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Optimal control problems

· · · · · ·st st+1 st+2 st+3

at at+1 at+2at−1

maximize (over θ)
∑T

t=1 E(st,at)∼p(st,at|θ)[r(st, at)]

• T : time horizon

• p(τ) = p(s1, a1, . . . , sT , aT | θ) = p(s1)
∏T

t=1 p(at | st, θ)p(st+1 | st, at)
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The graphical model

· · · · · ·st st+1 st+2 st+3

at at+1 at+2at−1

ot ot+1 ot+2

• O: binary random variable, ot = 1 =⇒ step t is optimal

p(ot = 1 | st, at) = exp(r(st, at))

– assume r(st, at) < 0 for all st ∈ S, at ∈ A
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Policy search

target: find the optimal policy p(at | st, o1:T = 1)

• we will denote o1:T = 1 as o∗1:T subsequently for simplicity

• according to the Markov property of the system: p(at | st, o∗1:T ) = p(at | st, o∗t:T )

backward messages

• state-action message
β(st, at) = p(o∗t:T | st, at)

• state-only message
β(st) = p(o∗t:T | st)
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Policy search

• recover β(st) from β(st, at):

β(st) = p(o∗t:T | st) =
∫
A
p(o∗t:T | st, at)p(at | st) dat =

∫
A
β(st, at)p(at | st) dat

– p(at | st): action prior, assumed to be uniform, i.e., p(at | st) = 1
card(A)

• recursive expression

β(st, at) = p(o∗t:T | st, at)

=

{
exp(r(sT , aT )) t = T∫
S β(st+1)p(st+1 | st, at)p(o∗t | st, at) dst+1 t < T
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Policy search

optimal policy

p(at | st, o∗t:T ) =
p(st, at | o∗t:T )
p(st | o∗t:T )

=
p(o∗t:T | st, at)p(at | st)p(st)

p(o∗t:T | st)p(st)

∝ p(o∗t:T | st, at)
p(o∗t:T | st)

=
β(st, at)

β(st)

• p(at | st) disappears since it’s assumed to be uniform
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Connection to Bellman equations

backward messages in log-space

Q(st, at) = log β(st, at)

V (st) = log β(st)

• marginalization over actions:

β(st) =

∫
A
β(st, at) dat =⇒ V (st) = log

∫
A
exp(Q(st, at)) dat

– V (st) ≈ maxat Q(st, at) for large Q(st, at)
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Connection to Bellman equations

backups in log-space

β(st, at) =

∫
S
β(st+1)p(st+1 | st, at)p(o∗t | st, at) dst+1

• deterministic dynamics: soft Bellman optimality equations

Q(st, at) = r(st, at) + V (st+1) = r(st, at) + log

∫
A
exp(Q(st+1, at+1)) dat+1

• stochastic dynamics:

Q(st, at) = r(st, at) + log

∫
S
p(st+1 | st, at) exp(V (st+1)) dst+1

= r(st, at) + logEst+1∼p(st+1|st,at)[exp(V (st+1))]

– optimistic Q-functions, creating risk-seeking behavior
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Maximum entropy control

• posterior distribution over trajectories τ given that all
actions are optimal:

p(τ | o∗1:T ) ∝ p(τ, o∗1:T )

= p(s1)
T∏

t=1

p(o∗t | st, at)p(st+1 | st, at)

= p(s1)
T∏

t=1

exp(r(st, at))p(st+1 | st, at)

=

[
p(s1)

T∏
t=1

p(st+1 | st, at)

]
exp

(
T∑

t=1

r(st, at)

)

• distribution over trajectories τ given some policy πθ:

pθ(τ) = p(s1)
T∏

t=1

p(st+1 | st, at)πθ(at | st)

· · · · · ·st st+1 st+2 st+3

at at+1 at+2at−1

ot ot+1 ot+2

p(ot = 1 | st, at) = exp(r(st, at))
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Maximum entropy control

the inference problem

minimize (over θ) DKL(pθ(τ) ∥ p(τ | o∗1:T ))

• the optimal policy π∗ has to result in a p∗(τ) that match exactly to the optimal posterior
trajectory distribution p(τ | o∗1:T )

• DKL(pθ(τ) ∥ p(τ | o∗1:T )) = −Eτ∼pθ(τ)[log p(τ | o∗1:T )− log pθ(τ)]
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Maximum entropy control

−DKL(pθ(τ) ∥ p(τ | o∗1:T )) = Eτ∼pθ(τ)

[
log p(s1) +

T∑
t=1

(log p(st+1 | st, at) + r(st, at))

− log p(s1)−
T∑

t=1

(log p(st+1 | st, at) + log πθ(at | st))
]

= Eτ∼pθ(τ)

[
T∑

t=1

r(st, at)− log πθ(at | st)
]

=
T∑

t=1

E(st,at)∼pθ(st,at)[r(st, at)− log πθ(at | st)]

=
T∑

t=1

E(st,at)∼pθ(st,at)[r(st, at)] +
T∑

t=1

Est∼pθ(st)
[H(πθ(st))]

• H(πθ(st)): the entropy of policy πθ at state st

• minimizing the KL-divergence equals to maximizing the expected reward and the expected policy entropy
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Connection to variational inference

variational inference

• approximate some distribution p(x) with another, potentially simpler distribution q(x)

• q(x) is taken to be some tractable factorized distribution, which lends itself to tractable
exact inference

• approximate inference is performed by optimizing the variational lower bound (also
called the evidence lower bound).
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Connection to variational inference

• target distribution

p(τ | o∗1:T ) =
[
p(s1)

T∏
t=1

p(st+1 | st, at)
]
exp

(
T∑

t=1

r(st, at)

)

• approximate distribution

q(τ) = q(s1)

T∏
t=1

q(st+1 | st, at)q(at | st)

– q(s1) = p(s1)

– q(st+1 | st, at) = p(st+1 | st, at)

– q(at | st) = πθ(at | st)
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Connection to variational inference

• variational lower bound given evidence ot = 1 for all t = 1, . . . , T :

log p(o∗1:T ) = log

∫∫
p(o∗1:T , s1:T , a1:T ) ds1:T da1:T

= log

∫∫
p(o∗1:T , s1:T , a1:T )

q(s1:T , a1:T )

q(s1:T , a1:T )
ds1:T da1:T

= logE(s1:T ,a1:T )∼q(s1:T ,a1:T )

[
p(o∗1:T , s1:T , a1:T )

q(s1:T , a1:T )

]
≥ E(s1:T ,a1:T )∼q(s1:T ,a1:T )[log p(o

∗
1:T , s1:T , a1:T )− log q(s1:T , a1:T )]

= E(s1:T ,a1:T )∼q(s1:T ,a1:T )

[
T∑

t=1

r(st, at)− log q(at | st)
]

– the inequality holds because of Jensen’s inequality

– optimizing log p(o∗1:T ) equals to optimizing DKL(pθ(τ) ∥ p(τ | o∗1:T ))
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Obtaining the optimal policy

minimize (over θ)
∑T

t=1 E(st,at)∼pθ(st,at)[r(st, at)− log πθ(at | st)]
dynamic programming

• the base case:

E(sT ,aT )∼pθ(sT ,aT )[r(sT , aT )− log πθ(aT | sT )]

= E(sT ,aT )∼pθ(sT ,aT )

[
log

exp(r(sT , aT ))

exp(V (sT ))
− log πθ(aT | sT ) + V (sT )

]
= EsT∼pθ(sT )

[
−DKL

(
πθ(sT )

∥∥∥∥ 1

exp(V (sT ))
exp(r(sT ))

)
+ V (sT )

]

– V (sT ) = log
∫
A exp(r(sT , aT )) daT : normalizing constant

– optimal policy: πθ(aT | sT ) = exp(r(sT , aT )− V (sT ))
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Obtaining the optimal policy

• the recursive case:

E(st,at)∼pθ(st,at)[r(st, at)− log πθ(at | st)] +E(st,at)∼pθ(st,at)[Est+1∼p(st+1|st,at)[V (st+1)]]

= E(st,at)∼pθ(st,at)[r(st, at) +Est+1∼p(st+1|st,at)[V (st+1)]− log πθ(at | st)]

= E(st,at)∼pθ(st,at)

[
log

exp(r(st, at) +Est+1∼p(st+1|st,at)[V (st+1)])

exp(V (st))
− log πθ(at | st) + V (st)

]
= Est∼pθ(st)

[
−DKL

(
πθ(st)

∥∥∥∥ 1

exp(V (st))
exp(Q(st))

)
+ V (st)

]

– Q(st, at) = r(st, at) +Est+1∼p(st+1|st,at)[V (st+1)]

– V (st) = log
∫
A exp(Q(st, at)) dat

– optimal policy: πθ(at | st) = exp(Q(st, at)− V (st))
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