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1 Markov chains
We consider a stochastic process
{Xo, X1y, Xoyo o}

with random variables Xg, X1,..., X, ... sharing the same domain dom X. Sup-
pose the conditional probability of any future state x;41 € X given the past states
Zg,...,T;—1 and present state x;, is independent of the past states and depends
only on the present state,

P(zi41 | wo, ... 21) = Pz | 21), (1.1)

then this stochastic process is called a Markov chain. The equation (1.1) is called
the Markov property. The random variable X is called the state space of the Markov
chain.’ Specifically, if the conditional probability P(X;+; = z; | X; = z;) is inde-
pendent of time ¢ given the same x; and x;, the Markov chain is ¢time-homogeneous.
Note that in the following discussion we will use subscripts to denote both the
state instance at time ¢, denoted as x;, and the ith instance of random variable X
(suppose we assign each entry in X a unique index), denoted as x;. The intended
meaning of the notation should be inferred from the context of its usage. We hope
it will cause no confusion.

11In this course we will only consider the case where the state space is finite and discrete.



Figure 1 Example of state transition diagram of a Markov chain.

For a time-homogeneous Markov chain, let P be a square matrix with each entry
Pij = P(x; | z;),

for all x;,z; € X, representing the probability that the next state is z; given the
present state x;. Considering an m-dimensional state space X, i.e., | X| = m, clearly
the matrix P has the following property:

e« PcR™™,
o Pjy>0foralli=1,...,m,j=1,...,m.
e 1P . =1foralli=1,...,m.

Here we use P;. to denote the ith row of matrix P, represented as a column vector.
The matrix P is called the transition matriz of the Markov chain, which can be
represented graphically with a state transition diagram. The state transition dia-
gram is a directed graph where each note is a state and the arcs represent possible
transitions between states, weighted by corresponding transition probabilities. If
an arc between state x; and z; does not appear in the diagram, it means that the
corresponding transition probability P;; is zero. Figure 1 shows an example of a
Markov chain with a 3-dimensional state space. Note that although the state tran-
sition diagram and the graphical model diagram are both represented with graphs,
they have completely different interpretations. The former represents the transi-
tion probability between states, i.e., different instances of the random variable X,
while the latter represents the probabilistic dependencies between different random
variables.

Except for the transition matrix P, to uniquely determine an m-dimensional
Markov chain?, we will also need the vector of initial state distribution:

p=(..,PXo=1),...), i=1,...,m.

Obviously, the initial state distribution p € R has to satisfy p = 0 and 17p =1,
where the generalized inequality symbol > denotes the componentwise inequality

2We will always assume the Markov chain to be time-homogeneous except mentioned specifi-
cally.



between two vectors. Thus the parameter set of a Markov chain can be denoted as
a 2-dimensional set

© = {p, P}.

1.1 Inference and parameter learning

If the parameter set © of a Markov chain is known, we can calculate the probability
of observing any sequence of states ( = {Xo = z;, X1 = xj, Xo = o, ...} generated
by that Markov chain, which is basically the product of the transition probabilities
of the sequence of states:

P(C | p, P) = piPijPjy - -

On the other hand, if the parameters are unknown, but we are given a set
of observed state sequences D = {(1,(,...} from that Markov chain, where ¢ =
{zo,...,zny} for all ( € D, we can estimate the p and P for the Markov chain
according to:

Pi :CEDP(XO =T | C)? i=1,...,m, (12)

and

EcpP(Xy =2, Xep1 =25 () »
P = J , t=1,....m, j=1,....,m. 1.3
E¢p P(Xe =25 | () (13)

Note that for the last observed state xy in each sequence we do not observe the
next state, so the above expectations are estimated across t =0,..., N — 1.

Remark. The equations (1.2) and (1.3), which are used to learn parameters of a Markov
chain based on observations, intuitively align with our understanding. It’s validity can
also be shown analytically as follows.

The problem of estimating the initial state distribution p and the transition matrix
P of a Markov chain according to the set of observations D can be formally defined
as a mazimum likelihood estimation (MLE) problem,

maximize Ip(0) = E¢uplogP(¢ | p, P)

subject to p>=0, 1Tp=1
Pijz(), izl,...,m, jzl,...,m
1Tp. =1, i=1,...,m,

(1.4)

where © = {p, P} is the optimization variable and D is the problem data. The
function Ip(O©) is called the log-likelihood function of model parameter © given the
observation D. Note that the objective function of (1.4) can be written as

p(©) = E logP(C| p. P)

N-1
=B (logP(xo o) [[ Ples | xt,P)>

t=0



= E logP(xo | p) + E (ZlogP Ter1 | Tty ))

m m N
7<ND (ZI o logpz> + E (ZZZ (z¢) m](mt+1)logP”>7

=1

(1.5)

where I, () is an indicator function with I, (z) = 1 if x = z;, and 0 otherwise. Thus
problem (1.4) can be transformed into the following two optimization problems

maximize Ec¢up (Zzl I, (x0) log pi)
subject to p =0, 1Tp=1,
with optimization variable p, and
maximize E¢op (ZZ L Z] L Z (w¢)Iz; (zt41) log P”)

subject to FP;; >0, ¢=1,...,m, ]:1,...7
1'p. =1, i=1,...,m,

with optimization variable P, which are maximized by equation (1.2) and (1.3) (ac-
cording to the Gibbs’ inequality), respectively.

Example. Consider that we have the following observation sequences generated from
the Markov chain described in figure 1:

($2:$27$37$3,x3,m3,m1)
o (z1,x3,22,73,%3,23,T3).
(ZC x3,1’27$2),

. (112,I1,1’2,$2,131,1)3,l‘1).

According to these observations, the initial state distribution can be estimated as:

121
= (Z’Z’Z) = (0.25,0.5,0.25) ,

and the transition matrix of the Markov chain is

0 1 2
3 3 3
p—| 2 3 2
777
2 2 7
L1111 11




1.2 Convergence

Convergence is another useful property of Markov chains. That says, if a Markov
chain with |X| = m satisfies the following two requirements:

o Irreducible. From every state x; € X there is a probability P;; > 0 of transit-
ing to any state z; € X.

e Aperiodic. For any given state, there isn’t a fixed interval after which the
chain will return to the same state.

Then this Markov chain will reduce to a unique stationary state distribution 7 € R
with 177 = 1 when t — oo, such that

TP = .

In this case, the matrix P! (the transition matrix P to the tth power) converges to
a rank-one matrix in which each row is the stationary distribution 7:

lim P =1x".

t—o0
The rate of convergence of a Markov chain is determined by the second largest
eigen-value of the transition matrix P.

2 Hidden Markov models

A hidden Markov model (HMM) consists of a Markov chain {Xg, X3,...,X;,...}
with domain dom X whose states are not directly observable, and an observable
stochastic process {Yp, Y1,...,Y:, ...} with domain dom Y whose outcomes depend
only on the present instance of X in a known way,

P(yt ‘ Zoy--- 7xt) = P(yt | Z‘t).

The set Y is called the observation space of the hidden Markov model. For example,
in weather forecasting, the weather cannot be directly measured; in reality, the
weather is estimated based on the results from a series of sensors — temperature,
pressure, wind velocity, etc. Figure 2 shows a hidden Markov model represented in
a graph diagram.

We first consider a standard hidden Markov model where both the state space
X and observation space Y are discrete and finite with |X| = m and |Y| = n,
respectively. To uniquely determine a hidden Markov model, the latent Markov
chain can be well defined with the initial state distribution p and the transition
matrix P. Besides, to describe the relationship between each latent state x € X
and observation y € Y, let B be a matrix with each entry

B;; = P(?/j | 24),

for all z; € X, y; € Y, representing the probability of observing y; under state ;.
The matrix B is called the emission matriz of the hidden Markov model. Similar
to the transition matrix P, the emission matrix B has the following property:



+++++++ O
Figure 2 Graphical model representing a hidden Markov model. The top

variables represent the hidden states and the nodes on the bottom are the
observations.

e« BeR™™,

e Bjj>0foralli=1,...,m,j=1,...

3

e 1B =1foralli=1,...,m.

Thus the parameter set of a hidden Markov model can be denoted as a 3-dimensional

set
© = {p, P, B}.

Given a hidden Markov model representation of a certain domain, there are
three basic questions that are of interest in most applications.

1. Inference. Given a model, estimate the probability of a sequence of observa-
tions.

2. Decoding. Given a model and a particular observation sequence, estimate the
most probable state sequence that produced the observations.

3. Parameter learning. Given some sequences of observations, estimate the pa-
rameters of the model.

2.1 Inference

The inference problem of a hidden Markov model consists in determining the pos-
terior probability of observing some sequence ¢ = {yo,...,yn}, given the model
parameters © = {p, P, B}, that is, estimating the conditional probability P(¢ | ©).

2.1.1 Direct method

Note that a sequence of observations ¢ = {yo, ..., yn} can be generated by different
state sequences ¢ = {xo,...,zy}. Thus, to calculate the posterior probability of
a given observation sequence, we can estimate the probability for a certain state
sequence, and then add together the estimations for all the possible state sequences,
resulting in

P(p|©) =) P(p,(]0O).
¢



Given a possible state sequence ( = {zo,...,zn}, the probability P(¢, ¢ | ©) can be
obtained by first calculating the probability of generating the specific state sequence,
and then multiplying to the probability of observing corresponding observations
from the state sequence, 1i.e.,

P(SD7< | ("‘)) = P(xO | p) yO | x07 H P xt+1 | Tty ) yt+1 | $t+1aB)7

where the probabilities on the right hand side are respective entries of the vector
p and matrices P and B. Put together, the direct method estimates the posterior
probability of observing some sequence ¢ = {yo,...,yn} according to

Pp|©)= Y P(zo|p)Plyo|z0, B HP$t+1|$t7 P)P(yiy1 | we41, B).

Loy TN

For a model with m states and an observation length of NN, the direct method
requires a number of operations in the order of 2Nm” (or simply m”) to solve the
inference problem. This can be less practical when the length of observations is
relatively large.

2.1.2 Iterative method

The basic idea of the iterative method, also known as the forward algorithm, is to
estimate the probabilities of the observations per time step. That is, starting from
t = 0, calculate the posterior probability of a partial sequence of observations until
time ¢,
P(pot | ©) =P(yo,---,y: | ©),

and based on this partial result, calculate it for time ¢ + 1, until the end of the
observation sequence where t = N.

First we introduce an auxiliary variable oy € R}, and each of its entries oy (i)
is defined as

a (i) =P(yo,...,y, Xy =24 | ©), i=1,...,m.

The auxiliary variable oy is called the forward probability, representing the posterior
probability of observing the partial observation sequence up until time ¢, and the
state under which the tth observation was generated is x;. The forward probability
can be calculated recursively with

' ol \PiP(y | X; =2:,B), >0,

foralli =1,...,m. Then the posterior probability of observing the whole sequence
© = {yo,.-.,yn} given model parameters © can be obtained by summing up all
the entries of the forward probability evaluated at time ¢t = N,

P(p|0)=1Tay.

The pseudocode of the forward algorithm is shown in algorithm 1.



Algorithm 1 FORWARD ALGORITHM.

given hidden Markov model parameters ©, observation sequence .
fori=1,...,m:
ao(?) == ps P(yo | Xo = xs, B).
fort=1,...,.N,i=1,...,m:
ai(i) = af_ 1 PiP(y: | X¢ = x4, B).
return P(¢ | ©) = 1T an.

We now analyze the time complexity of the iterative method. Each iteration
requires approximately m multiplications and m additions, so for the N iterations,
the number of floating point operations is in the order of Nm?2, or simply m?.
Thus, the time complexity is reduced from exponential in IV for the direct method

to quadratic in m for the iterative method.

2.2 Decoding

Given a sequence of observations ¢ = {yo,...,yn} and model parameters ©, the
decoding problem of hidden Markov models can be interpreted in two ways:

o Optimal state prediction. Finding the most probable state xy at time t.

e Optimal sequence prediction. Finding the most probable state sequence (* =
{zf,..., 2y} that generated observation sequence.

2.2.1 Optimal state prediction

Similar to the forward probability ay, let 8, € R be the backward probability,
where each of its entry £;(7) is defined as

Be(i) = P(yty1, .- yn | Xe = 2;,0), i=1,...,m.

The backward probability §; represents the posterior probability of observing the
partial observation sequence after time ¢ until the end of the sequence given that the
state at that time is ;. By defining the backward probability of the last observation
(t = N) to be equal to 1, the others can be calculated recursively as
Bu(i) = > i1 B (NP Py | Xpr = 25, B), t<N
‘ 1, t =N,
for all t = 1,...,m. Figure 3 illustrates the computation of forward probability ay

and backward probability ; across the graph diagram of a hidden Markov model.
Note that by combining the forward probability and backward probability, we can



Figure 3 Computation of forward probability a: and backward probability
B¢ of a hidden Markov model. Vertical dashed line indicates the separation
point of the two probabilities at time t.

obtain the objective of the inference problem from §2.1, P(p | ©), at any time ¢
along the observation sequence, according to

P(p|0) = af

forallt=0,...,N.
Now we define another auxiliary variable v; € R, which represents the condi-
tional probability of being in state x; given the whole observation sequence:

wi)=P(Xy=z;]p,0), i=1,...,m.
According to Bayes’ rule, the vector 7; can be written in terms of oy and S, as:

P =r,010) _ o)
ST R ey T afa

for alli =1,...,m. Then the most probable state z} at time ¢ given the observation
sequence ¢ and parameters O of a hidden Markov model can be obtained by

x; = argmax (7).

T

2.2.2 Optimal sequence prediction

The optimal sequence prediction problem of a hidden Markov model consists in

finding a sequence of states ¢* = {zf,..., x5} such that
xys ..,y = argmax P(zo,...,an | ¢, 0),
L0y TN
given the observation sequence ¢ = {yo,...,yn} and model parameters ©. This

problem can be solved approximately by a simple concatenation of the optimal
states at each time t, i.e.,

E*Z{argmax%(i) ’t:O,...,N}. (2.1)

Ti



However, (2.1) is not guaranteed to provide a global optimal result of the state
sequence since it does not consider the transition between states.
To obtain the exact solution of the optimal state sequence prediction problem,

note that
P, ¢ |0)

P(C|%9)=WO<P(C’<P|@)7

thus maximizing the posterior probability P(¢ | ¢, ©) over ¢ is equivalent to maxi-
mizing the joint probability P({, ¢ | ©) of the state and observation sequence over
¢. This problem can be solved with the Viterbi algorithm. Let §, € R’ be the
maximum value of the joint probability of a subsequence of states until time ¢ — 1,
and observations until time ¢, with the state at time t is x;,
5:(1) = max P(xg,...,z—1, Xt = zi,y0,..-,4: | 0), i=1,...,m.
TO,eeeyTp—1

This probability §; can be interpreted as the probability of being in state x; at
time ¢ given that the state subsequence up until £ — 1 is optimal with respect to the
partial observation sequence {yg, ..., y:—1}. The probability §; can also be obtained

recursively as
6:(i) = max (6i—1(j)P;i) P(ye | Xi = i, B),

j=1,....m
foralli=1,...,m. Let ¢y € Z", store the index j of the previous state x; at time

t — 1 that gives the maximum probability 6;—1(j)P;;, for each state ¢ at time ¢, i.e.,

Yi(i) = argmax d¢—1(j) Pji, i=1,...,m,
j=1,....m
which is used to reconstruct the state sequence by backtracking from the last state.
Let p* be the probability of obtaining the given observation sequence under the
optimal state sequence (* = {zg,..., 2%}, the complete procedure of the Viterbi
algorithm is shown in algorithm 2.

Algorithm 2 VITERBI ALGORITHM

given hidden Markov model parameters ©, observation sequence .

1. Initialization. for i =1,...,m:
d0(4) = pi P(yo | Xo = x4, B).
2. Recursion. fort=1,...,N,i1=1,...,m:

6:(i) = max;=1,..m (6:-1(j) Pji) P(ye | X¢ = @i, B).
Yu(i) = argmax;_y ., 0e-1(j)Pji-

3. Termination.
p* = maxi=1,.. mon (7).
i == argmax,_,
TN = Ty .

4. Backtracking. for t = N,... 1:
i1 = (i)

* —
Ti—1 = Tix_ -

10



2.3 Parameter learning

The expectation-maximization algorithm (EM) is commonly used in estimating the
parameters of models involving latent variables. The idea is to start with some
initial parameters for the model, which can be initialized randomly or based on
some domain knowledge. In the E-step, some likelihood function with respect to
the current model parameters is calculated. Then in the M-step, these parameters
are optimized to maximizing an MLE objective. This cycle is repeated until con-
vergence; e.g., until the difference between the parameters for the model from one
step to the next is below a certain threshold.

To learn the parameters of a hidden Markov model, suppose we are given a set
of observation sequences D = {¢1, ®a, ...} from that hidden Markov model, where
v = {yo,...,yn} for all ¢ € D. First we should note that the cardinalities of
the state space and observation space of the model have to be known or previously
defined. Let © = {p, P, B} be the set of estimated parameters of the model from the
previous EM-iteration, and ©F = {p™, PT Bt} be the new set of parameters to be
updated. For each EM-iteration, we first calculate the current estimation of hidden
state sequence ¢ = {zg,...,xy} with parameters ©. Then similar to learning the
parameters of a Markov chain (§1.1), the parameters p™, P+ and BT of a hidden
Markov model can be updated according to

o= EPXo=u;]¢,0), i=1,...,m, (2.2)
@~D

E,p: P(Xt =2, Xi11 =25 | 0,0)

P+: s i:17...,m, '21,...,771, 2.3
K ELpND,t P(Xt = ‘ ®, @) ! ( )
and
E,p:PXi=x2;,Yi=y; | p,© . .
Bi';: oD P(X =i, Y = y; [ ¢,0) i=1,....m, j=1,....n. (24)

EcpND,t P(Xt =T | ®, @) ’

Again, these updating equations align with our intuition, but can also be derived
analytically. To obtain the probability term on the numerator of (2.3), let & €
R'["™ represent the probability of transitioning from state z; at time ¢ to state x;
at time ¢t + 1 given an observation sequence ¢:
ft(za.]) = P(Xt = xi7Xt+1 =Ty | @,@)
_PXy =2, X411 =25,0|O) i1
Py |0) ’

The denominator P(¢ | ©) is just a normalization factor, which can be calculated
from:

PR

Pp|0)=> > P(Xi=u;,Xep1 =1j,0|0).
i=1 j=1
The auxiliary variable & can be written in terms of the forward probability «; and
the backward probability F;:

€6, 5) = ai(1)P(i, j) Py | X1 = xj’B)ﬂtH(j)
n Yoty ey ()P (i, ) P(Yegr | Xewr = 25, B)Bra (5)’

11



foralli=1,...,m, j=1,...,m. Clearly, the probability 7; can also be written in
terms of &;:

V(i) = th“’j)’

for all # = 1,...,m. As a result, the equations (2.2) to (2.4) can be represented
compactly with the previously defined auxiliary variables as

pj_ = LPEDD/YO(Z), i = 17 R 7m) (2.5)
E,. i J ‘ .
PiJ;:M, i=1,....m, j=1,...,m, (2.6)
E,p: (%)
and E N
B = et iDL W)) gy (2.7)
EcpND,t ’Yt(l)

where I;(y) is an indicator function with I;(y) = 1 if the index of y in observation
space Y is equal to j, and 0 otherwise. Note that similar to (1.3), the expectations
in (2.3) and (2.6) over time ¢ are estimated across t = 0,..., N — 1. The update
equations (2.5) to (2.7) are called the Baum-Welch algorithm. The pseudocode for
the whole procedure is shown in algorithm 3.

Algorithm 3 BAUM-WELCH ALGORITHM.

given the estimated hidden Markov model parameters © from previous EM-iteration,
the set of observation sequences D.

1. Estimate the initial state distribution p* according to (2.5).

2. Estimate the transition matrix P* according to (2.6).

3. Estimate the emission matrix B according to (2.7).

4. Estimate the emission matrix B* according to (2.7).

return the updated set of parameters @1 = {p™ Pt B*}.

As the last point, it should be noted that while the EM algorithm is guaranteed
to converge to a local optimum, it does not ensure a global optimal solution. The
convergence point of EM depends on its initial conditions.

2.4 Continuous observation space

In many applications the observation space is continuous. In this case, an alternative
to discretization is to work directly with the continuous features, assuming them
to be Gaussian distributed. This assumption leads to the Gaussian hidden Markov
models, where the initial state ditribution vector and the transition matrix are
as those in standard hidden Markov models, but the map from each state to the
observation space are modeled as a Gaussian distribution. Suppose the domain of

12



the observation space domY = R, then the emission map of the hidden Markov
model is given by the Gaussian density function N (u;,0?):

:#exp _M i=1 m (2.8)
V2mo; 207 ’ Y

This idea can be further extended to vector observations, for example y € R™ for
all y € Y, by considering the following joint Gaussian density function N (u;, ;) as
an alternative of (2.8):

ply | X =)

1 1 Tw—1 ) .
X=2)= ————=exp| —c(y — ) X; —ui) ), t=1,...,m,
p(y | ) RS p( 2(y 14i) (y — 1)

with the vector of distribution mean p; € R™ and the covariance matrix ¥; € S:L_ e
Moreover, sometimes the observation space can not be described by a single Gaus-
sian distribution, in this case we can use a Gaussian mizture model, which consists
of multiple Gaussian distributions that are combined to represent the desired dis-
tribution.

The algorithms for solving the three basic problems (inference, decoding, and
parameter learning) of a Gaussian hidden Markov model are essentially the same
as those for standard hidden Markov models, just considering that the observations
are modeled as a Gaussian distribution or a Gaussian mixture model.

13
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A general introduction to Markov chains is provided in the article [ ]. The conver-
gence property of Markov chains is a corollary of the Perron-Frobenius theorem, which is
discussed in detail in [ ]

The Viterbi algorithm was initially introduced by Andrew Viterbi in decoding convolu-
tional codes, which is widely used in communications. The original paper | | contains
some details about the underlying idea of dynamical programming and related mathemat-
ical derivations.

The convergence analysis about the expectation-maximization algorithm can be found
in | ]

About some other variants of hidden Markov models and their applications, one can refer
to [ ]
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