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Markov chains

Markov chain: a stochastic process {X0, X1, . . . , Xt, . . .} with Markov property

P(xt+1 | x0, . . . , xt) = P(xt+1 | xt)

• X: state space

• time-homogeneous if P(Xt+1 = xj | Xt = xi) is constant for all t
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Markov chains

initial state distribution

ρ = (. . . ,P(X0 = xi), . . .), i = 1, . . . ,m

• ρ ∈ Rm; ρ ⪰ 0; ρT1 = 1

transition matrix
Pij = P(xj | xi), for all xi, xj ∈ X

• P ∈ Rm×m

• Pij ≥ 0 for all i = 1, . . . ,m, j = 1, . . . ,m

• PT
i: 1 = 1 for all i = 1, . . . ,m
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Inference

given:

• parameters Θ = {ρ, P} of a Markov chain

• observed sequence of states ζ = {X0 = xi, X1 = xj , X2 = xk, . . .}

calculate the probability of observing the sequence ζ

P(ζ | ρ, P ) = ρiPijPjk · · ·

example

ρ =

(
1

3
,
1

3
,
1

3

)
P =

 0.8 0.1 0.1

0.2 0.6 0.2

0.3 0.3 0.4


P(x1, x2, x3, x1 | ρ, P ) = 1

3
× 0.1× 0.2× 0.3
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Parameter learning

given a set of observed state sequences D = {ζ1, ζ2, . . .} with ζ = {x0, . . . , xN}

estimate Θ = {ρ, P}

• learning initial state distribution ρ:

ρi = Eζ∼D[P(X0 = xi | ζ)], i = 1, . . . ,m

• learning transition matrix P :

Pij =
Eζ∼D,t [P(Xt = xi, Xt+1 = xj | ζ)]

Eζ∼D,t [P(Xt = xi | ζ)]
, i = 1, . . . ,m, j = 1, . . . ,m

– t = 0, . . . , N − 1
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Parameter learning

proof

maximize lD(Θ) = Eζ∼D [logP(ζ | ρ, P )]
subject to ρ ⪰ 0, ρT1 = 1

Pij ≥ 0, PT
i: 1 = 1, i = 1, . . . ,m, j = 1, . . . ,m

lD(Θ) = Eζ∼D

[
logP(x0 | ρ)

N−1∏
t=0

P(xt+1 | xt, P )

]

= Eζ∼D [logP(x0 | ρ)] +Eζ∼D

[
N−1∑
t=0

logP(xt+1 | xt, P )

]

= Eζ∼D

[
m∑
i=1

Ixi
(x0) log ρi

]
+Eζ∼D

 m∑
i=1

m∑
j=1

N−1∑
t=0

Ixi
(xt)Ixj

(xt+1) logPij


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Parameter learning

example
observed state sequences from a 3-states Markov chain:

• (x2, x2, x3, x3, x3, x3, x1)

• (x1, x3, x2, x3, x3, x3, x3)

• (x3, x3, x2, x2)

• (x2, x1, x2, x2, x1, x3, x1)

ρ =

(
1

4
,
2

4
,
1

4

)
= (0.25, 0.5, 0.25)

P =



0

3

1

3

2

3

2

7

3

7

2

7

2

11

2

11

7

11


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Convergence

requirements

• irreducible: P(xj | xi) > 0, for all xi, xj ∈ X

• aperiodic: no fixed interval returning back to the same state

convergence: when t→ ∞
πP = π

lim
t→∞

P t = 1πT

• π ∈ Rm
+ : stationary state distribution
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Hidden markov models

hidden Markov model (HMM) consists of

• a Markov chain {X0, X1, . . . , Xt, . . .} with states not observable

• an observable stochastic process {Y0, Y1, . . . , Yt, . . .} with

P(yt | x0, . . . , xt) = P(yt | xt)

– Y : observation space

emission matrix

Bij = P(yj | xi)

• B ∈ Rm×n

• Bij ≥ 0 for all i = 1, . . . ,m, j = 1, . . . , n

• BT
i:1 = 1 for all i = 1, . . . ,m

. . . xt−1 xt xt+1 . . .

yt−1 yt yt+1

Hidden Markov models | Markov models 3-12



Inference

given:

• parameters Θ = {ρ, P,B} of an HMM

• some sequence of observations φ = {y0, . . . , yN}

calculate the probability of observing the observation sequence φ

direct method

P(φ | Θ) =
∑
ζ

P(φ, ζ | Θ)

=
∑

x0,...,xN

P(x0 | ρ)P(y0 | x0, B)

N−1∏
t=0

P(xt+1 | xt, P )P(yt+1 | xt+1, B)

• complexity: 2NmN (or simply mN )
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Inference

forward algorithm

αt(i) = P(y0, . . . , yt, Xt = xi | Θ), i = 1, . . . ,m

• αt ∈ Rm
+ : forward probability

• recursive expression:

αt(i) =

{
ρiP(y0 | X0 = xi, B) t = 0

αT
t−1P:iP(yt | Xt = xi, B) t > 0,

i = 1, . . . ,m

• probability of observing the observation sequence φ

P(φ | Θ) = αT
N1
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Inference

forward algorithm

given hidden Markov model parameters Θ, observation sequence φ.
for i = 1, . . . ,m do

α0(i) := ρiP(y0 | X0 = xi, B).
end for
for t = 1, . . . , N do

for i = 1, . . . ,m do
αt(i) := αT

t−1P:iP(yt | Xt = xi, B).
end for

end for
return P(φ | Θ) = αT

N1.

• complexity: Nm2 (or simply m2)
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Decoding

given:

• parameters Θ = {ρ, P,B} of an HMM

• some sequence of observations φ = {y0, . . . , yN}

find:

• the most probable state x∗t at time t

• the most probable state sequence ζ∗ = {x∗0, . . . , x∗N} that generated φ
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Optimal state prediction

βt(i) = P(yt+1, . . . , yN | Xt = xi,Θ), i = 1, . . . ,m

• βt ∈ Rm
+ : backward probability

• recursive expression:

βt(i) =


m∑
j=1

βt+1(j)PijP(yt+1 | Xt+1 = xj , B) t < N

1 t = N,

i = 1, . . . ,m

• probability of observing the observation sequence φ

P(φ | Θ) = αT
t βt

for all t = 1, . . . , N

. . . xt−1 xt xt+1 . . .

yt−1 yt yt+1

αt βt
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Optimal state prediction

γt(i) = P(Xt = xi | φ,Θ), i = 1, . . . ,m

• γt ∈ Rm
+

• in terms of αt and βt:

γt(i) =
P(Xt = xi, φ | Θ)

P(φ | Θ)
=
αt(i)βt(i)

αT
t βt

, i = 1, . . . ,m

• the most probable state x∗t given φ and Θ

x∗t = argmax
xi

γt(i)

. . . xt−1 xt xt+1 . . .

yt−1 yt yt+1

αt βt
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Optimal sequence prediction

x∗0, . . . , x
∗
N = argmax

x0,...,xN

P(x0, . . . , xN | φ,Θ)

approximate solution

ζ̃∗ =

{
argmax

xi

γt(i)

∣∣∣∣ t = 0, . . . , N

}

• computationally efficient

• not the global optimal

• does not consider state transitions
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Optimal sequence prediction

P(ζ | φ,Θ) =
P(ζ, φ | Θ)

P(φ | Θ)
∝ P(ζ, φ | Θ)

Viterbi algorithm

δt(i) = max
x0,...,xt−1

P(x0, . . . , xt−1, Xt = xi, y0, . . . , yt | Θ)

= max
j=1,...,m

(δt−1(j)Pji)P(yt | Xt = xi, B), i = 1, . . . ,m

• δt ∈ Rm
+ : probability of being in state xi at time t given that the state subsequence up until t− 1

is optimal w.r.t. the partial observation sequence {y0, . . . , yt−1}
ψt(i) = argmax

j=1,...,m
δt−1(j)Pji, i = 1, . . . ,m

• ψt ∈ Zm
++: the index j of the previous state xj at time t− 1 that gives the maximum probability

δt−1(j)Pji, for each state i at time t
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Optimal sequence prediction

Viterbi algorithm

given hidden Markov model parameters Θ, observation sequence φ.
1. Initialization.

for i = 1, . . . ,m do
δ0(i) := ρiP(y0 | X0 = xi, B).

end for
2. Recursion.

for t = 1, . . . , N do
for i = 1, . . . ,m do

δt(i) := maxj=1,...,m (δt−1(j)Pji)P(yt | Xt = xi, B).
ψt(i) := argmaxj=1,...,m δt−1(j)Pji.

end for
end for
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Optimal sequence prediction

3. Termination.

p∗ := maxi=1,...,m δN (i).
i∗N := argmaxi=1,...,m δN (i).
x∗N := xi∗N .
4. Backtracking.

for t = N, . . . , 1 do
i∗t−1 := ψt(i

∗
t ).

x∗t−1 := xi∗t−1
.

end for
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Parameter learning

expectation-maximization (EM) algorithm

1. initialize parameters Θ

2. E-step: calculate some likelihood function w.r.t. Θ

3. M-step: update Θ by maximizing the likelihood function from 2

4. repeat 2–3 until convergence

• can be proved to converge to local optimum

• not guarantee to find the global optimum
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Parameter learning

for each EM-iteration

• Θ = {ρ, P,B}: the set of estimated parameters from previous iteration

• Θ+ = {ρ+, P+, B+}: the new set of parameters to be updated

ρ+i = Eφ∼D [P(X0 = xi | φ,Θ)] , i = 1, . . . ,m

P+
ij =

Eφ∼D,t [P(Xt = xi, Xt+1 = xj | φ,Θ)]

Eφ∼D,t [P(Xt = xi | φ,Θ)]
, i = 1, . . . ,m, j = 1, . . . ,m

B+
ij =

Eφ∼D,t [P(Xt = xi, Yt = yj | φ,Θ)]

Eφ∼D,t [P(Xt = xi | φ,Θ)]
, i = 1, . . . ,m, j = 1, . . . , n

• t = 0, . . . , N − 1
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Parameter learning

Baum-Welch algorithm

ξt(i, j) = P(Xt = xi, Xt+1 = xj | φ,Θ)

=
P(Xt = xi, Xt+1 = xj , φ | Θ)

P(φ | Θ)
, i = 1, . . . ,m, j = 1, . . . ,m

• ξt ∈ Rm×m
+ :probability of transitioning from state xi at t to state xj at t+ 1 given φ

• in terms of αt and βt:

ξt(i, j) =
αt(i)P (i, j)P(yt+1 | Xt+1 = xj , B)βt+1(j)∑m

i=1

∑m
j=1 αt(i)P (i, j)P(yt+1 | Xt+1 = xj , B)βt+1(j)

for all i = 1, . . . ,m, j = 1, . . . ,m

• γt(i) =
∑m

j=1 ξt(i, j), for all i = 1, . . . ,m
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Parameter learning

Baum-Welch algorithm

ρ+i = Eφ∼D[γ0(i)], i = 1, . . . ,m

P+
ij =

Eφ∼D,t[ξt(i, j)]

Eφ∼D,t[γt(i)]
, i = 1, . . . ,m, j = 1, . . . ,m

B+
ij =

Eφ∼D,t[γt(i)Ij(yt)]

Eφ∼D,t[γt(i)]
, i = 1, . . . ,m, j = 1, . . . , n

• indicator function Ij(y) = 1 if the index of y ∈ Y is equal to j, and 0 otherwise
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Continuous observation space

Gaussian hidden Markov models

• dom(Y ) = R

• the emission map from X to Y is given by the Gaussian density function N (µi, σ
2
i ):

p(y | X = xi) =
1√
2πσi

exp

(
− (y − µi)

2

2σ2
i

)
, i = 1, . . . ,m

– µi ∈ R: mean of the Gaussian distribution

– σ2
i ∈ R: variance of the Gaussian distribution
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