Probabilistic Graphical Models — Boedecker & Zhu
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Optimal control problems

At — ag At4-1 At42

1
\ \

maximize (over ) Z;F:l E(s,.a0)~p(si,a:]0) T(St,at)

e T': time horizon

L d p(T) :p(slaala <oy ST, AT | 0) :p(sl)H’f:lp(at I Staa)p(StJrl | Staat)
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The graphical model

at—1 at at+1 at42
\ \ \ \

e (O: binary random variable, o, =1 = step t is optimal

plor = 1| s¢,a¢) = exp(r(se, at))

— assume r(s¢,a;) <0 forall sy €S, ar € A
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Policy search

target: find the optimal policy p(a; | s¢,01.7 = 1)
o we will denote 01.77 =1 as o}.p subsequently for simplicity

e according to the Markov property of the system: p(a; | s¢,05.7) = p(as | s¢, 05.1)

backward messages

e state-action message
B(se,ar) = p(of.p | st,a)

e state-only message
B(st) = plog.r | st)
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Policy search

o recover 3(s¢) from S(st, at):

Blst) = plogr | st) = /AP(OZ‘:T | sty a)plas | s¢) day = /Aﬂ(st,at)p(at | s¢) day

— p(aq | s¢): action prior, assumed to be uniform, i.e., p(a: | s¢) = 1/| A
® recursive expression

B(Stvat) :P(O;T | st’at)

_ ) exp(r(sr,ar)) t=T
Js B(st41)p(st41 | 86, a0)p(0f | 8¢, a1) dspr t < T
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Policy search

optimal policy

D(St, ay | O;T) - p(Of;T | s¢,a0)p(as | s¢)p(se)

plas | se,0i7) =

p(se | ofir) B p(ofr | st)p(st)
POy | st ar) _ Blse, ar)
p(0f.r | 8t) B(st)

e p(a; | s¢) disappears since it's assumed to be uniform
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Connection to Bellman equations

backward messages in log-space
Q(st, ar) = log B(st, ar)

V(st) = log B(st)

e marginalization over actions:

B(st) = /Aﬁ(st,at) day = V(st) = logAeXp(Q(st7at)) day

— V(st) = maxa, Q(s¢,a¢) for large Q(s¢, at)
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Connection to Bellman equations

backups in log-space

5(5t,at) = / 5(5t+1)p(5t+1 \ St,at)p(OZk | St,at) dsi41
S

e deterministic dynamics: soft Bellman optimality equations

Q(st,at) = 7(st,a1) + V(se1) = r(se, ar) + 10g/ exp(Q(s¢41,at41)) dagyq
A

e stochastic dynamics:

Qstsan) = rlst,a0) +1og [ plotin | 51:00) exp(Vs141)) dis
S

= 1(st,at) + log E exp(V(st+1))
st41~p(Stt1lst,at)
— optimistic Q-functions, creating risk-seeking behavior
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Maximum entropy control

e posterior distribution over trajectories 7 given that all
actions are optimal:

p(T | O’I‘:T) X p(7-7 OT:T)

T
= p(s1) HP(Or | st,ae)p(se+1 | s¢,at)
t=1

T X
— p(s1) [ exp(r(se a)p(ses | s 00) g

- . o — e
= (p(sl) HP(5t+1 | st,at)> exp (Z r(se, at)

t=1 t=1 ) plor = 1| st,at) = exp(r(st, at))

e distribution over trajectories T given some policy mp:

T
po(r) = p(s1) [ [ p(serr | 50, a0)mo(an | st)
t=1
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Maximum entropy control

the inference problem

minimize (over 8) Dy (po(7) || p(7 | 0f.7))
e the optimal policy 7* has to result in a p*(7) that match exactly to the optimal posterior

trajectory distribution p(7 | o7.7)

* Dua(po(7) | (7 [ 01.7)) = = Ernpy(r)(l0g (7 | 01.7) = log pe(7))
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Maximum entropy control

T
—Du(pe(r) [l p(7 | 01.7)) = E (10gp s1)+ > _(logp(si+1 | st,at) +7(st, ar))
t=1

Trpg(T)

T
—logp(s1) — > _(logp(se+1 | s¢,ar) +logma(as | 8t))>
t=1

T
= r(st,at) —logmg(at | st)
TNpe(T) =1
T

= Z E (r(st,at) — logmg(at | st))
1= (strat)~pg(st,ar)

T
= (St,at)Npe(St,at)

St,at)-‘rz H(mg(st))

1 5t~Po (St

o H(mp(s¢)): the entropy of policy 7y at state s¢
e minimizing the KL-divergence equals to maximizing the expected reward and the expected policy entropy
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Connection to variational inference

variational inference
e approximate some distribution p(z) with another, potentially simpler distribution ¢(x)

e g(x) is taken to be some tractable factorized distribution, which leads itself to tractable
exact inference

e approximate inference is performed by optimizing the variational lower bound (also
called the evidence lower bound).
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Connection to variational inference

e target distribution

=

T
p(r | o1r) = (p(sl) p(sts1 | se, ae ) €Xp (ZT Sty >
t=1

t

1

e approximate distribution

S

1) HQ(8t+1 | st.ai)q(az | se)
t=1

- q(s1) = p(s1)
= q(st+1 | 8¢,a0) = p(se41 | ¢, a1)
= q(at | s¢) = mo(ar | st)
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Connection to variational inference

e variational lower bound given evidence o, =1 forall t =1,...,T":
log p(o7.7) = log //P(OT;T781:T7G1:T) dsy.rday.T

log// p(ol.r, 1.1, a1 T)Z(SlT’al ) dsy.rday.r

(s1.7,a1.7)
_ log E (p(ol;Tvsl:TvalzT)>
(s1:7,a1.7)~q(81:7,01.T) Q(31:T7a1:T)
> E (log p(01.7, s1.1; a1.7) — log q(s1.1, ar.r))

(s1:7,a1.7)~q(s1:7,a1.T)

T
E r(s¢,a¢) —logq(as | s
(12700 ~e(5102017) (; (s¢,at) g q(ar | t))

— the inequality holds because of Jensen’s inequality

— optimizing log p(o7.1) equals to optimizing Dy (pe(7) || p(7 | o1.7))
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Obtaining the optimal policy

maximize (over 6) 23:1 E(St,at)Npe(shat)(r(st,at) —logmg(as | s¢))
dynamic programming
e the base case:
E (r(st,ar) —logmg(ar | st))
(sT,ar)~po(sT,ar)
E <log exp(r(sr,ar))
(sT,ar)~po(sT,aT) eXp(V(ST))
1
ST G e S ep(r(sn) ) +Vor))

sr~po(sT) exp(V (st

—log mp(ar | sT) + V(ST)>

~ V(sr) =log [, exp(r(sr,ar)) dar: normalizing constant

— optimal policy: mg(ar | sv) = exp(r(sr,ar) — V(sr))
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Obtaining the optimal policy
e the recursive case:

(r(st,at) —logme(as | st)) +

(st,at)~pg(st,at)

= E <T(St7at) +

(st,at)~pg(st,at)

V(St+1))

E E
(st,at)~pg(st,at) \st+1~P(st4+1lst,at)

V(si41) — logmo(ay | st))
str1~p(s¢t1lse,at)

exp(r(se,at) + Bs, op(siaqlse.a) V(S
_ E (log p( ( t t) t+1~P(st41lst,at) ( t+1)) _ lOgﬂo(at | St) +V(St)>
(st,at)~pg(st,at) exp(V(st))

= E <—Dk1 <71'9 (st)
st~pg(st)

e Q) + V()

= Q(stya1) = 7(st,a0) + Boynpsyyqlsian) VIst1)
- V(s¢) =log fA exp(Q(st,ar)) day

— optimal policy: mg(at | s¢) = exp(Q(st,a:) — V(st))

Approximate inference | Control as probabilistic inference



	Exact inference
	The graphical model and policy search
	Connection to Bellman equations

	Approximate inference
	Maximum entropy control
	Connection to variational inference
	Obtaining the optimal policy


