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Markov chains

Markov chain: a stochastic process { Xy, X1,..., Xt,...} with Markov property

P((Et+1 | Loy« ,:ct) = P(I’t+1 | SL't)

e X: state space

e time-homogeneous if P(X; 1 = z; | Xy = ;) is constant for all ¢
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Markov chains

initial state distribution

e peR™ p=0;1Tp=1

transition matrix
‘Pij = P(xj | xi)a
° P 6 Rm)(m
e Py >0foralli=1,....m,j=1,...,m

e 17P. =1foralli=1,....,m
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Inference

given:
e parameters © = {p, P} of a Markov chain

e observed sequence of states { = {X¢ = a;, X1 = z;, Xo = xp,...}

calculate the probability of observing the sequence ¢

P((|p,P)=piPijPj -

example
0.8 0.1 0.1
_ 111 0.2 0.6 02
pP= 373a3 . . .
0.3 0.3 04
1
P(x1,29,23,21 | p, P §><01><02><03
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Parameter learning

given a set of observed state sequences D = {(1,(s,...} with { = {z¢,...,zn}

estimate © = {p, P}

e learning initial state distribution p:

b= B Py = a0 i=L...m

e learning transition matrix P:

P = ECNDJP(Xt = x4, Xpp1 = T | €)
ij Ec(p: P(Xe =25 () )
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Parameter learning
optimization problem

maximize Ip(©) = E¢uplogP(( | p, P)
subjectto p>=0, 1Tp=1

P; >0, 1'p. =1, i=1,....m, j=1,...

N-1
Ip(©) = E <1OgP($o 1p) ] Plae xtf))

t=0

N—-1
= E logP(z + E logP(x ¢, P
(B logP(x0 | p) CND(; gP(zep1 | 2, ))

m m m N-1
- B (Zfzxxo)logpi) U D) D DEACAIMENITH

=1
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Parameter learning

example

observed state sequences from a 3-states Markov chain:
o (29,9, 3, T3,23,T3,21)
o (1,73,22,73,23,73,23)

o (3,23, T2,T2)
(

x27x17x2ax27x17x37x1)

_(121
T \4744 P=

= (0.25,0.5,0.25)
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Convergence

requirements
e irreducible: P(z; | z;) > 0, for all z;,2; € X

e aperiodic: no fixed interval returning back to the same state

convergence: when ¢t — co

TP =
lim P! =177
t—o00

e mc R": stationary state distribution
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Hidden markov models

hidden Markov model (HMM) consists of
e a Markov chain {Xy, X1,...,X;, ...} with states not observable
e an observable stochastic process {Yy, Y1,...,Y:, ...} with

P(y: | wo,...,2t) = P(y; | z4)

— Y observation space
emission matrix

B;; = P(yj @) »@ @

l
e BER™ " @ @

e Bjj>0foralli=1,....m, j=1,...,n

e 1'B, =1foralli=1,...,m
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Inference

given:
e parameters © = {p, P, B} of an HMM
e some sequence of observations ¢ = {yo,...,yn}

calculate the probability of observing the observation sequence ¢

direct method

P(p|©)=) P(p.¢|0)
¢
N-1
= Z P(zo | p) P(yo | w0, B) H P(zi41 | 24, P)P(yet1 | 2141, B)
Ly y TN t=0

e complexity: 2Nm™ (or simply m™)
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Inference

forward algorithm

at(i):P(y()v"'vytht:xi|@), i=17...,m

e o, € RY': forward probability

® recursive expression:

@ (Z) Pi P(yO | XO = xivB)v t=20
' agLIP?iPQJt | Xt:xi7B)7 t>0
fori=1,...,m

e probability of observing the observation sequence ¢

P(p|0) = 1Tay
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Inference

forward algorithm

given hidden Markov model parameters ©, observation sequence .

fori=1,...,m:
ao(i) = pi P(yo | Xo = x4, B).

fort=1,....,N,i=1,...,m:
(i) = ai_ 1 P; Py | Xy =z, B).

return P(p | ©) = 17 ay.

e complexity: Nm? (or simply m?)
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Decoding

given:

e parameters © = {p, P, B} of an HMM

e some sequence of observations ¢ = {yo,...,yn}
find:

e the most probable state x; at time ¢

e the most probable state sequence (* = {xf,..., 2%} that generated ¢
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Optimal state prediction
Bi(i) = P(yt41,--»yn | Xe = 2;,0), i=1,...,m

e (3; € R": backward probability

® recursive expression:

By(i) = 2ie1 Bev1(D Py P(Yesr | Xewr =125, B), t<N
1, t=N

fori=1,...,m

e probability of observing the observation sequence ¢

,,,,,,,,

P(90|@):O‘?Bt
forallt=1,...,N
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Optimal state prediction

”YtGRT

e in terms of oy and (3;:

7wi)=PXi=z; ]| ,0), i=1,.
N PXi =2, 0)  ou(i)Bi(i)
=" Te) o7,

e the most probable state z} given ¢ and ©

x; = argmax (i)

T4
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Optimal sequence prediction

zg, ..., oy = argmax P(zo,...,zn | ¢, ©)

TOs.-y TN

approximate solution

(=0,

= {argmax ()

T;
e computationally efficient
e not the global optimal

e does not consider state transitions

Hidden Markov models | Markov models



Optimal sequence prediction

P(CI00) = g ) xP(Cg | ©)
Viterbi algorithm

0:(1) = max P(zo,...,z¢—1, Xt = Zi,Yo,..., Yt | O)

LQyees Tt —1

=  max (5t71(j)Pj7;)P(yt | Xt = T, B), L= 1, oo

j=1,....,m

,m

e §; € RT': probability of being in state x; at time ¢ given that the state subsequence up until ¢t — 1

is optimal w.r.t. the partial observation sequence {yo,...,yt—1}

V(i) = argmax ;—1(j) Pji, i=1,...,m

j=1,....m

e oy € Z',: the index j of the previous state z; at time ¢t — 1 that gives the maximum probability

0t—1(j) Pjs, for each state ¢ at time ¢
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Optimal sequence prediction

Viterbi algorithm

given hidden Markov model parameters O, observation sequence .

1. Initialization. for i =1,...,m:
do(i) = pi P(yo | Xo = z4, B).
2. Recursion. fort=1,...,N,i=1,...,m:

8¢(i) = max;j—1,....m (6:—1(J) Pji) P(ys | X¢ = x4, B).
Ye(i) = argmax;_i 0t—1(3)Pji-
3. Termination.

p* == max;—1,. .. mOn(%).

e .
iy = argmax;_y ., ON(d).
L —

4. Backtracking. for t = N,... 1:
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Parameter learning

expectation-maximization (EM) algorithm

1. initialize parameters ©

2. E-step: calculate some likelihood function w.r.t. ©

3. M-step: update © by maximizing the likelihood function from 2
4. repeat 2-3 until convergence

e can be proved to converge to local optimum

e not guarantee to find the global optimum
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Parameter learning

for each EM-iteration
e O = {p, P, B}: the set of estimated parameters from previous iteration
e OF = {p*, PT, BT}: the new set of parameters to be updated

pi = EPXo=2;]¢,0), i=1,...,m
@~D

E,p:P(Xi =2, Xi11 =25 | 0,0)
ELPND,t P(Xt =; | @, 6) ’

+
P =

E@NDJ P(Xt = Ty, Y} =Y; | ®, 9)
Eoup P(Xe =2 [,0)

+
B, =

et=0,....,.N—1

Hidden Markov models | Markov models



Parameter learning

Baum-Welch algorithm
(i, J) = P(Xe = 24, Xy1 = 75 | ,©)
P(Xy =2, Xip1 =25,¢0 | 0)
P(p | 0©)

e & € R :probability of transitioning from state x; at ¢ to state x; at ¢ + 1 given ¢

e in terms of a; and (;:

(1) P(i, j) P(yey1 | Xew1 = x5, B)Biv1(j)
oty 2y () P(i, ) P(Yer | Xewr = 25, B)Brs1 ()

foralli=1,...,m,j=1,...,m

o v (i) =371, &(iyg), foralli=1,...,m
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Parameter learning

Baum-Welch algorithm

i = ED'yo(i), i1=1,...,m
o

E, . , . .
PJ:M, i=1,....m, j=1,...,m

gpND t ’Yt(l

)
Bt — Eyp,t (76 ()1 (yt))
Y E,p, v (7)

e indicator function I;(y) = 1 if the index of y € Y is equal to j, and 0 otherwise
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Continuous observation space

Gaussian hidden Markov models
e domY =R

e the emission map from X to Y is given by the Gaussian density function N (p;, 02):

2
M) i=1,...,m

1
Pyl X =m0 = o, O (‘ 207

— ui € R: mean of the Gaussian distribution

— 07 € R: variance of the Gaussian distribution
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