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1 Representation
A Bayesian network represents the joint distribution of a set of discrete random
variables, X1, . . . , Xn, as a directed acyclic graph (DAG) and some sets of condi-
tional probabilities. Each node, that corresponds to a variable, has an associated
set of conditional probabilities that contains the probability of each instance of the
variable given its parents in the graph, which is known as the conditional probabil-
ity table. The structure of the network implies a set of conditional independence
assertions, which give power to this representation. Figure 1 depicts an example of
a simple Bayesian network. In this example, X4 is conditionally independent of X1,
X3, X5, X6 given X2, that is:

P(X4 | X1, X2, X3, X5, X6) = P(X4 | X2).
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Figure 1 An example Bayesian network.

1.1 Structure
1.1.1 Mappings

Given a probability distribution P of X = (X1, . . . , Xn), and its graphical repre-
sentation G, there must be a correspondence between the conditional independence
in P and in G; this is called a mapping. There are three basic types of mappings:

• D-map: all the conditional independence relations in P are satisfied in G.

• I-map: all the conditional independence relations in G are true in P.

• P-map: or perfect map, it is a D-map and an I-map.

Particularly, we say the graph G and probability distribution P are compatible if G
is an I-map of P. In general, it is not always possible to have a perfect mapping
of the independence relations between the graph G and the distribution P, so we
settle for what is called a minimal I-map: all the conditional independence relations
implied by G are true in P , and if any arc is deleted in G this condition is lost.

1.1.2 d-separation

Consider three disjoint sets of variables, X, Y , and Z, which are represented as
nodes in a directed acyclic graph G. To test whether X is independent of Y given
Z in any distribution compatible with G, we need to test whether the nodes corre-
sponding to variables Z ‘block’ all paths from nodes in X to nodes in Y . By path
we mean a sequence of consecutive edges (of any directionality) in the graph, and
blocking is to be interpreted as stopping the flow of information (or of dependency)
between the variables that are connected by such paths. A path p is said to be
d-separated (or blocked) by a set of nodes Z if and only if

1. the path p contains a chain i → m → j or a fork i ← m → j such that the
middle node m is in Z, or
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Figure 2 Graphs illustrating d-separation. In the left figure, X and Y are
d-separated given Z2 and d-connected given Z1. In the right figure, X and
Y cannot be d-separated by any set of nodes.

2. the path p contains an inverted fork (or collider) i → m ← j such that the
middle node m is not in Z and such that no descendant of m is in Z.

A set Z is said to d-separate X from Y if and only if Z blocks every path from a
node in X to a node in Y . In this case, random variable X is independent of Y
conditional on Z in every distribution compatible with G. Conversely, if X and Y
are not d-separated by Z in a directed acyclic graph G, then X and Y are dependent
conditional on Z in at least one distribution compatible with G.

The intuition behind d-separation is simple and can best be recognized if we
attribute causal meaning to the arrows in the graph. In causal chains i → m → j
and causal forks i ← m → j, the two extreme variables are marginally dependent
but become independent of each other (i.e., blocked) once we condition on (i.e.,
know the value of) the middle variable. Figuratively, conditioning on m appears
to ‘block’ the flow of information along the path, since learning about i has no
effect on the probability of j, given m. Inverted forks i→ m← j, representing two
causes having a common effect, act the opposite way; if the two extreme variables
are (marginally) independent, they will become dependent (i.e., connected through
unblocked path) once we condition on the middle variable (i.e., the common effect)
or any of its descendants.

Example. d-separation. The left graph in figure 2 contains a bidirected arc Z1 ←→ Z3,
and the right graph involves a directed cycle X → Z2 → Z1 → X. In the left graph
of figure 2, the two paths between X and Y are blocked when none of {Z1, Z2, Z3} is
measured. However, the path X → Z1 ←→ Z3 ← Y becomes unblocked when Z1 is
measured. This is so because Z1 unblocks the ‘colliders’ at both Z1 and Z3; the first
because Z1 is the collision node of the collider, the second because Z1 is a descendant
of the collision node Z3 through the path Z1 ← Z2 ← Z3. In the right graph of
figure 2, X and Y cannot be d-separated by any set of nodes, including the empty set.
If we condition on Z2, we block the path X ← Z1 ← Z2 ← Y yet unblock the path
X → Z2 ← Y . If we condition on Z1, we again block the path X ← Z1 ← Z2 ← Y
and unblock the path X → Z2 ← Y because Z1 is a descendant of the collision node
Z2.

According to the previous definition of d-separation, any node X is conditionally
independent of all nodes in G that are not descendants of X given its parents in
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the graph, pa(X), which is known as the Markov assumption. The set of parents
of a variable X is called the contour of X. Besides, we call the Markov blanket of a
node X, denoted as mb(X), is a set of nodes that make X independent of all the
other nodes in G:

P(X | G−X) = P(X |mb(X)).
For a Bayesian network, the Markov blanket of X consists of:

• the parents of X and,

• the children of X and,

• the other parents of the children of X.
For instance, in the Bayesian network of figure 1, the Markov blanket of X4 is X2,
and the Markov blanket of X2 is X1, X3, X4, X5, X6.

The structure of a Bayesian network can then be specified by the parents of
each variable. For example the Bayesian network in figure 1, its structure can be
specified as: 

pa(X1) = ∅,
pa(X2) = {X1},
pa(X3) = ∅,
pa(X4) = {X2},
pa(X5) = {X2, X3},
pa(X6) = {X2, X3}


.

Then using the chain rule, we can specify the joint probability distribution of the
set of variables in a Bayesian network as the product of the conditional probability
of each variable given its parents:

P(X1, . . . , Xn) =
n∏

i=1
P(Xi | pa(Xi)).

For the example in figure 1:
P(X1, . . . , X6) = P(X1) P(X2 | X1) P(X3)

×P(X4 | X2) P(X5 | X2, X3) P(X6 | X2, X3).

1.2 Parameters
To complete the specification of a Bayesian network, we need to define its param-
eters, which are the conditional probabilities of each node given its parents in the
graph: P(Xi | pa(Xi)). In the case of continuous variables, wee need to spec-
ify a function that relates the density function of each variable to the density of
its parents; in the case of discrete variables, the number of parameters to specify
P(Xi | pa(Xi)) can be combinatorially large as the number of parents of Xi in-
creases. Two main alternatives have been proposed to overcome this issue, one is
based on canonical models and the other on graphical representations of conditional
probability tables.
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1.2.1 Canonical models

Canonical models represent the relations between a set of random variables for
particular interactions using few parameters. It can be applied when the proba-
bilities of a random variable in a Bayesian network conform to certain canonical
relations with respect to the configurations of its parents. There are several classes
of canonical models, the most common are the noisy-OR and noisy-AND for binary
variables, and their extensions for multivalued variables, noisy-max and noisy-min,
respectively. Canonical models can provide a considerable reduction in the number
of parameters when a variable has many parents; and also some inference techniques
take advantage of this compact representation.

Example. Noisy-OR. Consider an OR logic gate, in which the output is true if any
of its inputs are true. The noisy-OR model is based on the concept of the logic OR;
the difference is that there is a certain (small) probability that the variable is not
true even if one or more of its parents are true. The noisy-OR model is applied when
several variables or causes can produce an effect if any one of them is true, and as
more of the causes are true, the probability of the effect increases. For instance, the
effect could be a certain symptom or effect, E, and the causes are a number of possible
diseases, C1, . . . , Cn, that can produce the symptom, such that if none of the diseases
is present (all false), the symptom does not appear; and when any disease is present
(true) the symptom is present with high probability and it increases as the number of
Ci = true increases. A graphical representation of a noisy-OR relation in a Bayesian
network is depicted in figure 3.
Formally, the following two conditions must be satisfied for a noisy-OR canonical
model to be applicable:

• Independence of exceptions: if an effect is the manifestation of several causes,
the mechanisms that inhibit the occurrence of the effect, E = false, under one
cause are independent of the mechanisms that inhibit it under the other causes1,
i.e.,

P(E = false | C1, . . . , Cn) =
n∏

i=1

P(E = false | Ci). (1.1)

• Responsibility: the effect E is false if all the possible causes are false. Together
with (1.1), this implies

P(E = false | Ci = false) = 1, i = 1, . . . , n.

The probability that the effect E is inhibited (it does not occur) under cause Ci is
defined as:

qi = P(E = false | Ci = true).
Given this definition and the previous conditions, the parameters in the conditional
probability table for a noisy-OR model can be obtained using the following expressions
when all the n causes are true:

P(E = false | C1 = true, . . . , Cn = true) =
n∏

i=1

qi,

1This independence does not necessarily hold for E = true.
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Figure 3 Graphical representation of a noisy-OR structure. The cause vari-
ables C1, . . . , Cn are the parents of the effect variable E.

Table 1 Conditional probability table for a noisy-OR variable with three
parents and parameters q1 = q2 = q3 = 0.1.

C1 0 0 0 0 1 1 1 1
C2 0 0 1 1 0 0 1 1
C3 0 1 0 1 0 1 0 1

P(E = 0) 1 0.1 0.1 0.01 0.1 0.01 0.01 0.001
P(E = 1) 0 0.9 0.9 0.99 0.9 0.99 0.99 0.999

and

P(E = true | C1 = true, . . . , Cn = true) = 1−
n∏

i=1

qi.

In general, if k out of n causes are true, then (informally):

P(E = false | C1, . . . , Cn) =
k∏

i=1

qi,

so that if all the causes are false then the effect is false with probability one. Thus, only
one parameter is required per parent variable to construct the conditional probability
table, which is the inhibition probability qi. In this case the number of independent
parameters (q1, q2, . . . , qn) increases linearly with the number of parents, instead of
exponentially. As an example, consider a noisy-OR model with 3 causes, C1, C2, and
C3, where the inhibition probabilities are the same for the three, q1 = q2 = q3 = 0.1.
Given these parameters we can obtain the conditional probability table for the effect
variable E, as shown in table 1.

1.2.2 Graphical representations

Canonical models apply in certain situations but do not provide a general solu-
tion for compact representations of conditional probability tables. An alternative
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Figure 4 Examples about decision tree (left) and decision diagram (right)
representation of a conditional probability table.

representation is based on the observation that within each conditional probability
table, the same probability values tend to be repeated several times. Thus, it is
not necessary to represent these repeated values many times. A representation that
takes advantage of this condition is decision tree, which could be used for repre-
senting a conditional probability table in a compact way. In a decision tree, each
internal node corresponds to a variable in the conditional probability table, and
the branches from a node correspond to the different values that a variable can
take. The leaf nodes in the tree represent the different probability values. A tra-
jectory from the root to a leaf, specifies a probability value for the corresponding
variables. If a variable is omitted in a trajectory, it means that the conditional
probability table has the same probability for all values of this variable. Another
graphical representation of conditional probability tables is decision diagram, which
extends decision tree by considering a directed acyclic graph structure, such that
it is not restricted to a tree. This avoids the need to duplicate repeated proba-
bility values in the leaf nodes, and in some cases provides an even more compact
representation. Examples about these two graphical representations of conditional
probability tables, P(X | A,B,C,D,E, F,G), is shown in figure 4, assuming vari-
ables A,B,C,D,E, F,G are all binary.

2 Inference
2.1 Belief propagation
The belief propagation algorithm only applies to singly connected graphs (trees and
polytrees). Although there is an extension of belief propagation for general Bayesian
networks, but the convergence is not guaranteed.

Given certain evidence E, the posterior probability for any variable X = xi can
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Figure 5 Divide the evidence E into two independent components E+ and
E− with node X.

be obtained by applying the Bayes rule:

P(xi | E) = P(E | xi) P(xi)
P(E) . (2.1)

Given that the Bayesian network has a tree structure, the network can then be
divided by any node into two independent subtrees. Thus, we can separate the
evidence into:

• E−: evidence of the rooted tree in X, and

• E+: all other evidence,

as shown in figure 5. Since E+ and E− are conditionally independent given X, thus

P(xi | E) = P(E | xi) P(xi)
P(E) (from (2.1))

= P(E−, E+ | xi) P(xi)
P(E)

= P(E− | xi) P(E+ | xi) P(xi)
P(E)

= P(E− | xi) P(xi | E+) P(E+)���P(xi)
P(E)���P(xi)

= 1
Z

P(xi | E+) P(E− | xi), (2.2)

where 1
Z = P(E+)

P(E) is the normalization constant. Let us introduce two auxiliary
variables:

µ(xi) = P(xi | E+),
and

λ(xi) = P(E− | xi),
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then (2.2) can be written as

P(xi | E) = 1
Z
µ(xi)λ(xi). (2.3)

The expression (2.3) is the basis of the belief propagation algorithm to obtain the
posterior probability of all non-instantiated nodes. The computation of the posterior
probability of any node X is decomposed into two parts: (1) the evidence λ coming
from the children of X in the tree, and the evidence µ coming from the parent of
X. We can think of each node X in the tree as a simple processor that stores its
vectors

µ(X) = (. . . ,P(xi | E+), . . .), i = 1, 2, . . .

and
λ(X) = (. . . ,P(E− | xi), . . .), i = 1, 2, . . . ,

and its conditional probability table P(X | pa(X)). The evidence is propagated via
a message passing mechanism, in which each node sends the corresponding messages
to its parent and children in the tree.

Next we derive the equations for the messages. For the λ messages, given that
the children of X are conditionally independent given xi, we have

λ(xi) = P(E− | xi) =
∏

k

P(E(k)
− | xi),

where E(k)
− is the evidence coming from the tree rooted in the kth child Y (k) of X.

Applying the rule of total probability conditioning on Y (k), we obtain

P(E(k)
− | xi) =

∑
y(k)∈Y (k)

P(E(k)
− | xi, y

(k)) P(y(k) | xi)

=
∑

y(k)∈Y (k)

P(E(k)
− | y(k)) P(y(k) | xi)

=
∑

y(k)∈Y (k)

λ(y(k)) P(y(k) | xi), (2.4)

where the second equivalence comes from the fact that the evidence coming from the
tree rooted in node Y (k) is conditionally independent of X given Y (k). Hence the
λ evidence for each note can be calculated recursively according to the λ evidence
of its children by performing a bottom-up propagation, which is shown in the left
of figure 6.

Similarly, for the µ messages, we apply the rule of total probability conditioning
on the parent node W = pa(X) of X:

µ(xi) = P(xi | E+)

=
∑

w∈W

P(xi | E+, w) P(w | E+)
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Figure 6 Left. Bottom-up propagation of the λ evidence. Right. Top-down
propagation of the µ evidence.

=
∑

w∈W

P(xi | w) P(w | E+), (2.5)

where the third equivalence is, again, because of X is conditionally independent of
the evidence E+ given W . P(w | E+) corresponding to the probability of w given
the evidence coming from all the tree except the subtree rooted on X. According
to (2.3) to (2.4), it can be written as

P(w | E+) = 1
Z
µ(w)

∏
E

(k)
W − ̸=E−

P(E(k)
W − | w)

= 1
Z
µ(w)

∏
X(k) ̸=X

∑
x(k)∈X(k)

λ(x(k)) P(x(k) | w), (2.6)

where X(k) is the kth child of W , and E
(k)
W − is the evidence coming from the tree

rooted in X(k). Hence, the µ evidence of each node can be recursively expressed as
a function of the µ evidence of its parent W , and the λ evidence of all other children
of W . To calculate the µ evidence for all nodes, we can first perform a bottom-up
propagation from all leaves of the tree (figure 6, left) to obtain the λ evidence of
all nodes, then perform a top-down propagation from the root of the tree (figure 6,
right).

Before the propagation starts, we should assign the evidence to those instan-
tiated variables, and define the prior of the root and leaf nodes of the tree. For
example, we can consider a uniform distribution λ = 1 if a leaf node is unknown,
and a one-hot coding for a known leaf node (one for the assigned value and zero for
all other values). After obtaining the λ and µ evidence vector of all nodes in the
tree from the propagation, the posterior probability of any variable X is obtained
by combining these vectors using (2.3) and normalizing.

Example. Belief propagation. We now illustrate the belief propagation algorithm with
a simple example. Consider the Bayesian network in figure 7 with 4 binary variables
C, D, E, F , and the only evidence is E = e1. Then the initial conditions for the
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d2 0.1 0.3

d1 d2

e1 0.9 0.5
e2 0.1 0.5

d1 d2

f1 0.7 0.4
f2 0.3 0.6

Figure 7 A simple Bayesian network with corresponding conditional proba-
bility table.

leaf nodes are: λ(E) = (1, 0) and λ(F ) = (1, 1). Propagating to the parent node
D is basically multiplying the λ vectors by the corresponding conditional probability
tables:

λ(D) =
[

1
0

]T [
0.9 0.5
0.1 0.5

]
⊙
[

1
1

]T [
0.7 0.4
0.3 0.6

]
=
[

0.9
0.5

]
⊙
[

1
1

]
=
[

0.9
0.5

]
.

Now propagating it to its parent C:

λ(C) =
[

0.9
0.5

]T [
0.9 0.7
0.1 0.3

]
=
[

0.86
0.78

]
.

In this way, we complete the bottom-up propagation.
We now perform the top-down propagation. Given that C is not instantiated with
prior (0.8, 0.2), we define µ(C) = (0.8, 0.2) and propagate to its child D:

µ(D) =
[

0.8
0.2

]T [
0.9 0.1
0.7 0.3

]
=
[

0.86
0.14

]
.

We now propagate to its child F ; however, given that D has another child, E,we also
need to consider the λ message from this other child, thus:

µ(F ) =

([
0.86
0.14

]
⊙
[

1
0

]T [
0.9 0.5
0.1 0.5

])T [
0.7 0.3
0.4 0.6

]
=
[

0.57
0.27

]
.

This completes the top-down propagation. Given the λ and µ vectors for each un-
known variable, we just multiply them term by term and then normalize to obtain
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the posterior probabilities:

P(C) = 1
Z

[
0.8
0.2

]
⊙
[

0.86
0.78

]
= 1
Z

[
0.69
0.16

]
=
[

0.81
0.19

]
,

P(D) = 1
Z

[
0.86
0.14

]
⊙
[

0.9
0.5

]
= 1
Z

[
0.77
0.07

]
=
[

0.92
0.08

]
,

P(F ) = 1
Z

[
0.57
0.27

]
⊙
[

1
1

]
= 1
Z

[
0.57
0.27

]
=
[

0.68
0.32

]
.

2.2 Variable elimination
Assume a Bayesian network representing the joint probability distribution of X =
{X1, . . . , Xn}. We want to calculate the posterior probability of a certain variable
of subset of variables XH , given a subset of evidence variables XE ; the remaining
variables are XR, such that X = {XH ∪ XE ∪ XR}. The posterior probability of
XH given the evidence is:

P(XH | XE) = P(XH , XE)
P(XE) .

We can obtain both terms via marginalization of the joint distribution:

P(XH , XE) =
∑
XR

P(X),

and
P(XE) =

∑
XH

P(XH , XE).

The objective of the variable elimination method is to perform these calculations
efficiently. To achieve this, we can first represent the joint distribution as a product
of local probabilities according to the network structure. Then, summations can
be carried out only on the subset of terms which are a function of the variables
being normalized. This approach takes advantage of the properties of summation
and multiplication, resulting in the number of necessary operations being reduced.

Example. Variable elimination. Consider the Bayesian network in figure 8, where we
want to obtain P(A | D). In order to achieve this we need to obtain P(A,D) and
P(D). To calculate the first term we should eliminate B, C, and E from the joint
distribution, that is:

P(A,D) =
∑

B

∑
C

∑
E

P(A,B,C,D,E)

=
∑

B

∑
C

∑
E

P(A) P(B | A) P(C | A) P(D | B,C) P(E | C)
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Figure 8 A simple Bayesian network.

= P(A)
∑

B

(
P(B | A)

∑
C

(
P(C | A) P(D | B,C)

∑
E

P(E | C)

))
.

If we consider that all variables are binary, this implies a reduction from 32 operations
to 15 operations.

The critical aspect of the variable elimination algorithm is to select the appro-
priate order for eliminating each variable, as this has an important effect on the
number of required operations. The different terms that are generated during the
calculations are known as factors which are functions over a subset of variables,
that map each instantiation of these variables to a non-negative number (not neces-
sarily probabilities). In general a factor can be represented as f(X1, . . . , Xm). For
instance, in the previous example, one of the factors is f(C,E) = P(E | C), which
is a function of two variables. The computational complexity in terms of space and
time of the variable elimination algorithm is determined by the size of the factors,
i.e., the number of variables on which the factor is defined. Basically, the complexity
for eliminating any number of variables is exponential on the number of variables in
the factor. Thus, the order in which the variables are eliminated should be selected
so that the largest factor is kept to a minimum.

In general, finding the best order of variable elimination is NP-hard, but there
are several heuristics that help to determine a good ordering for variable elimina-
tion. These heuristics can be explained based on the interaction graph, which is an
undirected graph that is built during the process of variable elimination. The vari-
ables of each factor form a clique in the interaction graph. The initial interaction
graph is obtained from the original Bayesian network structure by eliminating the
direction of the arcs, and adding additional arcs between each pair of non-connected
variables that have a common child. Then, each time a variable Xj is eliminated,
the interaction graph is modified by adding an arc between each pair of neighbors
of Xj that are not connected, and deleting variable Xj from the graph. For exam-
ple, the interaction graphs that result from the Bayesian network in figure 8 by the
following elimination ordering: E, D, C, B, is depicted in figure 9. Two popular
heuristics for determining the elimination ordering, which can be obtained from the
interaction graph, are the following:
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Figure 9 Interaction graphs resulting from the elimination of variables with
ordering E, D, C, B from the Bayesian network in figure 8.

• Min-degree: eliminate the variable that leads to the smallest possible factor,
which is equivalent to eliminating the variable with the smallest number of
neighbors in the current interaction graph.

• Min-fill: eliminate the variable that leads to adding the minimum number of
edges to the interaction graph.

A disadvantage of variable elimination is that it only obtains the posterior prob-
ability of one variable (or subset of variables). To obtain the posterior probability
of each non-instantiated variable in a Bayesian network, the calculations have to be
repeated for each variable.

2.3 Conditioning
The conditioning method is based on the fact that an instantiated variable blocks
the propagation of the evidence in a Bayesian network. Thus, we can cut the graph
at an instantiated variable, and this can transform a multi-connected graph into a
polytree, for which we can apply the belief propagation algorithm introduced in §2.1.
In general, a subset of variables can be instantiated to transform a multi-connected
network into a singly connected graph. If these variables are not actually known, we
can set them to each of their possible values, and then do probability propagation
for each value. With each propagation we obtain the posterior probabilities for all
unknown variables. Then, the final probability values are obtained as a weighted
combination of these posterior probabilities.
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First we will introduce the conditioning algorithm assuming we only need to
partition a single variable and then we will extend it for multiple variables. For-
mally, we want to obtain the probability of any variable X, given the evidence E,
conditioning on variable A. The variable A is selected such that by instantiating
A, the multi-connected graph can be transformed to a singly connected graph. By
the rule of total probability, we have

P(X | E) =
∑
a∈A

P(X | E, a) P(a | E), (2.7)

where P(X | E, a) is the posterior probability of X which is obtained by probability
propagation for each possible value of A, and the probability P(a | E) is the weight.
By applying the Bayes rule, we obtain the following equation to estimate the weight:

P(a | E) = 1
Z

P(a) P(E | a), (2.8)

for all a ∈ A, where 1
Z is the normalization constant. The first term P(a) can

be obtained by propagating without evidence. The second term P(E | a) can be
calculated by propagation with A = a to obtain the probability of the evidence
variables.

Example. Conditioning. Consider the Bayesian network in figure 8, this multi-connected
network can be transformed into a polytree by assuming A is instantiated, as shown
in figure 10. If the evidence is D and E, then probabilities of the other variables A,
B, and C can be obtained via conditioning following these steps:

1. Obtain the prior probability of A.
2. Obtain the probability of the evidence nodes D and E for each value of A by

probability propagation in the polytree.
3. Calculate the weights P (a | D,E) according to (2.8), with the probabilities

obtained from the last two steps.
4. Estimate the probability of B and C for each value of A given the evidence by

probability propagation in the polytree.
5. Obtain the posterior probabilities for B and C from the last two steps by ap-

plying (2.7).

In general, if we need to instantiate n variables to transform a multi-connected
Bayesian network to a polytree, propagation must be performed for all the com-
binations of values of the instantiated variables. If each variable has k values, the
number of propagations is kn. The procedure is basically the same as described
above for one variable with increased complexity.
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Figure 10 Transform the Bayesian network in figure 8 into a singly connected
network by instantiating A.

2.4 Junction tree algorithm
The junction tree method is based on a transformation of the Bayesian network to
a junction tree, where each node in this tree is a group or cluster of variables from
the original network. Probabilistic inference is performed over this new represen-
tation. Before going into the details about the algorithm, we first introduce some
background knowledge about graph theory.

2.4.1 Complete graph and cliques

A complete graph is a graph, in which each pair of nodes is adjacent, i.e., there is
an edge between each pair of nodes. A complete set is a subset of some graph G
that induces a complete subgraph of G. It is a subset of vertices of G so that each
pair of nodes in this subgraph is adjacent. A clique C is a subset of graph G such
that it is a complete set that is maximal, i.e., there is no other complete set in G
that contains C.

2.4.2 Ordering and triangulation

An ordering of the nodes in a graph consists in assigning an integer to each node.
Given a graph G = (V,E), with n vertices, then α = (V1, . . . , Vn) is an ordering of
the graph, where Vi is before Vj according to this ordering if i < j. An ordering α
of a graph G = (V,E) is a perfect ordering if all the adjacent vertices of each vertex
Vi that are before Vi are completely connected according to this ordering. That
is, for every node Vi, adj(Vi) ∩ {V1, . . . , Vi−1} is a complete subgraph of G, where
adj(V ) denotes the adjacent nodes of V . Figure 11 depicts an example of a perfect
ordering.

Consider the set of m cliques of an undirected connected graph G. In an anal-
ogous way as an ordering of the nodes, we can define an ordering of the cliques
as β = (C1, . . . , Cm). An ordering β of the cliques has the running intersection
property, if all the common nodes of each clique Ci with previous cliques according
to this order are contained in some clique Cj with j < i. That is, for every clique Ci

with i > 1, there exists a clique Cj with j < i such that Ci ∩ {C1, . . . , Ci−1} ⊆ Cj .
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Figure 11 An example of an ordering of nodes and cliques in a graph. In
this case, the nodes have a perfect ordering, and the ordering of the cliques
satisfies the running intersection property.

In this case, we call the clique Cj the parent of clique Ci. It is possible that a
clique has more than one parent. The cliques C1, C2, and C3 in figure 11 satisfy
the running intersection property. In this example, C1 is the parent of C2, and C1
and C2 are parents of C3.

A graph G is triangulated if every simple circuit of length greater than three in
G has a chord. A chord is an edge that connects two of the vertices in the circuit
and that is not part of that circuit. For example, in the triangulated graph shown
in figure 11, the circuit formed by the vertices 1→ 2→ 4→ 3→ 1 has a chord that
connects nodes 2 and 3. Given a graph G, satisfying the triangulation property is
a condition for achieving a perfect ordering of the vertices, and having an ordering
of the cliques that satisfies the running intersection property.

2.4.3 Maximum cardinality search

Given that a graph is triangulated, the maximum cardinality search algorithm pro-
vides a perfect ordering of the nodes. Let G = (V,E) be an undirected graph with
n vertices, we first select any node from V and assign it index 1. Then from all
the non-indexed vertices, select the one with higher number of adjacent indexed
vertices and assign it the next number, until all nodes in G have been numbered.
If there are multiple nodes with the same number of adjacent indexed vertices, we
can choose from one of them randomly for the current index.

Given a perfect ordering of the vertices, it is easy to number the cliques so the
order satisfies the running intersection property. For this, the cliques are numbered
in inverse order. Given a set of m cliques, the clique that has the node with the
highest index is assigned m, and the clique that includes the next highest indexed
node is assignedm−1, until all cliques are numbered. This method can be illustrated
with the example in figure 11. The node with the highest number is 5, so the clique
that contains it is C3. The next highest node is 4, so the clique that includes it is
C2. The remaining clique is C1.
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Figure 12 Transformation of the Bayesian network in figure 8 to a junction
tree. The ellipse nodes represent cliques and the rectangle nodes are the
separators.

2.4.4 Junction tree algorithm

The intuition behind the junction tree method is based on transforming a Bayesian
network (which is a directed graph) to an undirected graph, and then clustering the
variables into cliques so that the resulting graph is singly connected. Finally the
belief propagation can be performed on the resulting singly connected network.

The transformation proceeds as follows:

1. Eliminate the directionality of the arcs.

2. Moralize the graph by adding an arc between pairs of nodes with common
children, and add additional arcs if necessary to make the graph triangulated.

3. Order the nodes in the graph with maximum cardinality search.

4. Obtain and order the cliques of the graph such that the order satisfies the
running intersection property.

5. Build a junction tree according to the clique ordering.

Figure 12 shows an example of transforming a Bayesian network to a junction
tree. Those common variables of neighbor cliques in the junction tree are called
separators. Given the relevance of these separators, the junction tree is usually
drawn including the separator nodes, depicted as rectangles.

Once the junction tree is built, inference is based on probability propagation over
the junction tree, in an analogous way as for tree-structured Bayesian networks. In
practice, the belief propagation process on a junction tree is divided into two stages:
preprocessing and propagation. In the preprocessing phase, the potentials ψ of each
clique are obtained through the following steps:

1. Determine the set of variables for each clique Ci.

2. Determine the set of variables that are shared with the previous (parent)
clique, i.e., the separators Si.
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3. Determine the set of other variables Ri that are in Ci but not in Si.

4. Calculate the potential of each clique as ψ(Ci) =
∏

X∈Ri
P(X | pa(X)).

The propagation phase proceeds in a similar way to belief propagation for trees, by
propagating λ messages bottom-up and µ messages top-down:

• Bottom-up propagation.

1. Start from the leaf clique, calculate the λ message to send to the parent
clique: λ(Ci) =

∑
Ri
ψ(Ci).

2. Update the potential of each clique with the λ messages from its children:
ψ′(Cj) = λ(Ci)ψ(Cj).

3. Repeat the previous two steps until reaching the root clique, and obtain
P(Croot) = ψ′(Croot).

• Top-down propagation.

1. Start from the root clique, calculate the µ message to send to each child
node Ci by its parent Cj : µ(Ci) =

∑
Cj−Si

P(Cj).
2. Update the potential of each clique when receiving the µ message from

its parent and obtain: P(Ci) = ψ′(Ci) µ(Ci)
λ(Ci) .

3. Repeat the previous two steps until reaching the leaf nodes in the junction
tree.

At the end of this propagation in both directions, each clique has the joint marginal
probability of the variables that conform it. Hence, the marginal posterior proba-
bilities of each variable can be obtained from the clique via marginalization.

Example. Junction tree algorithm. Consider the junction tree in figure 12, the prepro-
cessing phase is obtaining:

C1 = {A,B,C} C2 = {B,C,D} C3 = {C,E}
S1 = ∅ S2 = {B,C} S3 = {C}
R1 = {A,B,C} R2 = {D} R3 = {E}
ψ(C1) = P(A) P(B | A) P(C | A) ψ(C2) = P(D | B,C) ψ(C3) = P(E | C).

Then in the propagation phase, first C3 sends a λ message to C2:

λ(C3) =
∑

E

ψ(C3) =
∑

E

P(E | C),

and the potential of C2 is updated as:

ψ′(C2) = ψ(C2)λ(C3) = P(D | B,C)
∑

E

P(E | C).
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Next, the λ message from C2

λ(C2) =
∑

D

ψ′(C2) =
∑

D

P(D | B,C)
∑

E

P(E | C)

is sent to C1, and the potential of C1 is updated as:

ψ′(C1) = ψ(C1)λ(C2) = P(A) P(B | A) P(C | A)
∑

D

P(D | B,C)
∑

E

P(E | C).

Finally we assign P(C1) = ψ′(C1), which ends the bottom-up propagation. Note that
the obtained probability P(C1) is equivalent to the joint marginal probability of the
variables in clique C1 since

P(C1) = ψ′(C1)

= P(A) P(B | A) P(C | A)
∑

D

P(D | B,C)
∑

E

P(E | C)

=
∑
D,E

P(A) P(B | A) P(C | A) P(D | B,C) P(E | C)

=
∑
D,E

P(A,B,C,D,E)

= P(A,B,C).

Now starts the top-down propagation. Clique C1 sends µ message

µ(C2) =
∑

C1−S2

P(C1) =
∑

A

P(A,B,C)

to clique C2, and we obtain

P(C2) = ψ′(C2)µ(C2)
λ(C2)

=
P(D | B,C)

∑
E

P(E | C)
∑

A
P(A,B,C)∑

D
P(D | B,C)

∑
E

P(E | C)
= P(D | B,C) P(B,C)
= P(B,C,D),

which is also equivalent to the joint marginal probability of the variables in clique C2.
Finally, clique C2 sends µ message

µ(C3) =
∑

C2−S3

P(C2) =
∑
B,D

P(B,C,D)

to clique C3, and we get

P(C3) = ψ′(C3)µ(C3)
λ(C3)

=
P(E | C)

∑
B,D

P(B,C,D)∑
E

P(E | C)
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= P(E | C) P(C)
= P(C,E).

This ends the top-down propagation.
After obtaining the joint marginal probability of the variables for all cliques, the single
variable’s probabilities can be calculated via marginalization:

P(A) =
∑

B,C
P(C1) P(B) =

∑
A,C

P(C1) P(C) =
∑

A,B
P(C1)

P(D) =
∑

B,C
P(C2)

P(E) =
∑

C
P(C3).

2.5 Sampling based methods
Stochastic simulation algorithms consist in simulating the Bayesian several times,
where each simulation gives a sample value for all non-instantiated variables. Then
the posterior probability of each variable is approximated in terms of the frequency
of each value in the sample space. This process gives an estimate of the posterior
probability which depends on the number of samples. However, the computational
cost is not affected by the complexity of the network.

2.5.1 Logic sampling

Logic sampling is a basic stochastic simulation algorithm that generates samples
according to the following procedure:

1. Generate sample values for all root nodes of the Bayesian network according
to their prior probabilities P(X).

2. Generate samples for the children of the sampled nodes, according to their
conditional probabilities P(X | pa(X)).

3. Repeat the second step until all leaf nodes are reached.

The previous procedure is repeated n times to generate n samples. Then the proba-
bility of possible values of each variable is estimated as the frequency that the value
occurs in the n samples, i.e.,

P(X = xk) = 1
n

n∑
i=1

Ixk
(xi),

where the indicator function Ixk
(xi) = 1 if xk = xi, and 0 otherwise.

Direct application of the previous procedure gives an estimate of the marginal
probabilities of all the variables when there is no evidence. If there is evidence,
i.e., some variables are instantiated, all samples that are not consistent with the
evidence are discarded and the posterior probabilities are estimated from the re-
maining samples.
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A disadvantage of logic sampling when evidence exists is that the data-efficiency
is very low since many samples have to be discarded. This implies that a larger
number of samples are required to have a relatively good estimation.

2.5.2 Likelihood weighting

Likelihood weighting generates samples in the same way as logic sampling, however
when there is evidence the non-consistent samples are not discarded. Instead, each
sample is given a weight according to the weight of the evidence for this sample.
Given a sample of all non-instantiated nodes H and the evidence variables E, the
weight of sample i is calculated as:

wi = P(E | Hi),

then the posterior probability of possible values of each variable is estimated as a
weighted average over all n samples:

P(X = xk) =
∑n

i=1 wiIxk
(xi)∑n

i=1 wi
.

3 Parameter learning
When the network structure is known, parameter learning of a Bayesian network
consists in estimating the conditional probability tables from data. If we have
sufficient and complete data for all the variables, the conditional probability table for
each variable can be estimated based on the frequency of each value or combination
of values via maximum likelihood estimation (MLE). For example, to estimate the
conditional probability table of variable C with two parents A and B given the
observed n samples, each entry of the table can be estimated according to

P(C = ck | A = ai, B = bj) =
∑n

i′=1 Iai,bj ,ck
(ai′ , bi′ , ci′)∑n

i′=1 Iai,bj (ai′ , bi′)

with indicator function I. However, it can sometimes happen that we do not have
a perfect dataset for learning the parameters.

3.1 Smoothing
When we estimate probabilities from data, it can sometimes happen that a partic-
ular event never occurs in the data set. This leads to the corresponding probability
value being zero, implying an impossible case. Hence, if in the inference process this
probability is considered, it will also make the result zero. This situation occurs,
in many cases, because there is insufficient data to have a robust estimate of the
parameters, and not because it is really an impossible event. This problem can be
addressed by using some type of smoothing for the probabilities, eliminating zero
probability values. From a Bayesian point of view, smoothing corresponding to
estimate the posterior distribution of the parameters given some priors.
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3.1.1 Uniform prior

One of the most common and simplest prior one can consider is a uniform dis-
tribution on the variable domain, which is called Laplacian smoothing (or additive
smoothing). Consider a discrete variable X with m possible values. Given a dataset
with n samples, the estimation of its probability will be the following:

P(xi) = α+
∑n

i′=1 Ixi
(xi′)

αm+ n
, i = 1, . . . ,m, (3.1)

where I is the indication function of xi and α is the smoothing parameter, with
α = 0 corresponding to no smoothing. When there is no observed sample, i.e.,
n = 0, the estimated parameter distribution is simply the uniform prior

P(xi) = 1
m
, i = 1, . . . ,m.

As the number of observed samples increases, the parameter estimation will converge
to the true data distribution since in this case,

lim
n→∞

P(xi) = lim
n→∞

α+
∑n

i′=1 Ixi
(xi′)

αm+ n
=
∑n

i′=1 Ixi
(xi′)

n
,

for all i = 1, . . . ,m.

3.1.2 Beta prior

Other than the non-informative uniform prior, we can try to integrate more expert
information into the parameter estimation by considering an informative prior. For
binary variables, we can build a prior based on the expectations of a beta dis-
tribution, Beta(α, β). The expected value of random variable X ∼ Beta(α, β) is
controlled by the shape parameters α and β, that is

E
Beta(α,β)

X = P(X = 1 | α, β) = α

α+ β
.

Then similar to (3.1), given a dataset with n samples, the estimation of binary
variable X can be obtained as

P(X = 1) = α+
∑n

i′=1 I1(xi′)
α+ β + n

,

and P(X = 0) = 1 − P(X = 1). In this case, the fraction α
α+β determines the

expert’s prior for X = 1, while the denominator α+ β defines the confidence about
the prior. This means that a higher α + β value assigns more confidence on the
prior while a lower value places more weight on the observations.

Example. Smoothing with beta prior. Assuming that an expert gives an estimate of
EBeta(α,β) X = 0.7 for a certain parameter, and that the experimental data provides 40
positive cases among 100 samples. The parameter estimation for different confidences
assigned to the expert will be the following:
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• Low confidence (α+ β = 10): P(X = 1) = 7+40
10+100 = 0.43.

• Medium confidence (α+ β = 100): P(X = 1) = 70+40
100+100 = 0.55.

• High confidence (α+ β = 1000): P(X = 1) = 700+40
1000+100 = 0.67.

In the first case, the expert prior is dominated by the data, while in the third case
the probability is closer to the expert’s estimation, and the second case provides a
compromise between them.

3.1.3 Dirichlet prior

The idea of the previous beta prior can be extended to general m-valued random
variables by replacing the beta distribution with a Dirichlet distribution, Dir(α),
with the concentration parameter α being an m-vector. The expected value of each
entry of an m-dimensional random vector X ∼ Dir(α) is

E
Dir(α)

Xi = P(xi | α) = αi

1Tα
, i = 1, . . . ,m,

and we also have
m∑

i=1
E

Dir(α)
Xi = 1.

We can view the m-dimensional random vector as a m-valued discrete random vari-
able by assigning each of the entries an value. Hence, with the given n observations,
we can estimate the probability distribution of X as

P(xi) = αi +
∑n

i′=1 Ixi
(xi′)

1Tα+ n
, i = 1, . . . ,m.

Similar to the beta prior, the fraction αi/1Tα determines the expert’s prior for
X = xi, and the confidence about the prior is controlled by the value of 1Tα.

3.2 Missing data
Another common situation that we may have during parameter learning is to have
incomplete data. There are two basic cases:

• Missing values: in some samples there are missing values for one or more
variables.

• Hidden nodes: a variable or set of variables in the model cannot be observed.

For dealing with missing values, there are several alternatives. One trivial ap-
proach would be to remove all the samples with missing values. This would be
acceptable only if there is sufficient data. Another alternative without removing
any samples from the dataset is to substitute the missing value by the most com-
mon value of that variable based on all available observations. However, this may
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bias the model since the information from the other variables is not taken into ac-
count. In general the best option would be to estimate the missing value based on
the values of the other variables in the corresponding sample. In this case, we first
learn the parameters of the Bayesian network based on the samples with complete
observations, and then for each sample with missing values applying the following
process:

1. Instantiate all the known variables in the sample.

2. Through probabilistic inference obtain the posterior probabilities of the miss-
ing variables.

3. Assign to each unknown variable the value with highest posterior probability,
or sample one value according to the posterior probability.

4. Add this completed sample to the database.

Finally we can re-estimate the model parameters based on the completed dataset.
For hidden nodes, the approach to estimate their parameters is based on the

expectation-maximization (EM) algorithm. The algorithm starts by initializing the
missing parameters with random values. Then for each EM-iteration, in the E-
step, the missing data values are estimated based on the current parameters; in
the M-step, the parameters are updated based on the estimated data. This will be
repeated multiple times until the parameters get converge.

3.3 Discretization
Usually Bayesian networks consider discrete or categorical variables. Although there
are some developments for continuous variables, these are restricted to certain dis-
tributions, in particular Gaussian variables and linear relations. An alternative to
include continuous variables in Bayesian networks is to discretize them, i.e., trans-
form them to categorical variables. Discretization methods can be unsupervised
and supervised.

3.3.1 Unsupervised discretization

Unsupervised discretization do not consider the task for which the model is going to
be used, meaning that the discretization intervals for each variable are determined
independently. The two main types of unsupervised discretization approaches are
equal width and equal data. Equal width consists in dividing the range of a variable
into k equal bins, such that each bin has a size of (supX − inf X)/k. The number
of intervals k is usually assigned by the user. Equal data divides the range of
the variable into k intervals, such that each interval includes the same number of
data points from the training dataset. In other words, if there are n samples, each
interval will contain n/k data points, but the intervals will not necessarily have the
same width.
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3.3.2 Supervised discretization

Supervised discretization incorporates the task to be performed with the model,
such that the variables are discretized to optimize this task, for instance classi-
fication accuracy. This can be posed as an optimization problem. For example,
consider a continuous feature variable X and a categorical class variable C. Given
n training samples with each one having a value for C and X, the problem is to
determine the optimal partition of (inf X, supX) such that the classification ac-
curacy is maximized. This is then a combinatorial optimization problem that is
computationally complex. Different search approaches can be used, including basic
ones such as hill-climbing or more sophisticated methods like simulated annealing
and genetic algorithms.

4 Structure learning
4.1 Tree learning
For a particular case where the dependencies between random variables can be
represented with a tree-structure, the structure learning procedure can be separated
into two steps: (1) learning the skeleton of the tree, i.e., establishing undirected
edges between variables, and (2) determining the direction of the edges.

4.1.1 Skeleton learning

The Chow-Liu procedure (CLP) obtains the skeleton of a tree, but does not provide
the directions of the arcs. Given a set of n random variables X = {X1, . . . , Xn},
we would like to find the tree structure that best approximate the joint distribution
of these variables P(x). Let P̃(x) be the approximated joint distribution obtained
from some tree including these variables, the skeleton learning problem consists
in minimizing the distance between distributions P(x) and P̃(x), according to the
KL-divergence measure:

DKL(P, P̃) =
∑
x∈X

P(x) log
(

P(x)
P̃(x)

)
. (4.1)

However, evaluating the KL-divergence for all possible trees is very expensive. As
an alternative of the objective (4.1), let

I(Xi, Xj) =
∑

xi∈Xi,xj∈Xj

P(xi, xj) log
(

P(xi, xj)
P(xi) P(xj)

)
be the mutual information between any pair of variables Xi ∈ X, Xj ∈ X, we define
the weight W (X) as the sum of the mutual information of the edges that constitute
the tree G = (X,E) as

W (X) =
∑

(Xi,Xj)∈E

I(Xi, Xj) =
n−1∑
i=1

I(Xi,pa(Xi)). (4.2)
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(Here we assume the root note is indexed as Xn in the tree without loosing of
generality.) It can be shown that minimizing (4.1) is equivalent to maximizing
(4.2) over the set of edges E. Therefore, obtaining the optimal tree is equivalent to
finding the maximum weight spanning tree, according to the following procedure:

1. Obtain the mutual information I(Xi, Xj) for all pairs of variables Xi ∈ X,
Xj ∈ X.

2. Order the mutual information values in descending order.

3. Select the pair (Xi, Xj) with maximum I(Xi, Xj) and connect the two vari-
ables with an edge, this constitutes the initial tree.

4. Add the pair with the next highest mutual information to the tree if they do
not make a cycle, otherwise skip it and continue with the following pair.

5. Repeat the previous step until all the variables are in the tree.

4.1.2 Direction learning

Based on the learnt skeleton of the tree from CLP, one trivial way of assigning edge
directions would be randomly select one node as the tree root and assign directions
to the edges starting from this root. Another option is to obtain directions using
external semantics, or using higher order dependency tests. We will introduce the
last alternative subsequently.

As discussed in §1.1.2, given three variables X, Y , and Z, there are three pos-
sibilities for their dependency:

• Sequential: X → Y → Z.

• Divergent: X ← Y → Z.

• Convergent: X → Y ← Z.

The first two cases are indistinguishable under statistical independence testing,
since in both cases X and Z are independent given Y . However the third case is
different, where X and Z are not independent given Y . Hence, this case can be
used to determine the directions of the two arcs that connect these three variables,
and once we have identified a convergent structure, we can apply this knowledge to
learn the directions of other arcs using independence tests. With this, the following
algorithm can be used for learning the direction of a tree skeleton:

1. Iterate over the network until a convergent variable triplet is found. We will
call the variable to which the arcs converge a multi-parent node.

2. Starting with a multi-parent node, determine the directions of other arcs using
independence tests for variable triplets. Continue this procedure until it is no
longer possible.

3. Repeat the first two steps until no other directions can be determined.
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Figure 13 An example of learning the edge directions given a tree skeleton
using independence tests.

However, we should note that there is no guarantee that the direction for all the
arcs in the tree can be obtained via this procedure. If any arcs are left undirected
when the algorithm quits, external semantics can be used to infer their directions.

Example. Direction learning using independence tests. Given a tree skeleton shown
in figure 13, we first perform statistical independence tests for the variable triplet
{X1, X2, X4}. Suppose we find that X2 are dependent of X4 given X1, meaning the
variable triplet {X1, X2, X4} falls into the convergent substructure. Hence, we can
assign the direction for edge (X1, X2) and (X1, X4) as X2 → X1 ← X4. Based on
this knowledge, we can further test the independence relationship between triplet
{X1, X2, X3} and {X1, X3, X4}. If we have (X2 ⊥⊥ X3 | X1) and (X3 ⊥⊥ X4 | X1),
the direction of edge (X1, X3) must be X1 → X3. Otherwise, both the variable
triplets {X1, X2, X3} and {X1, X3, X4} fall into convergent substructure and we can
thus assign the edge direction X1 ← X3. Finally, the same process can be applied for
triplet {X1, X3, X5} to determine the direction of edge (X3, X5).

4.2 Score-based methods
Score-based methods view the structure learning problem as a combinatorial opti-
mization problem with respect to some type of scoring function over the network
structure. Since this problem is generally NP-hard, we resort to heuristic search
techniques, such as hill-climbing, simulated annealing, genetic algorithms, etc. As
can be expected, one of the most important decisions we must make in this frame-
work is the choice of scoring function S.

4.2.1 Likelihood score

The likelihood score is defined as the probability of observing the dataset D given
the graph G and its parameters θG, typically expressed in logarithmic form:

SLL(G) = lD(θG) = log P(D | θG, G). (4.3)

The network structure found by directly maximizing the log-likelihood score (MLE
estimation) can be highly complex, which usually implies overfitting the data (poor
generalization) and also makes inference more complex.
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4.2.2 Bayesian score

An alternative metric which avoids overfitting is expressed by following a Bayesian
approach, obtaining the posterior probability of the structure given the data with
the Bayes rule:

P(G | D) = P(D | G) P(G)
P(D) .

Since the denominator P(D) is a constant that does not depend on the structure,
it can be discarded from the metric. Thus we define the Bayesian score as:

SB(G) = log P(D | G) + log P(G),

which is again, for convenience, expressed in logarithmic form. The probability
P(G) is the prior over network structures, allowing us to prefer some structures
over others. The likelihood term P(D | G) is called the marginal likelihood of the
data since its obtained by marginalizing out the unknown model parameters θG:

P(D | G) =
∫

θG

P(D | θG, G) P(θG | G) dθG, (4.4)

where P(D | θG, G) is the likelihood of the data given the network G and its
parameter θG, and P(θG | G) is the prior distribution over different parameter
values for the network G.

It is important to realize that maximizing the marginal likelihood (4.4) is quite
different from maximizing the likelihood score (4.3). Both terms examine the likeli-
hood of the data given the structure. The maximum likelihood score evaluates the
likelihood of the training data using the best parameter values for the given dataset.
This estimate is realistic only if these parameters are also reflective of the data in
general, a situation that never occurs. In contrast, in the Bayesian approach, by
integrating P(D | θG, G) over the different choices of parameters θG, we are mea-
suring the expected likelihood, averaged over different possible choices of θG. Thus,
we are being more conservative in our estimate of the goodness of the model, which
contributes to avoid overfitting.

In practice, the value of the marginal likelihood P(D | G) depends on the pa-
rameter prior P(θG | G) that we select, as well as the number of samples in the
dataset, etc. For example, if we use a Dirichlet parameter prior for all parameters
in the network, then, when the number of samples in the dataset n→∞, we have
the Bayesian information criterion (BIC):

SBIC(G) = lD(θG)− k

2 logn

= log P(D | θG, G)− k

2 logn, (4.5)

where k is the number of parameters in the model and n is the number of samples
in the dataset. From this example, we can see that the Bayesian score seems to be
biased toward simpler structures, but as it gets more data, it is willing to recognize
that a more complex structure is necessary. In other words, it appears to trade off
fit to data with model complexity, thereby reducing the extent of overfitting.
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4.3 PC algorithm
The PC algorithm first recovers the skeleton (underlying undirected graph) of the
Bayesian network, and then it determines the direction of the edges. To determine
the skeleton, it starts from a fully connected undirected graph, and determines the
conditional independence of each pair of variables given some subset of the other
variables. For this it assumes that there is a procedure that can determine if two
variables, X and Y , are independent given a subset of variables Z. For example,
using statistical tests or by calculating the conditional cross-entropy measure. If
the independence measure is below some threshold value set according to a certain
confidence level, the edge between the pair of variables is eliminated. These tests
are iterated for all pairs of variables in the graph. Then in the second step, where
the direction of the edges are determined, the same independence testing procedure
based on variable triplets as introduced in §4.1.2 can be applied.

If the set of independencies are faithful to a graph, meaning that that condi-
tional independence relations are due to the causal structure rather than because of
accidents in parameter values, and the independence tests are perfect, the algorithm
produces a graph equivalent to the original one.
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√
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