:/ lim f, = lim fn-
a a n—oo n—0o0 a

Theorem 8.22 If f,,: [a,b] — R is continuously differentiable, f: |a,b] —
R, g: |a,b] — R, and

e (fn), —, converges to f pointwise,

o (f) 7, converges to g uniformly,

then f is continuously differentiable and f' = g¢.
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proof: let x € [a, D]

e by theorem 8.19, we know that g is continuous on [a, b]

e by theorem 7.19, we have

/ fo= falz) = fla) = lim [ fi=lim fu(z) ~ lim fu(a)

mn o0
a —

e [, — f pointwise = lim,, o fn(x) —lim, . fu(a) = f(x) — f(a)
o f/ = g uniformly = lim,_, [ f,, = [ g (theorem 8.20)

e put together, we have

/;ng(:v) — fla) = (Lxg)/zg(x) = ['(z)
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Weierstrass M-test

Theorem 8.23 Weierstrass M-test. Let fi.: S — R for all Kk € N. Suppose
there exists M > 0, kK € N, such that

(a) |fr(x)| < Mg for all x € S,

(b) 77, My converges.
Then, we have the following conclusion.
(1) The series >~ | fr(x) converges absolutely for all z € S.

(2) Let f(z) = po fu(z) forallz € S, then the sequence (>_1_; fx), _,
converges to f uniformly on S.

proof:

(1) |fe(z)| < My, > .- My converges —> > .~ |fr(x)| converges
(theorem 4.21) = >~ . fi(x) converges absolutely
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(2) let e > 0; >~ | My, converges —> IM € N s.t. Vn > M, we have

< €

> M=

k=n-+1

DRI ST
k=1 k=1

then, for all n > M and x € S, we have

= > ful@)

k=n-+1

> fr@) =) ful@)

o

> i)l
k=n-+1
>

k=n-+1

VAN

INA

< €
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Properties of power series

Theorem 8.24 Let Y~ ax(z — 20)" be a power series with radius of
convergence p € (0, 0], then for all r € (0, p), the series >, _ jax(x — z0)"
converges uniformly on [xg — 7, x¢ + 7].

proof:

e note that we have |x — zg| < r for all x € [xg — r, 29 + 7]

o let fr. = ax(xr — ZCQ)k, choose M, = |ag|r®, k € N, then for all
x € [xg — r,xo+ 7], Wwe have

| fe(@)] = lar(z = 20)"| = lax||z — zol" < |ag|r* = M,
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e consider the root test (theorem 4.27) for >~ My, we have

1/k
L = lim M,i/k = lim (|ak|rk> = lim |ag]
k—oo k— oo k— o0

ik, _ ) T/p p <00
0 p = 00,

since 7 € (0,p), we have L <1 = Y .~ , M}, converges absolutely

e put together, by theorem 8.23, we have

> fn
k=0

n=1

n
= Z ap(x — Zl?())k
k=0

n=1

converges uniformly on [xg — r, xg + 7]
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Theorem 8.25 Let Y~ jax(z — z0)" be a power series with radius of
convergence p € (0, 00], then we have the following conclusion.

e For all ¢ € (zg — p,xo + p), the function given by the series
> g ak(r — Clio)k is differentiable at ¢, and

= d
= Z@(ak(x — 20)") )
k=0 k=0 Tr=c

d [ k
o <Z ai(x — o) )

r=cC

e Forall a,b such that zp —p <a < b < xg+ p,

b 0 0o b
/ Zak(x—azo)k dx:Z/ ap(z — z0)" dz.
v k=0 k=09
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Metric spaces

Definition 9.1 Let A and B be sets. The Cartesian product is the set of
tuples defined as

AxB={(z,y) |z €A yeBY.

examples:

o {a,b} x{c,d} ={(a,¢),(a,d),(bc), (b,d)}
e the set R? = R x R is the Cartesian plane

o the set [0,1]° = [0,1] x [0, 1] is a subset of the Cartesian plane bounded
by a square with vertices (0,0), (0,1), (1,0), and (1,1)
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Remark 9.2 To denote an element in R", we write x = (z1,...,2,) € R",
or simply x € R", where the subscripts i = 1,...,n denote the ith entry
of the tuple (x1,...,z,) that describes x.

We also simply write 0 € R" to mean the point (0,0,...0) € R".

Definition 9.3 Let X be a set, and let d: X x X — R be a function such
that for all z,y, 2z € X, we have

e d(x,y) >0, (nonnegativity)
e d(x,y) =0 if and only if z =y,

e d(x,y) =d(y, ), and (symmetry)
o d(x,z) <d(x,y)+d(y,z). (triangle inequality)
Then the pair (X, d) is called a metric space. The function d is called the

metric or the distance function. Sometimes we just write X as the metric
space if the metric is clear from context.
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Example 9.4 The real numbers R is a metric space with the metric
d(z,y) = |z —yl.

proof:

e the first three properties follows immediately from the properties of the
absolute value (theorem 2.25)

e to show the triangle inequality, let x,y, 2z € R, then we have

dz,z) =|z—z| =z —y+y— 2
<l|lz—y|l+|y -z =d(z,y) +d(z,z2)
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Definition 9.5 Let (X, d) be a metric space. A set S C X is said to be
bounded if there exists a point p € X and some number B € R such that

d(p,x) < B forall x €S.

We say (X, d) is bounded if X is a bounded set.
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Cauchy-Schwarz inequality

Theorem 9.6 Cauchy-Schwarz inequality. Suppose © = (x1,...,x,) € R",
Y= (y1,...,yn) € R", then

(Eew) <(£7) (£)
proof:

n n n n
2 2 2 2 2
0 < Z Z (ziy; — 25y:)" = Z Z(%yj — 2zy;w5yi + x5y;)

i=1 j=1 i=1 j=1

(8) (5) + (59) (59) -+ (Gow) (£
— (£w) = (54) (&)
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Theorem 9.7 The function f: R" x R™ — R given by

f(x,y) — \/(xl_y1)2+"'+(xn_yn)2 — Z(wi_yif

is a metric for R"™.

\&

proof: we show that f satisfies the triangle inequality, by theorem 9.6, we

have
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n-dimensional Euclidean space

Definition 9.8 The n-dimensional Euclidean space is the metric space
(R",d) with the metric d defined by

Remark 9.9 For n = 1, the n-dimensional Euclidean space reduces to the
real numbers and the metric given by (9.1) agrees with the standard metric
for the set of real numbers d(z,y) = |x — y| in example 9.4.
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Open and closed sets

Definition 9.10 Let (X, d) be a metric space, z € X, and § > 0. Define
the open ball and closed ball, of radius ¢ around x as

B(z,6)={y € X |d(z,y) <d} and C(zx,0) ={y e X |d(x,y) <},

respectively.

Example 9.11 Consider the metric space R, for x € R and § > 0, we have

B(z,0)=(x—4d6,z+6) and C(z,0) =[x —d,x+ 9.

Example 9.12 Consider the metric space R? forz € R? and § > 0, we
have

B(z,8) ={y € R? | (z1 — y1)° + (22 — y2)* < 6%}
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Definition 9.13 Let (X, d) be a metric space. A subset V' C X is open
if for all z € V, there exists some & > 0 such that B(x,d) C V. A subset
E C X is closed if the complement £¢ = X \ E is open.

examples:
e (0,00) C R is open; [0,00) C R is closed
e [0,1) C R is neither open nor closed

e the singleton {z} with x € X is closed

Theorem 9.14 Let (X, d) be a metric space.
(1) The sets () and X are open.

(2) If Vi,..., Vi are subsets of X, then ﬂleVZ- Is open, i.e., a finite
intersection of open sets is open.

(3) Let {V; C X | i € I} be a collection of open subsets of X, where I is
_an arbitrary index set, then U,LEIV;- IS open, i.e., a union of open sets
is open.
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proof:

e the sets () and X are obviously open

o let z e, Vi thenz e Vi,..., Vi

— Vi,...,Vy are open = there exists 01,...,0% > 0 such that
B(ZE‘,dl) Q Vl,. .. ,B(.CIZ,(Sk) Q Vk

— choose 6 = min{dy,...,d;}, then B(x,6) C Vi,...,Vj
— B(x,6) SN, Vi

o let x € |J,.; Vi, then 3V, € {V; | ¢ € I} such that x € V},

— Vi isopen = 3§ > 0 such that B(z,8) C Vi, C U, Vi
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Theorem 9.15 Let (X, d) be a metric space.
(1) The sets ) and X are closed.

(3) Let {V; C X | ¢ € I} be a collection of closed subsets of X, where [
is an arbitrary index set, then ()., V; is closed, i.e., an intersection of
closed sets is closed.

el

(2) If Vi,..., V) are subsets of X, then Ulevi is closed, i.e., a finite
union of closed sets is closed.

Remark 9.16 Note that in theorem 9.14, the statement (2) is not true for
an arbitrary intersection. For example, the set () _,(—1/n,1/n) = {0} is
not open in R.

Similarly, in theorem 9.15, the statement (3) is not true for an arbitrary

intersection. For example, consider the set | J - ,[1/n,00) = (0, 00), which
is not closed in R.
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Theorem 9.17 Let (X,d) be a metric space, x € X, and § > 0. Then
B(x,0) is open and C(x,9) is closed.

proof: we show that B(x,d) is open; let z € B(x,d), then d(x,2) < o

e choose e =6 —d(x,z2), let B(z,¢) ={y € X | d(y,2) < ¢} be an open
ball

e let y € B(z,¢), we have d(y, z) < €, and hence
d(z,y) < d(z,z) + d(z,y) <d(z,2) +e=d(z,2) + 6 —d(z,2) =0

—> y € B(x,0) = B(z,¢) C B(x,9)
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Closure and boundary

Definition 9.18 Let (X, d) be a metric space and A C X. The closure of
A is the set

clA = ﬂ{E C X | Fisclosed and A C E},

1.e., cl A is the intersection of all closed sets that contain A.

Definition 9.19 Let (X, d) be a metric space and A C X. The interior of
A is the set

int A={rx e A| B(x,0) C A for some § > 0}.
The boundary of A is the set

bdA=clA\ int A.
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example: consider A = (0,1] and X = R, then we have cl1 A = [0, 1],
int A = (0,1), and bd A = {0,1}

Remark 9.20 Notationally, in some textbooks, the closure, interior, and
boundary of some set A are denoted as

A=clA, A°=intA, and 0A=bdA,

respectively.
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Theorem 9.21 Let (X, d) be a metric space and A C X.
e The closure cl A is closed and A C cl A.

o If A is closed, then cl A = A.

proof: let clA=(|{F C X | Fis closed and A C E}

e the first statement follows directly from the definition of closure and
theorem 9.15

e if Aisclosed, then A€ {EF C X | Fisclosed and A C I} —
clACA — A=clA
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Theorem 9.22 Let (X, d) be a metric space and A C X, then z € cl A if
and only if for all § > 0, we have B(z,d) N A # ().

proof: we show the following claim: x ¢ cl A if and only if there exists
some 0 > 0 such that B(x,0)N A =)

e suppose = ¢ cl A, then x € (cl A)°

— clAis closed = (cl A) is open = there exists § > 0 such that
B(z,0) C (clA)° C A° = B(z,0)NA=10

e suppose 36 > 0 such that B(z,0)NA=0,letz € X
— B(z,9) is open = (B(z,0)) is closed
— B(z,0)NA=0 = AC (B(z,§))° = clAC (B(z,0))°
—r € B(x,0) = z ¢ (B(z,c))°

— put together, we have = ¢ cl A
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Theorem 9.23 Let (X,d) be a metric space and A C X, then int A is
open and bd A is closed.

proof:

e letx €int A

—xe€int A = 3§ > 0 such that B(z,§) C A

— let z € B(x,9); B(x,0) open = de > 0s.t. B(z,¢) C B(z,0) C A
—> ze€int A — B(x,0) Cint A = int A is open

e int A open = (int A)° closed —
bdA=clA\int A=clAN (int A)°

is closed (theorem 9.15)

Metric spaces 9-19



Theorem 9.24 Let (X, d) be a metric space and A C X, then z € bd A if
and only if for all § > 0, we have the sets B(x,6) N A and B(x,d) N A€ are
both nonempty.

proof:

e suppose z € bd A, let 6 > 0

—r€bdA — x €clA, and hence, by theorem 9.22, we have
B(x,0)NA#£0

— assume B(x,d) N A° = (), then we have B(z,)) C A =
x € int A, which is a contradiction

e suppose B(z,0) N A # () and B(x,d) N A° # () for all 6 > 0, assume
r ¢ bdA

—x¢bdA — x¢clAorzecint A

—ifz ¢ clA = Jdg > 0 such that B(x,d9) N A =0, which is a
contradiction

—ifxeint A = 309 > 0 such that B(x,6y) C A —
B(x,d0) N A = (), which is a contradiction
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Theorem 9.25 Let (X, d) be a metric space and A C X, then bd A =
cl ANcl(A°).

proof: let x e bd A, 0 > 0

e by theorem 9.24, we have B(z,d) N A and B(x,d) N A° nonempty

e by theorem 9.22, B(z,0)NA#() = x €clA and B(x,d) N A°# ()
—> x € cl A°

e hence, we have bd A = cl AN cl(A°)
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Sequences in metric spaces

Definition 9.26 A sequence in a metric space (X,d) is a function
x: N — X. To denote a sequence we write (azn)zozl, where z,, is the nth
element in the sequence.

A sequence (z,,).., is bounded if there exists a point p € X and B € R
such that d(p,x,) < B for all n € N.

Let (n;),—, be a strictly increasing sequence of natural numbers, then the
sequence ()., is called a subsequence of (z,),_ ;.

Definition 9.27 A sequence (z,,).., in a metric space (X,d) is said to
converge to a point p € X if for all ¢ > 0, there exists some M € N such
that for all n > M, we have d(z,,p) < e.

The point p is called a limit of (x,,) . ;. If the limit p is unique, we write

lim x, = p.
n—oo
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A sequence that converges is said to be convergent, and otherwise is
divergent.

Theorem 9.28 A convergent sequence in a metric space has unique limit.

proof: let x,y € X such that x,, >z and x,, = y; let e > 0

e v, > = JM; € N such that Vn > My, d(x,,x) < €/2
e r, >y = dMs € N such that Vn > My, d(x,,y) < €/2
e hence, for all n > M, we have
€ €
d(ﬂ?,y) < d(:l?n,.ib‘) + d(J?n,y) < 5 + 5 — €

— d(z,y) =0 = =y
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Theorem 9.29 A convergent sequence in a metric space is bounded.

proof: suppose z,, > p€ X

e lete >0, 2z, >p = IM € N such that Vn > M, d(z,,p) <€

e choose B = max{d(x1,p),...,d(xr,p), €}, then for all n € N, we
have d(z,,p) < B
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Theorem 9.30 A sequence (x,,).., in a metric space (X, d) converges to
p € X if and only if there exists a sequence (a,) -, of real numbers such
that for all n € N, we have

d(z,,p) <a, and lim a, =0.

n—oo

proof:

® suppose x,, — p

— Ty, > p = Ve >0,dM € N such that Vn > M, d(z,,p) < €
— d(xn,p) = 0

— choose a,, = d(x,,p) for all n € N, then we have d(z,,p) < a,, and
a, — 0

e suppose a, — 0 with a, € R and d(z,,p) < a,, let € >0

- 0<d(xn,p) <an, a, -0 = d(z,,p) = 0 (theorem 3.21)
— d(xn,p) > 0 = dM € N such that Vn > M, d(z,,p) < €
— X, =P
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Theorem 9.31 Let (z,), ., be a sequence in a metric space (X,d). If

(zn), -, converges to p € X, then all subsequences of (z,,), ., converges
to p.

proof: let ¢ > 0

e let x,, — p, then M € N such that Vn > M, d(x,,p) < €
o let (z,,),_, be a subsequence of (z,),.;, then we have n; > i

e hence, for all i > M, we have n; > M = Vi > M, d(x,,,p) <€
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Convergence in Euclidean space

Theorem 9.32 Let (2,)°>°, be a sequence in R, where z,, € R" for all
n € N. Then (z,),._; converges if and only if (z,;) _, converges for all
1=1,...,k, 1.e.,

1

lim =z, = (lim Tn1, --., lIm wnk)
n— 0o n— 0o ’ n— 00 ’

proof:

® suppose xr,, > p € R* lete > 0: 2, — p — dM € N such that
Vn > M, d(x,,p) < €; hence, Yn > M, we have

k
(d@n,p)* =3 (@i = p)* <& = (ai—p)* <, i=1,...k

1=1

— |xni—pil <€ i=1,...)k = z,; > p;foralli=1,... )k
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e suppose z,; = p; foralli=1,... )k lete >0, p=(p1,...,pk)

— Tp; —pit=1,...,k = dMy,..., My € N such that Vn > M;,
we have |z, ; — pi <e/Vk i=1,...,k

— choose M = max{M,..., My}, then Vn > M, we have

-

tan =[Sm0 <32 () = | S5 = vE =

— Ip — P
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Convergence properties of topology

Theorem 9.33 Let (X, d) be a metric space and (z,,), ., be a sequence in
X, then (z,) ~_, converges to p € X if and only if for all open sets U C X
with p € U, there exists some M € N such that for all n > M, we have
x, € U.

proof:

e suppose x,, — p, let U C X be open and p € U

— U is an open set contains p = 39 > 0 such that B(p,d) C U

—ZTp—>p = IM €N st.Vn>M, dx,,p) <d = VYn> M,
r, € B(p,0) = VYn>M, x, €U

e suppose for all open sets U C X with p € U, there exists some M € N
such that z,, € U foralln > M; let € > 0

— choose U = B(p, €), then AM € N such that Vn > M, x, € B(p,¢)
— hence, Vn > M, d(x,,p) <€ = x, =P
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Theorem 9.34 Let (X, d) be a metric space, F C X be a closed set, and
(zn,),-_, be a sequence in E that converges to some p € X, then we have

pekl.

proof: assume (x,) ., in E converges top but p ¢ E

e p¢ F — peE*

e F isclosed = E€ is open, then by theorem 9.33, dM € N such that
Vn>M, x, € B¢ = VYn>M, z, ¢ E, which is a contradiction
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Theorem 9.35 Let (X,d) be a metric space and A C X, then p € clA
if and only if there exists a sequence (x,,) -, of elements in A such that

imy, 00 Ty, = p.

proof:

e suppose p € cl A, by theorem 9.22, V6 > 0, we have B(p,d) N A # 0

— choose ().~ such that z,, € A and d(z,,,p) < + for alln € N

- 0<d(zn,p) <+and = -0 = d(zp,p) >0 = z, > p
(theorem 9.30)

e suppose (z,) _,in A and x, — p, let § > 0

—ZTp—>p = AIM eNst.Vn>M, d(z,,p) <0 = Vn> M, we
have z,, € B(p,?)

— since x,, € A, we have B(p,0)NA# 0 = p € cl A (theorem 9.22)

Metric spaces 9-31



Cauchy sequences and completeness

Definition 9.36 Let (X, d) be a metric space. A sequence (z,,).., in X
is Cauchy if for all ¢ > 0, there exists some M & N such that for all
n,k > M, we have d(z,,xx) < €.

Theorem 9.37 A convergent sequence in a metric space is Cauchy.

proof: let x,, — p, ¢ > 0, then dM € N such that Vn,k > M, we have
d(z,,p) < €/2 and d(xy, p) < €/2, and hence Vn,k > M, we have

d(xn, rr) < d(xn,p) + d(xk,p) < €/2+€/2=¢

Definition 9.38 We say a metric space (X, d) is complete or Cauchy-
complete if all Cauchy sequences in X converges to some point in X.
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Theorem 9.39 The Euclidean space R” is a complete metric space.

proof: let (2,,)°°, be Cauchy with z,, € R for all n € N; let € > 0

o (z,), _,is Cauchy = IM € N s.t. Vm,n > M, d(z, — x,) < €

e hence, for all m,n > M, we have

(d(Tpm, ) = zk: (i — Tni)’ < €
i=1
—> Ty — T <€ i=1,...k
—> Vi =1,...,k, the sequence of real numbers (z, ;) _, is Cauchy
e by theorem 3.45, we have (z,;) ., converges for all i =1,...,k

e then, by theorem 9.32, we conclude the sequence (z,,), ., converges
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