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Inference with Monte Carlo Methods
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1 Monte Carlo methods
1.1 Monte Carlo integration
We often want to compute the expected value of some function of a random variable,
E f(X). This requires computing the following integral:

E f(X) =
∫

f(x)p(x) dx, (1.1)

where x ∈ Rn, the function f : Rn → Rm, and p(x) is the target distribution of
random variable X. Note that in many cases, the target distribution may be some
posterior p(x | y), which can be hard to compute. In such problems, instead, we
often work with the unnormalized distribution, p̃(x) = p(x, y), and then normalize
the results using

Z =
∫

p(x, y) dx = p(y).

In low dimensions (up to, say, 3), we can compute the above integral efficiently using
numerical integration, which (adaptively) computes a grid, and then evaluates the
function at each point on the grid. But this does not scale to higher dimensions.
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An alternative approach is to draw multiple (say, n) random samples, x ∼ p(x),
and then to compute

E f(X) ≈ 1
n

n∑
i=1

f(xi).

This is called Monte Carlo (MC) integration. It has the advantage over numerical
integration that the function is only evaluated in places where there is non-negligible
probability, so it does not need to uniformly cover the entire space.

If we denote the exact mean by µ = E f(X), and the MC approximation by
µ̂, according to the central limit theorem, it can be shown that with independent
samples,

(µ̂ − µ) → N
(

0,
σ̂2

n

)
,

where

σ̂2 = 1
n

n∑
i=1

(f(xi) − µ̂)2
.

Thus for large enough n, we have

P
(

µ̂ − 1.96
√

σ̂2

n
≤ µ ≤ µ̂ + 1.96

√
σ̂2

n

)
≈ 0.95.

The term
√

σ̂2/n is called the (numerical or empirical) standard error, and is an
estimate of our uncertainty about our estimate of µ. The remarkable thing to note
about the above results is that the standard error in the estimate, is theoretically
independent of the dimensionality of the integral.

Example. Estimating π by Monte Carlo integration. A (Euclidean) ball (or just ball)
in Rn has the form

B(xc, r) = {x | ∥x− xc∥2 ≤ r} = {x | (x− xc)T (x− xc) ≤ r2},

where r > 0, and ∥ · ∥2 denotes the Euclidean norm, i.e., ∥u∥2 = (uTu)1/2. The vector
xc ∈ Rn is the center of the ball and the scalar r is its radius; B(xc, r) consists of all
points within a distance r of the center xc.
Specifically, let B(r) = {(x, y) | x2 + y2 ≤ r2} denotes a ball in R2 centered in the
origin with radius r, we know that its area is πr2, but it is also equal to the following
definite integral

S =
∫ r

−r

∫ r

−r

IB(x, y) dxdy,

where IB(x, y) is an indicator function of set B(r) which is 1 for points inside the
ball, and 0 outside. Hence, the constant π = S/r2. We can approximate this by
Monte Carlo integration. Let p(x) and p(y) be uniform distribution on [−r, r], so
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p(x) = p(y) = 1/(2r) for all x, y ∈ [−r, r], and 0 otherwise. Then

π = 1
r2 S = 1

r2 (2r)(2r)
∫∫

IB(x, y)p(x)p(y) dxdy

= 1
r2 4r2

∫∫
IB(x, y)p(x)p(y) dxdy

≈ 4 × 1
n

n∑
i=1

IB(xi, yi).

1.2 Sampling from simple distributions
The main computational challenge of MC integration is to efficiently generate sam-
ples from the probability distribution p(x). In this section, we discuss a sampling
method that is suitable for parametric univariate distributions. These can be used
as building blocks for sampling from more complex multivariate distributions.

The simplest method for sampling from a univariate distribution is based on
the inverse probability transform. Let F be a cumulative density function (CDF) of
some distribution we want to sample from, and let F −1 be its inverse. If U ∼ U(0, 1)
is a uniform random variable, then F −1(U) ∼ F . This can be easily shown as
follows:

P
(
F −1(U) ≤ x

)
= P(U ≤ F (x)) (applying F to both sides)
= F (x), (because P(U ≤ y) = y)

where the first line follows since F is a monotonic function, and the second line
follows since U is uniform on the unit interval.

Hence we can sample from any univariate distribution, for which we can eval-
uate its inverse CDF, as follows: generate a random number u ∼ U(0, 1) using a
pseudorandom number generator Let u represent the height up the y axis. Then
‘slide along’ the x axis until you intersect the F curve, and then ‘drop down’ and
return the corresponding x value. This corresponds to computing x = F −1(u). This
process is illustrated in figure 1.

Example. Sampling from an exponential distribution. Consider the exponential distri-
bution Exp(λ) with density function

pλ(x) =
{

λe−λx x ≥ 0
0 x < 0.

The CDF is

Fλ(x) =
{

1 − e−λx x ≥ 0
0 x < 0,

whose inverse is the quantile function

F−1
λ (u) = − log(1 − u)

λ
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Figure 1 Sampling from N (3, 1) using an inverse CDF. The blue and green
curves show the CDF and PDF of the target distribution, and the red and
greed dots denote the samples from U(0, 1) and N (3, 1), respectively.

with domain domF−1
λ = [0, 1). If U ∼ U(0, 1), we know that F−1

λ (U) ∼ Exp(λ). So
we can sample from the exponential distribution by first sampling from the uniform
and then transforming the results using − log(1 − u)/λ.

1.3 Rejection sampling
Suppose we want to sample from the target distribution

p(x) = p̃(x)/Zp,

where p̃(x) is the unnormalized version, and

Zp =
∫

p̃(x) dx

is the (possibly unknown) normalization constant. One of the simplest approaches
to this problem is rejection sampling.

In rejection sampling, we require access to a proposal distribution q(x) which
satisfies Cq(x) ≥ p̃(x), for some constant C. The function Cq(x) provides an
upper envelop for p̃. We can use the proposal distribution to generate samples
from the target distribution as follows. For each sample, we first sample xi ∼ q(x),
which corresponds to picking a random x axis location, and then we sample ui ∼
U(0, Cq(xi)), which corresponds to picking a random height (y axis location) under
the envelope. If ui > p̃(xi), we reject the sample, otherwise we accept it. This
process is illustrated in a 1-dimensional example in figure 2.

We now show this procedure is correct. First note that the probability of any
given sample xi being accepted equals the probability of a sample ui ∼ U(0, Cq(xi))
being less than or equal to p̃(xi), i.e.,

q(accept | xi) =
∫ p̃(xi)

0

1
Cq(xi)

du = p̃(xi)
Cq(xi)

.
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Figure 2 Schematic illustration of rejection sampling. The acceptance region
is shown shaded, and the rejection region is the white region between the
shaded zone and the upper envelope.

Therefore we have,

q(propose and accept xi) = q(xi)q(accept | xi) = q(xi)
p̃(xi)

Cq(xi)
= p̃(xi)

C
.

Integrating both sides give:∫
q(xi)q(accept | xi) dxi = q(accept) =

∫
p̃(xi) dxi

C
= Zp

C
. (1.2)

Hence we see that the distribution of accepted points is given by the target distri-
bution:

q(xi | accept) = q(xi, accept)
q(accept) = p̃(xi)

C

C

Zp
= p̃(xi)

Zp
= p(xi).

From (1.2) we also know that if p̃ is a normalized target distribution, the ac-
ceptance probability is 1/C. Thus we might want to choose C as small as possible
while still satisfying Cq(x) ≥ p̃(x). This means that we want to make our proposal
q(x) as close as possible to the target distribution p(x), while still being an upper
bound. But this is quite hard to achieve, especially in high dimensions. To see this,
consider sampling from p(x) = N (0, σ2

pI) using the proposal q(x) = N (0, σ2
qI). Ob-

viously we must have σ2
q ≥ σ2

p in order to be an upper bound. In n dimensions, the
optimum value is given by C = (σq/σp)n. The acceptance rate is 1/C (since both
p and q are normalized), which decreases exponentially fast with dimension. For
example, if σq exceeds σp by just 1%, then in 1000 dimensions the acceptance ratio
will be about 1/20000. This is a fundamental weakness of rejection sampling.

1.4 Importance sampling
We now introduce a Monte Carlo method known as importance sampling for ap-
proximating integrals of the form (1.1):

E f(X) =
∫

f(x)p(x) dx,
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where the function f is the target function, and p(x) is the target distribution, which
is often a conditional distribution of the form p(x) = p(x | y). Since in general it
is difficult to draw from the target distribution, we will instead draw from some
proposal distribution q(x) (which will usually depend on y). We then adjust for the
inaccuracies of this by associating weights with each sample, so we end up with a
weighted MC approximation:

E f(X) ≈
n∑

i=1
Wif(xi).

We discuss two cases, first when the target is normalized, and then when it is unnor-
malized. This will affect the ways the weights are computed, as well as statistical
properties of the estimator.

1.4.1 Direct importance sampling

In this section, we assume that we can evaluate the normalized target distribution
p(x), but we cannot sample from it. So instead we will sample from the proposal
q(x). We can then write∫

f(x)p(x) dx =
∫

f(x)p(x)
q(x)q(x) dx.

We require that the proposal be non-zero whenever the target is non-zero, i.e., the
support of q(x) needs to be greater than or equal to the support of p(x). If we draw
n samples x ∼ q(x), we can write

E f(X) ≈ 1
n

n∑
i=1

p(xi)
q(xi)

f(xi) = 1
n

n∑
i=1

wif(xi),

where we define the importance weight wi for each sample as follows:

wi = p(xi)
q(xi)

, i = 1, . . . , n.

The result is an unbiased estimate of the true mean E f(X).

1.4.2 Self-normalized importance sampling

The disadvantage of direct importance sampling is that we need a way to evaluate
the normalized target distribution p in order to compute the weights. It is often
much easier to evaluate the unnormalized target distribution p̃(x) = Zpp(x), where
Zp =

∫
p̃(x) dx is the normalization constant. The key idea is to also approximate

the normalization constant Zp with importance sampling. This method is called
self-normalized importance sampling (SNIS). The resulting estimate is a ratio of two
estimates, and hence is biased. However as the number of samples n → ∞, the bias
goes to zero (under some weak assumptions, see the references listed in page 18).
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In more detail, SNIS is based on this approximation:

E f(X) =
∫

f(x)p(x) dx =
∫

f(x)p̃(x) dx∫
p̃(x) dx

=

∫ ( p̃(x)
q(x) f(x)

)
q(x) dx∫ ( p̃(x)

q(x)

)
q(x) dx

≈
1
n

∑n
i=1 w̃if(xi)

1
n

∑n
i=1 w̃i

, (1.3)

where xi ∼ q(x) for all i = 1, . . . , n, and w̃i is the unnormalized weight for each
sample, defined as

w̃i = p̃(xi)
q(xi)

, i = 1, . . . , n.

We can write (1.3) more compactly as

E f(X) ≈
n∑

i=1
Wif(xi),

where Wi is the normalized weight for each sample, defined as

Wi = w̃i∑n
i′=1 w̃i′

, i = 1, . . . , n.

This is equivalent to approximating the target distribution using a weighted sum of
delta functions:

p(x) ≈ p̂(x) =
n∑

i=1
Wiδ(x − xi).

As a byproduct of this algorithm we get the following approximation to the nor-
malization constant:

Zp ≈ Ẑp = 1
n

n∑
i=1

w̃i.

2 Markov chain Monte Carlo
In §1, we considered non-iterative Monte Carlo methods, including rejection sam-
pling and importance sampling, which generate independent samples from some
target distribution. The trouble with these methods is that they often do not work
well in high dimensional spaces. In this section, we discuss a popular method for
sampling from high-dimensional distributions known as Markov chain Monte Carlo
(MCMC).

The basic idea behind MCMC is to construct a Markov chain on the state
space X whose stationary distribution is the target density p∗(x) of interest. (In a
Bayesian context, this is usually a posterior, p∗(x) ∝ p(x | y), but MCMC can be
applied to generate samples from any kind of distribution.) That is, we perform a
random walk on the state space, in such a way that the fraction of time we spend
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in each state x is proportional to p∗(x). By drawing (correlated) samples x0, x1, . . .
from the chain, we can perform Monte Carlo integration with respect to p∗.

Note that the initial samples from the chain do not come from the stationary
distribution, and should be discarded. The amount of time it takes to reach sta-
tionarity is called the mixing time or burn-in time. Reducing the burn-in time is
one of the most important factors in making the algorithm fast.

2.1 Metropolis-Hastings algorithm
In this section, we describe the simplest kinds of MCMC algorithm known as the
Metropolis-Hastings (MH) algorithm. The basic idea in MH is that at each step,
we propose to move from the current state x to a new state x′ with probability
q(x′ | x), where q is called the proposal distribution (or kernel). The user is free to
use any kind of proposal they want, subject to some conditions which we explain
below. This makes MH quite a flexible method. Having proposed a move to x′,
we then decide whether to accept this proposal, or to reject it, according to some
formula, which ensures that the long-term fraction of time spent in each state is
proportional to p∗(x). If the proposal is accepted, the new state is x′, otherwise the
new state is the same as the current state, x (i.e., we repeat the sample).

If the proposal is symmetric, so q(x′ | x) = q(x | x′), the acceptance probability
is given as follows:

A = min
{

1,
p∗(x′)
p∗(x)

}
.

We see that if x′ is more probable than x, we definitely move there (since p∗(x′)
p∗(x) > 1),

but if x′ is less probable than x, we may still move there anyway, depending on the
relative probabilities. So instead of greedily moving to only more probable states,
we occasionally allow ‘downhill’ moves to less probable states.

If the proposal is asymmetric, so q(x′ | x) ̸= q(x | x′), we need the Hastings
correction, given by the following:

A = min{1, α},

where
α = p∗(x′)q(x | x′)

p∗(x)q(x′ | x) = p∗(x′)/q(x′ | x)
p∗(x)/q(x | x′) .

This correction is needed to compensate for the fact that the proposal distribution
itself (rather than just the target distribution) might favor certain states.

An important reason why MH is a useful algorithm is that, when evaluating
α, we only need to know the target density up to a normalization constant. In
particular, suppose p∗(x) = 1

Zp
p̃(x), where p̃(x) is an unnormalized distribution

and Zp is the normalization constant. Then we have

α = (p̃(x′)/Zp)q(x | x′)
(p̃(x)/Zp)q(x′ | x) ,
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where the Zp’s cancel. Hence, we can sample from p∗ even if Zp is unknown.
A proposal distribution q is valid or admissible if it ‘covers’ the support of the

target. Formally, we can write this as

supp p∗ ⊆ ∪x supp q(· | x).

With this, we can state the overall algorithm as follows.

Algorithm 1 Metropolis-Hastings algorithm.

given proposal distribution q.
initialize x.
repeat

Sample x′ ∼ q(x′ | x).

Compute α := p∗(x′)q(x|x′)
p∗(x)q(x′|x) .

Compute acceptance probability A := min{1, α}.

Sample u ∼ U(0, 1).

Set new sample to

x :=
{

x′, u ≤ A (accept)
x, u > A (reject).

until number of iterations reached.

2.1.1 Convergence analysis

We show that the MH procedure generates samples from p∗. The MH algorithm
defines a Markov chain with the following transition matrix:

p(x′ | x) =
{

q(x′ | x)A(x′ | x) x′ ̸= x

q(x | x) +
∑

x′ ̸=x q(x′ | x)(1 − A(x′ | x)) otherwise.
(2.1)

This follows from a case analysis: if you move to x′ from x, you must have proposed
it (with probability q(x′ | x)) and it must have been accepted (with probability
A(x′ | x)); otherwise you stay in state x, either because that is what you proposed
(with probability q(x | x)), or because you proposed something else (with probability
q(x′ | x)) but it was rejected (with probability 1 − A(x′ | x)).

Let us analyze this Markov chain. Recall that a chain satisfies detailed balance
if

p(x′ | x)p∗(x) = p(x | x′)p∗(x′). (2.2)

This means in the in-flow to state x′ from x is equal to the out-flow from state
x′ back to x, and vice versa. If a chain satisfies detailed balance, then p∗ is its
stationary distribution. Our goal is to prove that the MH algorithm defines a
transition function p that satisfies detailed balance and hence that p∗ is its stationary
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distribution. (If (2.2) holds, we say that p∗ is an invariant distribution with respect
to the Markov transition kernel p.) To show this, we assume that the Markov chain
with transition matrix given by (2.1) is ergodic and irreducible. Consider two states
x and x′. Either

p∗(x)q(x′ | x) < p∗(x′)q(x | x′)

or
p∗(x)q(x′ | x) ≥ p∗(x′)q(x | x′).

Without loss of generality, assume that p∗(x)q(x′ | x) > p∗(x′)q(x | x′). Then,

α(x′ | x) = p∗(x′)q(x | x′)
p∗(x)q(x′ | x) < 1.

Hence, we have A(x′ | x) = α(x′ | x) and A(x | x′) = 1. Now to move from x to x′

we must first propose x′ and then accept it, i.e.,

p(x′ | x) = q(x′ | x)A(x′ | x) = q(x′ | x)p∗(x′)q(x | x′)
p∗(x)q(x′ | x) = p∗(x′)

p∗(x) q(x | x′),

which indicates that
p∗(x)p(x′ | x) = p∗(x′)q(x | x′). (2.3)

Since A(x | x′) = 1, the backward probability can be written as

p(x | x′) = q(x | x′)A(x | x′) = q(x | x′).

Inserting this into (2.3), we get

p∗(x)p(x′ | x) = p∗(x′)p(x | x′), (2.2)

so detailed balance holds with respect to p∗. This shows that given the MH transi-
tion kernel p, the target distribution p∗ is the unique stationary distribution of the
Markov chain, since we have assumed that the chain is ergodic and irreducible.

2.1.2 Proposal distributions

We now discuss some common proposal distributions q. Note, however, that good
proposal design is often intimately dependent on the form of the target distribution
(most often the posterior).

Independence sampler. If we use a proposal of the form q(x′ | x) = q(x′), where
the new state is independent of the old state, we get a method known as the in-
dependence sampler, which is similar to importance sampling (§1.4). The function
q(x′) can be any suitable distribution, such as a Gaussian. Since Gaussian distri-
bution has non-zero probability density on the entire state space, so it is a valid
proposal for any unconstrained continuous state space.
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Figure 3 An example of the random walk Metropolis algorithm for sampling
from a mixture of two 1-dimensional Gaussians, N (−20, 100) and N (20, 100),
with mixing weights 0.3 and 0.7. The variance σ2 of the Gaussian random
walk proposal are 12 (left), 5002 (middle), and 82 (right).

Random walk Metropolis. The random walk Metropolis (RWM) algorithm corre-
sponds to MH with the following proposal

x′ ∼ N (x, σ2I),

where the mean of this Gaussian distribution is the previous sample x, and the
variance σ2 is a scale factor chose to facilitate rapid mixing. This is equivalent to
saying that the random vector x′ − x is Gaussian with mean 0 and variance σ2I,
i.e., (x′ − x) ∼ N (0, σ2I).

Example. Sampling from a mixture of Gaussians with random walk Metropolis. Fig-
ure 3 shows an example where we use RWM to sample from a mixture of two 1-
dimensional Gaussians. This is a somewhat tricky target distribution, since it con-
sists of two somewhat separated modes. It is very important to set the variance of
the proposal σ2 correctly: if the variance is too low, the chain will only explore one
of the modes, as shown in the left panel, but if the variance is too large, most of the
moves will be rejected, and the chain will be very sticky, i.e., it will stay in the same
state for a long time. This is evident from the long stretches of repeated values in the
middle panel. If we set the proposal’s variance just right, we get the trace in the right
panel, where the samples clearly explore the support of the target distribution.

Composing proposals. If there are several proposals that might be useful, one
can combine them using a mixture proposal, which is a convex combination of some
base proposals:

q(x′ | x) =
m∑

i=1
wiqi(x′ | x),

where wi are the mixing weights that sum to one. As long as each qi is an individ-
ually valid proposal, and each wi > 0, then the overall mixture proposal will also
be valid. In particular, if each proposal is reversible, so it satisfies detailed balance,
then so does the mixture.
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2.2 Gibbs sampling
The major problems with MH are the need to choose the proposal distribution, and
the fact that the acceptance rate may be low. In this section, we describe an MH
method that exploits conditional independence properties of a graphical model to
automatically create a good proposal, with acceptance probability 1. This method
is known as Gibbs sampling. In physics, this method is also known as Glauber
dynamics or the heat bath method. This is the MCMC analog of coordinate descent.

The idea behind Gibbs sampling is to sample each variable in turn, conditioned
on the values of all the other variables in the distribution. For example, if we have
variable X ∈ R3, we use

x′
1 ∼ p(x′

1 | x2, x3)
x′

2 ∼ p(x′
2 | x′

1, x3)
x′

3 ∼ p(x′
3 | x′

1, x′
2).

This readily generalizes to n-dimensional variables. (Note that if Xi is a known
variable, we do not sample it, but it may be used as input to the another conditional
distributions.) The expression p(x′

i | x−i) is called the full conditional for variable
Xi. In general, Xi may only depend on some of the other variables. If we represent
p(x) as a graphical model, we can infer the dependencies by looking at the Markov
blanket of Xi, which are its neighbors in the graph, so we can write

x′
i ∼ p(x′

i | x−i) = p(x′
i | mb(xi)).

2.2.1 Connections to MH

It turns out that Gibbs sampling is a special case of MH where we use a sequence
of proposals of the form

qi(x′ | x) = p(x′ | x−i)Ix−i
(x′

−i), i = 1, . . . , n,

for some variable X ∈ Rn, where Ix−i
is the indicator function. That is, we move to

a new state where xi is sampled from its full conditional, but x−i is left unchanged.
We now show that the acceptance rate of each such proposal is 100%, so the overall
algorithm also has an acceptance rate of 100%. For each proposal qi, we have

α = p(x′)qi(x | x′)
p(x)qi(x′ | x) =

p(x′
i | x′

−i)p(x′
−i)p(xi | x′

−i)
p(xi | x−i)p(x−i)p(x′

i | x−i)

= p(x′
i | x−i)p(x−i)p(xi | x−i)

p(xi | x−i)p(x−i)p(x′
i | x−i)

= 1,

where we exploited the fact that x′
−i = x−i.

Example. Gibbs sampling for Ising models. Consider the 2-dimensional lattice G =
(X,E) in figure 4. We can represent the joint distribution of X as follows:

p(x) = 1
Zp

∏
(Xi,Xj )∈E

ψij(xi, xj),
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where ψij(xi, xj) is named as the potential function of clique C = {Xi, Xj}. This is
called a lattice model. An Ising model is a special case of lattice models, where the
variables Xi are binary for all i = 1, . . . , n. Such models are often used to represent
magnetic materials. In particular, each node represents an atom, which can have
a magnetic dipole, or spin, which is in one of two states, +1 and −1. In some
magnetic systems, neighboring spins like to be similar; in other systems, they like
to be dissimilar. We can capture this interaction by defining the clique potentials as
follows:

ψij(xi, xj) =
{

eJij xi = xj

e−Jij xi ̸= xj ,

where Jij is the coupling strength between nodes Xi and Xj . If two nodes are not
connected in the graph, we set Jij = 0. We assume that the weight matrix is symmet-
ric, so Jij = Jji. Often we also assume all edges have the same strength, so Jij = J
for all edges. Thus we have

ψij(xi, xj) =
{

eJ xi = xj

e−J xi ̸= xj .

To perform the sampling for an n-dimensional random vector X following an Ising
model, we need to compute the full conditional:

p(xi | x−i) ∝
∏

Xj ∈adj(Xi)

ψij(xi, xj),

for all i = 1, . . . , n. In the case of an Ising model with edge potentials ψij(xi, xj) =
exp(Jxixj), where xi, xj ∈ {−1,+1}, the full conditional becomes

p(xi = +1 | x−i) =

∏
Xj ∈adj(Xi) ψij(xi = +1, xj)∏

Xj ∈adj(Xi) ψij(xi = +1, xj) +
∏

Xj ∈adj(Xi) ψij(xi = −1, xj)

=
exp(J

∑
Xj ∈adj(Xi) xj)

exp(J
∑

Xj ∈adj(Xi) xj) + exp(−J
∑

Xj ∈adj(Xi) xj)

= exp(Jηi)
exp(Jηi) + exp(−Jηi)

,

where J is the coupling strength, and ηi =
∑

Xj ∈adj(Xi) xj . It is easy to see that
ηi = xi(ai − di), where ai is the number of neighbors that agree with (have the same
sign as) node Xi, and di is the number of neighbors who disagree. If this number is
equal, the ‘forces’ on Xi cancel out, so the full conditional is uniform.

2.2.2 Metropolis within Gibbs

When implementing Gibbs sampling, we have to sample from the full conditionals.
If the distributions are conjugate, we can compute the full conditional in closed
form, but in the general case, we will need to devise special algorithms to sample
from the full conditionals. One approach is to use the MH algorithm, which is
called Metropolis within Gibbs. In particular, to sample x′

i ∼ p(x′
i | x′

1:i−1, xi+1:n),
we proceed in 4 steps:
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X1 X2 X3 X4 X5

X6 X7 X8 X9 X10

X11 X12 X13 X14 X15

X16 X17 X18 X19 X20

Figure 4 A 2-dimensional lattice for random vector X ∈ R20 represented as a
undirected graph. The red node X8 is independent of the other nodes given
its neighbors (blue nodes).

1. Propose x′′
i ∼ q(x′′

i | xi).

2. Compute the acceptance probability Ai = min{1, αi}, where

αi =
p(x′′

i | x′
1:i−1, xi+1:n)q(xi | x′′

i )
p(xi | x′

1:i−1, xi+1:n)q(x′′
i | xi)

.

3. Sample u ∼ U(0, 1).

4. Set x′
i = x′′

i if u < Ai, and x′
i = xi otherwise.

2.3 Hamiltonian Monte Carlo
Many MCMC algorithms perform poorly in high dimensional spaces, because they
rely on a form of random search based on local perturbations. In this section,
we discuss a method known as Hamiltonian Monte Carlo (HMC), that leverages
gradient information to guide the local moves.

2.3.1 Hamiltonian mechanics

Consider a particle rolling around an energy landscape. We can characterize the
motion of the particle in terms of its position θ ∈ Rn, and its momentum v ∈
Rn. The set of possible values for (θ, v) is called the phase space. We define the
Hamiltonian function for each point in phase space as follows:

H(θ, v) = E(θ) + K(v),

where E(θ) is the potential energy, K(v) is the kinetic energy, and the Hamiltonian
is the total energy. In a physical setting, the potential energy is due to the pull of
gravity, and the momentum is due to the motion of the particle. In a statistical
setting, we often take the potential energy to be

E(θ) = − log p̃(θ),

14



where p̃(θ) is a possibly unnormalized distribution, such as p(θ | D), and the kinetic
energy to be

K(v) = 1
2vT Σ−1v, (2.4)

where Σ ∈ Sn
++ is a symmetric, positive definite matrix, known as the mass matrix.

Stable orbits are defined by trajectories in phase space that have a constant
energy. The trajectory of a particle within an energy level set can be obtained by
solving the following continuous time differential equations, known as Hamilton’s
equations: 

dθ

dt
= ∂H

∂v
= ∂K

∂v
dv

dt
= −∂H

∂θ
= −∂E

∂θ
.

To see why energy is conserved, note that

dH
dt

=
n∑

i=1

(
∂H
∂θi

dθi

dt
+ ∂H

∂vi

dvi

dt

)
=

n∑
i=1

(
∂H
∂θi

∂H
∂vi

− ∂H
∂θi

∂H
∂vi

)
= 0.

Intuitively, we can understand this result as follows: a satellite in orbit around a
planet will ‘want’ to continue in a straight line due to its momentum, but will get
pulled in towards the planet due to gravity, and if these forces cancel, the orbit
is stable. If the satellite starts spiraling towards the planet, its kinetic energy
will increase but its potential energy will decrease. Note that the mapping from
(θt, vt) to (θt+∆t, vt+∆t) for some time increment ∆t is invertible for small enough
time steps. Furthermore, this mapping is volume preserving, so has a Jacobian
determinant of 1. These facts will be important later when we turn this system into
an MCMC algorithm.

2.3.2 Integrating Hamilton’s equations

In this section, we discuss how to simulate Hamilton’s equations in discrete time.

Euler’s method. The simplest way to model the time evolution is to update the
position and momentum simultaneously by a small amount, known as the step size
η: 

vt+1 = vt + η
dv

dt

∣∣∣∣
θ=θt,v=vt

= vt − η
∂E
∂θ

∣∣∣∣
θ=θt

θt+1 = θt + η
dθ

dt

∣∣∣∣
θ=θt,v=vt

= θt + η
∂K
∂v

∣∣∣∣
v=vt

.

If the kinetic energy has the form in (2.4), then the second expression simplifies to

θt+1 = θt + ηΣ−1vt.

This is known as the Euler’s method.
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Modified Euler’s method. The modified Euler’s method is slightly more accurate,
and works as follows. It first update the momentum, and then update the position
using the new momentum:

vt+1 = vt + η
dv

dt

∣∣∣∣
θ=θt,v=vt

= vt − η
∂E
∂θ

∣∣∣∣
θ=θt

θt+1 = θt + η
dθ

dt

∣∣∣∣
θ=θt,v=vt+1

= θt + η
∂K
∂v

∣∣∣∣
v=vt+1

.

Unfortunately, the asymmetry of this method can cause some theoretical problems.

Leapfrog integrator. The leapfrog integrator is a symmetrized version of the mod-
ified Euler’s method. We first perform a ‘half’ update of the momentum, then a full
update of the position, and then finally another ‘half’ update of the momentum:

vt+1/2 = vt − η

2
∂E
∂θ

∣∣∣∣
θ=θt

θt+1 = θt + η
∂K
∂v

∣∣∣∣
v=vt+1/2

vt+1 = vt+1/2 − η

2
∂E
∂θ

∣∣∣∣
θ=θt+1

.

If we perform multiple leapfrog steps, it is equivalent to performing a half step
update of v at the beginning and end of the trajectory, and alternating between full
step updates of θ and v in between.

2.3.3 The HMC algorithm

We now describe how to use Hamiltonian dynamics to define an MCMC sampler in
the expanded state space (θ, v). The target distribution has the form

p(θ, v) = 1
Z

exp(−H(θ, v)) = 1
Z

exp
(

−E(θ) − 1
2vT Σ−1v

)
.

Then we can just ‘throw away’ the v’s so that the result will be the samples θ from
the desired marginal:

p(θ) =
∫

p(θ, v) dv = 1
Zθ

e−E(θ)
∫ 1

Zv
e− 1

2 vT Σ−1v dv = 1
Zθ

e−E(θ).

Suppose the previous state of the Markov chain is (θt−1, vt−1), to sample the
next state, we proceed as follows. We set the initial position to θ′

0 = θt−1, and
sample a new random momentum, v′

0 ∼ N (0, Σ)1. We then initialize a random
1Note that the Σ here denotes the covariance matrix of some Gaussian distribution, instead of

the mass matrix in Hamiltonian mechanics.
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trajectory in the phase space, starting at (θ′
0, v′

0), and followed for L leapfrog steps,
until we get to the final proposed state (θ∗, v∗) = (θ′

L, v′
L). If we have simulated

Hamiltonian mechanics correctly, the energy should be the same at the start and
the end of this process. If not, we say the HMC has diverged, and we reject the
sample. If the energy is constant, we compute the MH acceptance probability as

A = min
{

1,
p(θ∗, v∗)

p(θt−1, vt−1)

}
= min {1, exp (−H(θ∗, v∗) + H(θt−1, vt−1))} ,

where the transition probabilities cancel since the proposal is reversible. Finally,
we accept the proposal by setting (θt, vt) = (θ∗, v∗) with probability A, otherwise
we set (θt, vt) = (θt−1, vt−1). (In practice we don’t need to keep the momentum
term v, it is only used inside of the leapfrog algorithm.) The pseudocode for this
procedure is shown in algorithm 2.

Note that we need to sample a new momentum at each iteration to satisfy
ergodicity. To see why, recall that H(θ, v) stays approximately constant as we move
through phase space. If H(θ, v) = E(θ)+ 1

2 vT Σ−1v, then clearly E(θ) ≤ H(θ, v) = h
for all locations θ along the trajectory. Thus the sampler cannot reach states where
E(θ) > h. To ensure the sampler explores the full space, we must pick a random
momentum at the start of each iteration.

Algorithm 2 Hamiltonian Monte Carlo.

given the number of leapfrog steps L, the step size η, and the covariance matrix Σ.
repeat

Generate random momentum vt−1 ∼ N (0,Σ).
Set (θ′

0, v
′
0) := (θt−1, vt−1).

Half step for momentum: v′
1/2 := v′

0 − η
2 ∇E(θ′

0).
for l = 1, . . . , L− 1:

θ′
l := θ′

l−1 + ηΣ−1v′
l−1/2.

v′
l+1/2 := v′

l−1/2 − η∇E(θ′
l).

Full step for location: θ′
L := θ′

L−1 + ηΣ−1v′
L−1/2.

Half step for momentum: v′
L := v′

L−1/2 − η
2 ∇E(θ′

L).
Obtain proposal (θ∗, v∗) := (θ′

L, v
′
L).

Compute acceptance probability A := min {1, exp (−H(θ∗, v∗) + H(θt−1, vt−1))}.
Set θt := θ∗ with probability A, other wise θt := θt−1.

until number of iterations reached.
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