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Main Questions for Today

Response-Preparation Task (simplified): 

How do we explain goal-directed animal behavior given that we often see
objectively non-optimal behavior? Which factors contribute? What are the
animals optimizing for?Under review as a conference paper at ICLR 2022

Figure 2: Successful trial of the response-preparation task in a behavioral chamber. The rat presses
a lever until the vibration cue occurs, releases within 0.6 s and gets to the reward port.

policy ⇡ to maximize the expectation of long-term return R(st) =
P

t0>=t �t0�trt0 , where � 2 [0, 1]
is a discount factor. The action-value function then represents the expected long-term value of an
action when following policy ⇡ thereupon, i.e. Q⇡(st, at) = Eat0>t⇠⇡,st0>t⇠M[R(st)|at]. From
the optimal action-value function Q⇤ one can easily derive a corresponding optimal policy ⇡⇤ by
maximization.

IRL recovers a reward function from observed trajectories from expert policy ⇡R under the assump-
tion that the agent was (softly) maximizing the induced expected long-term return. Previous work
solved this problem based on different approaches, such as Max Entropy IRL (Ziebart et al., 2008).

2.2 ACTION-VALUE ITERATION

We focus on the case of finding the optimal policy via model-based Action-value Iteration. The Q-
function, represented by a table with entries for every state and action, gets updated in every iteration
k based on the Bellman optimality equation with a given transition model M:

Qk(st, at) rt + � max
a

Est+1⇠M[Qk�1(st+1, a))].

3 METHOD

In this section, we describe how to infer the scalar underlying reward function of a rat’s behavior,
the supervised approximation of this scalar reward as a weighted combination of neural signals and
the neural decoding mechanism using the intrinsic reward function.

3.1 ESTIMATION OF INTRINSIC REWARD

We assume the rodent to softly maximize its measure of optimality which we define to be the ex-
pected cumulative sum of an unknown immediate reward function, i.e. the actions taken by the
animal are samples from a Boltzmann distribution over its optimal action-values Q⇤(s, ·):

eQ
⇤(s,a)

P
A2A eQ⇤(s,A)

:= ⇡R(a|s), (1)

for all actions a 2 A, and concomitantly:

eQ
⇤(s,a) = ⇡R(a|s)

X

A2A
eQ

⇤(s,A) =
⇡R(a|s)
⇡R(b|s) eQ

⇤(s,b), (2)

for all actions b 2 Aā where Aā = A \ {a}. Following the derivations as proposed by authors
(2020):

Q⇤(s, a) = Q⇤(s, b) + log(⇡R(a|s))� log(⇡R(b|s)). (3)

Using the Bellman optimality equation in Equation (3), the immediate reward of action a in state
s can be expressed by the immediate reward of some other action b 2 Aā, the respective log-
probabilities and future action-values:

r(s, a) = log(⇡R(a|s))� � max
a0

Es0⇠M(s,a,s0)[Q
⇤(s0, a0)]

+ r(s, b)� (log(⇡R(b|s))� � max
b0

Es00⇠M(s,b,s00)[Q
⇤(s00, b0)]).

(4)

3

§ Press lever until cue (vibration) occurs (delay 1.6s).
§ After the cue, the rat has 0.6s to release the lever
§ If successful, the rat gets a treat.

Images courtesy of the Diester Lab
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Reinforcement Learning in a Nutshell

Goal: find policy that maximizes expected long-term reward

Environment

ActionState / 
Observation Reward

RL Agent

<latexit sha1_base64="Z1k2X4M+z8P6wiglbhMCKQrDxg8="></latexit>

p(s0, r|s, a) = Pr{St = s0, Rt = r|St�1 = s,At�1 = a}

<latexit sha1_base64="5TQ32AqEm7otRAfOojHaa5Q4vpQ=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KomKdllw47KifUATymQ6aYdOJmFmopTYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTj69zvPFCpWCzu9SShfoSHgoWMYG2kvl1RyGMCeRHWI4J5djft21Wn5syAlolbkCoUaPbtL28QkzSiQhOOleq5TqL9DEvNCKfTspcqmmAyxkPaM1TgiCo/m0WfohOjDFAYS/OERjP190aGI6UmUWAm84hq0cvF/7xeqsO6nzGRpJoKMj8UphzpGOU9oAGTlGg+MQQTyUxWREZYYqJNW2VTgrv45WXSPqu5l7Xz24tqo17UUYIjOIZTcOEKGnADTWgBgUd4hld4s56sF+vd+piPrljFziH8gfX5A9vsk7o=</latexit>

s 2 S
<latexit sha1_base64="kWK1y6VX5frHnsD2eF67iVG86ZA=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KomKdllx47KCfUATymQ6aYdOJmFmopTYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShfoSHgoWMYG2kvl3ByGMCeRHWI4J5dj3t21Wn5syAlolbkCoUaPbtL28QkzSiQhOOleq5TqL9DEvNCKfTspcqmmAyxkPaM1TgiCo/m0WfohOjDFAYS/OERjP190aGI6UmUWAm84hq0cvF/7xeqsO6nzGRpJoKMj8UphzpGOU9oAGTlGg+MQQTyUxWREZYYqJNW2VTgrv45WXSPqu5l7Xzu4tqo17UUYIjOIZTcOEKGnALTWgBgUd4hld4s56sF+vd+piPrljFziH8gfX5A6Qqk5Y=</latexit>

a 2 A
<latexit sha1_base64="pD7HPY4a8+pbjWxZPFM56KECrpQ=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KomKdllw47KKfUATymQ6aYdOJmFmopTYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTj69zvPFCpWCzu9SShfoSHgoWMYG2kvl2RyGMCeRHWI4J5djft21Wn5syAlolbkCoUaPbtL28QkzSiQhOOleq5TqL9DEvNCKfTspcqmmAyxkPaM1TgiCo/m0WfohOjDFAYS/OERjP190aGI6UmUWAm84hq0cvF/7xeqsO6nzGRpJoKMj8UphzpGOU9oAGTlGg+MQQTyUxWREZYYqJNW2VTgrv45WXSPqu5l7Xz24tqo17UUYIjOIZTcOEKGnADTWgBgUd4hld4s56sF+vd+piPrljFziH8gfX5A9jTk7g=</latexit>

r 2 R
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States

1,1 1,2 1,3 1,4

2,1 2,2 2,3 2,4

3,1 3,2 3,3 3,4
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V2

V1

RL
Agen

t

The middle of the lane

Relative Distance

Relative Angle

Relative Velocity
(for other vehicles relative to RL Agent)

20 features total:

Max. 6 potential vehicles 
surrounding the RL agent

3 features per vehicle → 18
Relative Distance
Relative Velocity
Relative Angle

2 features describing the RL agent
Velocity
Relative Angle

States in Autonomous Driving Application
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Actions
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Transition Probabilities

0.1 0.1
0.8
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Rewards

+1

-1

§ Stochastic vs 
deterministic

§ Dense vs 
sparse 
(delayed)

§ Magnitude
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Rewards

+1

-1

-0.04

-0.04

-0.04

-0.04

-0.04

-0.04

-0.04 -0.04

§ Stochastic vs 
deterministic

§ Dense vs 
sparse 
(delayed)

§ Magnitude
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Markov Decision Process

A finite Markov Decision Process (MDP) is a 4-tuple                      , where
§ is a finite number of states,
§ is a finite number of actions,
§ is the transition probability function                                               , 
§ is a finite set of scalar rewards. We can then define expected reward

<latexit sha1_base64="smzSYFu0lzLUZTV/HOpVFyjh/T0=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwISVRsV1W3Lisjz6gCWUynbRDJ5MwMxFK6Ke48VfcuFBEd/o1TtIgtfXCwLnnnMvce7yIUaks68soLC2vrK4V10sbm1vbO+buXkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ugq1dsPREga8ns1jogboAGnPsVIaapnVh2G+IARJ0BqiBFL7iYn8Le51E00099OoCMyf88sWxUrK7gI7ByUQV6Nnvnp9EMcB4QrzJCUXduKlJsgoShmZFJyYkkihEdoQLoachQQ6SbZgRN4pJk+9EOhH1cwY2cnEhRIOQ487UxXlfNaSv6ndWPl19yE8ihWhOPpR37MoAphmhbsU0GwYmMNEBZU7wrxEAmElc60pEOw509eBK3Tin1RObs5L9dreRxFcAAOwTGwQRXUwTVogCbA4BE8g1fwZjwZL8a78TG1Fox8Zh/8KeP7B9Ako1c=</latexit>

hS,A, p,Ri
<latexit sha1_base64="nxvRBeR9e9vn6r9GH4BkJwg/gpI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoaJcFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYkaQcZEkhoqyOKjKOXISJTfj4ZMUWL41BJMFLNZERljhYmxLVVsCd7yyaukc1H3ruuX91e1ZqOoowwncArn4MENNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPi0KRZw==</latexit>

S
<latexit sha1_base64="THEUR+mL41S0CZ+e40Dh1pUGIJs=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoaJcVNy4r2AdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaTu9zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs9vZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYkaQcZEkhoqyOKjKOXISJTfj4ZMUWL41BJMFLNZERljhYmxLVVsCd7yyaukc1H3ruuXD1e1ZqOoowwncArn4MENNOEeWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPb+iRVQ==</latexit>

A
<latexit sha1_base64="b/SRH4uetQoMjUwcWPupGOjAB80=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoaJcFNy6r2AdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYkaQcZEkhoqyOKjKOXISJTfj4ZMUWL41BJMFLNZERljhYmxLVVsCd7yyaukc1H3ruuX91e1ZqOoowwncArn4MENNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPib2RZg==</latexit>

R
<latexit sha1_base64="pyCZAm3yIg6Rf+NHA3VRLF5AWLQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomK9ljw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVj1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4p3U7lqXJdr1TyOApzCGVyAB7dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB2bOM8g==</latexit>p

<latexit sha1_base64="nuzTngBisgeLHL5smEPl0++qdxM=">AAACNXicbVDLSsNAFJ3UV62vqEs3wSK4kJKoaHFVcePCRX30AUkok+mkHTp5MHMjlJCfcuN/uNKFC0Xc+gtO2iLaeuDC4Zx7ufceL+ZMgmm+aIW5+YXFpeJyaWV1bX1D39xqyigRhDZIxCPR9rCknIW0AQw4bceC4sDjtOUNLnK/dU+FZFF4B8OYugHuhcxnBIOSOvpVfOYEGPoE8/Q2c4AFVP4IN9PCTMd5pmgsIbLNA8vt6GWzYo5gzBJrQspognpHf3K6EUkCGgLhWErbMmNwUyyAEU6zkpNIGmMywD1qKxpitdtNR19nxp5SuoYfCVUhGCP190SKAymHgac683PltJeL/3l2An7VTVkYJ0BDMl7kJ9yAyMgjNLpMUAJ8qAgmgqlbDdLHAhNQQZdUCNb0y7OkeVixTipH18flWnUSRxHtoF20jyx0imroEtVRAxH0gJ7RG3rXHrVX7UP7HLcWtMnMNvoD7esbAqKt6w==</latexit>

p : S ⇥R⇥ S ⇥A 7! [0, 1]

<latexit sha1_base64="n4DHwPD8KzvNWaohKLGBploB60A=">AAACEHicbVDJSgNBEO2JW4xb1KOXxiBGDGFGRXMJRETwGJcskAxDT6eTNOlZ6K4RwphP8OKvePGgiFeP3vwbO8tBEx80/Xiviqp6bii4AtP8NhJz8wuLS8nl1Mrq2vpGenOrqoJIUlahgQhk3SWKCe6zCnAQrB5KRjxXsJrbuxj6tXsmFQ/8O+iHzPZIx+dtTgloyUnvy6zKkYNi0yPQdd34ctC4cWI4tAYPtw4UVQ6f64/YTjpj5s0R8CyxJiSDJig76a9mK6CRx3yggijVsMwQ7JhI4FSwQaoZKRYS2iMd1tDUJx5Tdjw6aID3tNLC7UDq5wMeqb87YuIp1fdcXTncW017Q/E/rxFBu2DH3A8jYD4dD2pHAkOAh+ngFpeMguhrQqjkeldMu0QSCjrDlA7Bmj55llSP8tZp/vj6JFMqTOJIoh20i7LIQmeohK5QGVUQRY/oGb2iN+PJeDHejY9xacKY9GyjPzA+fwCv+Zu3</latexit>

r(s, a) = E[Rt+1|St = s,At = a]

<latexit sha1_base64="2iC2L2D2UW1D3yGblfUI3Qy+e4Y="></latexit>

Pr{St+1, Rt+1|St, At} = Pr{St+1, Rt+1|St, At, . . . , S0, A0}

Markov Property:

The future is independent of the past given the present. 
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Policy and overall Goal

Policy determines action selection for each state:

§ Stochastic: 
§ Deterministic:

Goal for an RL agent in an MDP: find a policy that maximizes the expected 
return, i.e. the (discounted) cumulative reward:

§ Finite horizon: 

§ Infinite horizon: 

<latexit sha1_base64="WxLqYRAYX00bz7/vDT7Nu+bGjd0="></latexit>

argmax
⇡

E[Rt+1 +Rt+2 +Rt+3 + · · ·+RT ]
<latexit sha1_base64="J9efIpqXR/nTpRJkHADObSGhfmc="></latexit>

argmax
⇡

E[Rt+1 + �Rt+2 + �2Rt+3 + · · · =
1X

k=0

�kRt+k+1]

<latexit sha1_base64="MbU/ThjkutJZJHEH7yuuVKjozkY="></latexit>

� 2 [0, 1]With discount preventing infinite returns (converging geometric series)

<latexit sha1_base64="kGdMACdi4J5wZWDwEsDa0QRZgWM="></latexit>

⇡(a|s) = Pr[At = a|St = s]
<latexit sha1_base64="N78ExUau9Z6ufmyZNQ9wCm9ZQ5o="></latexit>

⇡(s) = a

<latexit sha1_base64="CVca9b4PoDo/rZlEdPBbvCp+MTM=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpI+proruNBlRVsL7VAyaaYNzWSGJCOU0k9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh5NbWV1b38hvFra2d3b3ivsHbR2nirIWjUWsOgHRTHDJWoYbwTqJYiQKBLsLxheZf3fPlOaxvDWThPkRGUoeckqMlW4u+6ZfLCEXlRH2KhC5ZYy9WkZq+Lxe9SB20RwlsESzX3zvDWKaRkwaKojWXYwS40+JMpwKNiv0Us0SQsdkyLqWShIx7U/np87giVUGMIyVLWngXP0+MSWR1pMosJ0RMSP928vEv7xuasIzf8plkhom6WJRmApoYpj9DQdcMWrExBJCFbe3QjoiilBj0ynYEL4+hf+TdtnFnlu5rpYajWUceXAEjsEpwKAOGuAKNEELUDAED+AJPDvCeXRenNdFa85ZzhyCH3DePgGBgI32</latexit>

Gt
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Policy in MDP example

+1

-1

Actions:

Probability of executing action 
successfully: 0.8

0.8

0.10.1

Rewards: 
-0.04 / step[Russel & Norvig, 2009]
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Question

How will the policy change if we change the immediate reward 
to -2 instead of -0.04?

13



Policy in MDP example (changed rewards)

+1

-1

Actions:

Probability of executing action 
successfully: 0.8

0.8

0.10.1

Rewards: 
-2 / step[Russel & Norvig, 2009]

14



Value Function and Action-Value Function

Value Function           is the expected return when starting in    and 
following    : 

15

<latexit sha1_base64="k9lKa2ynxKHYD0tg7zDvl/++IP0="></latexit>

v⇡(s) <latexit sha1_base64="pIT6jDwktLZuIICOQilb2iWi8V4=">AAACOnicfZDLSgMxFIYzXmu9tbp0M1gEESkzKtplQRduxBbsBTqlnElP29BMZkgyYhn6BG71bXwRt+7ErQ9gehG0FQ8EPv7zJznn9yPOlHacV2thcWl5ZTW1ll7f2NzazmR3qiqMJcUKDXko6z4o5ExgRTPNsR5JhMDnWPP7l6N+7R6lYqG404MImwF0BeswCtpIZdXK5Jy8My57Htwp5Mi0Sq2slfPaIY0DFJpyUKrhOpFuJiA1oxyHaS9WGAHtQxcbBgUEqJrJeNKhfWCUtt0JpTlC22P1540EAqUGgW+cAeiemu2NxL96jVh3Cs2EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQkn7V2h2UXijXn3NkIJOpRHiQeyGzAxNLt1veMR/WeEh2+jIROrOxviPFRP8u55/rR8lisWpgGnyB7ZJ4fEJRekSK5JiVQIJUgeyRN5tl6sN+vd+phYF6zpnV3yq6zPLwxfrag=</latexit>s
<latexit sha1_base64="d4g7S1Umzqwdz742sJ2MyldULaw=">AAACPXicfZDNSgMxFIUz/lv/dekmWAQRKTMq2mVBF25EBdsKnSJ30ts2NJMZkoxYhr6CW30bn8MHcCdu3ZppR9AqXgh8nHuS3HuCWHBtXPfFmZicmp6ZnZsvLCwuLa+srq3XdJQohlUWiUjdBKBRcIlVw43Am1ghhIHAetA7yfr1O1SaR/La9GNshtCRvM0ZmEzyY05vV4tuyR0W/Q1eDkWS1+XtmlP0WxFLQpSGCdC64bmxaaagDGcCBwU/0RgD60EHGxYlhKib6XDYAd22Sou2I2WPNHSofr+RQqh1PwysMwTT1eO9TPyr10hMu9xMuYwTg5KNPmongpqIZpvTFlfIjOhbAKa4nZWyLihgxuZT8E/R7qLw3L57EaMCE6nd1AfVCbkc2N06/l5G/xnh/stoycbqjYf4G2r7Je+odHB1WKyU84DnyCbZIjvEI8ekQs7IJakSRrrkgTySJ+fZeXXenPeRdcLJ72yQH+V8fAIdbq6o</latexit>⇡

<latexit sha1_base64="0Rfw7JC6AKuaOWw6xRlG7nVzTl8="></latexit>

v⇡(s) = E⇡[Gt|St = s] = E⇡

" 1X

k=0

�kRt+k+1

�����St = s

#

Action-Value Function       is the expected return when starting in   , 
taking action    and following     thereafter:

<latexit sha1_base64="kjJjVgPoN7opnB+mDuyE7wSujmQ="></latexit>q⇡
<latexit sha1_base64="pIT6jDwktLZuIICOQilb2iWi8V4=">AAACOnicfZDLSgMxFIYzXmu9tbp0M1gEESkzKtplQRduxBbsBTqlnElP29BMZkgyYhn6BG71bXwRt+7ErQ9gehG0FQ8EPv7zJznn9yPOlHacV2thcWl5ZTW1ll7f2NzazmR3qiqMJcUKDXko6z4o5ExgRTPNsR5JhMDnWPP7l6N+7R6lYqG404MImwF0BeswCtpIZdXK5Jy8My57Htwp5Mi0Sq2slfPaIY0DFJpyUKrhOpFuJiA1oxyHaS9WGAHtQxcbBgUEqJrJeNKhfWCUtt0JpTlC22P1540EAqUGgW+cAeiemu2NxL96jVh3Cs2EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQkn7V2h2UXijXn3NkIJOpRHiQeyGzAxNLt1veMR/WeEh2+jIROrOxviPFRP8u55/rR8lisWpgGnyB7ZJ4fEJRekSK5JiVQIJUgeyRN5tl6sN+vd+phYF6zpnV3yq6zPLwxfrag=</latexit>s
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Value Function Example
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v⇡(s) for immediate reward of -0.04, discount of 1:
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Bellman Optimality Equation
§ A Bellman Equation expresses a relationship between the value of a state and the values 

of its successor states 
§ The Bellman Optimality Equation expresses that the value of a state under the optimal 

policy      must equal the expected return for the best action in that state

§ The value function     is the unique solution to the Bellman Optimality Equation

Bellman Equation for 
<latexit sha1_base64="5GVgAetSm1th/C3YRxrDf4a11rQ="></latexit>

v⇤(s) = max
a

X

s0,r

p(s0, r|s, a)[r + �v⇤(s
0)]
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p(s0, r|s, a)[r + �v⇤(s
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We no longer need to search over all 
policies, only over all actions recursively!



Value Iteration Algorithm

An algorithm that turns the Bellman Equation into an iterative update to solve 
a given MDP

From: [Sutton & Barto, 2018]



Bellman Optimality Equation

Bellman Optimality Equation for Q-values

Action selection:
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We no longer need to search over all 
policies, only over all actions recursively!
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Calculating optimal Q-values: Q-Learning

6.5. Q-learning: O↵-policy TD Control 131

usual four. How much better can you do with the extra actions? Can you do even better
by including a ninth action that causes no movement at all other than that caused by
the wind? ⇤
Exercise 6.10: Stochastic Wind (programming) Re-solve the windy gridworld task with
King’s moves, assuming that the e↵ect of the wind, if there is any, is stochastic, sometimes
varying by 1 from the mean values given for each column. That is, a third of the time
you move exactly according to these values, as in the previous exercise, but also a third
of the time you move one cell above that, and another third of the time you move one
cell below that. For example, if you are one cell to the right of the goal and you move
left, then one-third of the time you move one cell above the goal, one-third of the time
you move two cells above the goal, and one-third of the time you move to the goal. ⇤

6.5 Q-learning: O↵-policy TD Control

One of the early breakthroughs in reinforcement learning was the development of an
o↵-policy TD control algorithm known as Q-learning (Watkins, 1989), defined by

Q(St, At) Q(St, At) + ↵
h
Rt+1 + � max

a

Q(St+1, a)�Q(St, At)
i
. (6.8)

In this case, the learned action-value function, Q, directly approximates q⇤, the optimal
action-value function, independent of the policy being followed. This dramatically
simplifies the analysis of the algorithm and enabled early convergence proofs. The policy
still has an e↵ect in that it determines which state–action pairs are visited and updated.
However, all that is required for correct convergence is that all pairs continue to be
updated. As we observed in Chapter 5, this is a minimal requirement in the sense that
any method guaranteed to find optimal behavior in the general case must require it.
Under this assumption and a variant of the usual stochastic approximation conditions on
the sequence of step-size parameters, Q has been shown to converge with probability 1 to
q⇤. The Q-learning algorithm is shown below in procedural form.

Q-learning (o↵-policy TD control) for estimating ⇡ ⇡ ⇡⇤

Algorithm parameters: step size ↵ 2 (0, 1], small " > 0
Initialize Q(s, a), for all s 2 S

+, a 2 A(s), arbitrarily except that Q(terminal , ·) = 0

Loop for each episode:
Initialize S
Loop for each step of episode:

Choose A from S using policy derived from Q (e.g., "-greedy)
Take action A, observe R, S0

Q(S, A) Q(S, A) + ↵
⇥
R + � maxa Q(S0, a)�Q(S, A)

⇤

S  S0

until S is terminal

Figure from: [Sutton & Barto, 2018]
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Standard vs Inverse RL

(st, at, st+1, at+1, . . . , st+n)
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r (s, a)
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learn

Inverse RL:

estimate unknown reward function
from state and action sequences

Standard RL:

estimate optimal policy
from state, action, and reward sequences

(st, at, st+1, rt+1, . . . , st+n, rt+n)
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learn

⇡✓(s)
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Rewards RL Behavior

Environment

Rewards IRL Behavior

Environment
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Can we learn rewards from behavioral data?

?
?

?

The problem is underspecified: many reward functions would explain the behavior!

Example credits:
Sergey Levine
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Can we learn rewards from behavioral data?

The problem is underspecified: many reward functions would explain the behavior!

Idea: 
Account for uncertainty in the reward function by assuming a 
probabilistic behavior model that keeps action distribution in the
policy as broad (non-committed) as possible

Maximum Entropy Inverse Reinforcement Learning

Problem: Needs to solve a full RL problem to convergence in the inner loop!
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Deep Inverse Q-Learning (with Constraints)

Maria 
Kalweit

Gabriel 
Kalweit

Joint work with:

Moritz
Werling
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Deep Inverse Q-Learning

Probabilistic behavior assumption for the expert (here for two actions, a and b):

exp(Q⇤(s, a))

exp(Q⇤(s, a)) + exp(Q⇤(s, b))
= ⇡E(a|s)
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exp(Q⇤(s, b))

exp(Q⇤(s, a)) + exp(Q⇤(s, b))
= ⇡E(b|s)
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exp(Q⇤(s, a)) + exp(Q⇤(s, b)) =
exp(Q⇤(s, a))

⇡E(a|s) =
exp(Q⇤(s, b))

⇡E(b|s)
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exp(Q⇤(s, a)) =
⇡E(a|s)
⇡E(b|s) exp(Q

⇤(s, b))
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Q⇤(s, a) = Q⇤(s, b) + log(⇡E(a|s))� log(⇡E(b|s))

<latexit sha1_base64="5AIRNsjollKkB0j318+E6C6ONoE="></latexit>

Taking logs:

and

[G. Kalweit, M. Huegle, M. Werling, J. Boedecker, NeurIPS, 2020]
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Q⇤(s, a) = Q⇤(s, b) + log(⇡E(a|s))� log(⇡E(b|s))

<latexit sha1_base64="5AIRNsjollKkB0j318+E6C6ONoE="></latexit>

Intuitively: immediate reward encodes the local probability of action a while
also ensuring the probability of the maximizing next action a‘ under Q-learning

Using:

and replacing the Q-values above to solve for the immediate reward leads to:

Q⇤(s, a) = r(s, a) + �max
a0

Es0⇠M(s,a,s0)[Q
⇤(s0, a0)]
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r(s, a) = log(⇡E(a|s))� �max
a0

Es0⇠M(s,a,s0)[Q
⇤(s0, a0)] + r(s, b)

� log(⇡E(b|s)) + �max
b0

Es0⇠M(s,b,s0)[Q
⇤(s0, b0)].
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Deep Inverse Q-Learning
[G. Kalweit, M. Huegle, M. Werling, J. Boedecker, NeurIPS, 2020]
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After some manipulation, the reward for n actions can be derived as:

⌘as := log(⇡E(a|s))� �max
a0

Es0⇠M(s,a,s0)[Q
⇤(s0, a0)]
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r(s, a) = ⌘as +
1

n� 1

X

b2Aā

r(s, b)� ⌘bs.
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Defining:

Inverse Action-Value 
Iteration 

IAVI

Deep (Constrained) 
Inverse Q-Learning 

D(C)IQL

Tabular (Constrained)
Inverse Q-Learning

(C)IQL

discrete state-spaces, model-
based, non-linear rewards

This leads to three novel algorithms:

discrete state-spaces, sampling-
based, non-linear rewards

continuous state-spaces, sampling-
based, non-linear rewards

Deep Inverse Q-Learning
[G. Kalweit, M. Huegle, M. Werling, J. Boedecker, NeurIPS, 2020]
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Inverse Q-Learning: Results
[G. Kalweit, M. Huegle, M. Werling, J. Boedecker, NeurIPS, 2020]

Toy-Benchmark:
Objectworld
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Closed-form Inverse RL for Neural Decoding 

Maria 
Kalweit
(Hügle)

Gabriel 
Kalweit

Ilka
Diester

Mansour
Alyahyay

Joint work with:
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Under review as a conference paper at ICLR 2022

Figure 1: Response-preparation task in a reinforcement learning setting. A rat acts in a behavioral
chamber with a lever and a sugar port. Our proposed framework first infers an intrinsic scalar reward
function of the rat’s behavior via closed-form inverse reinforcement learning. Then, a parameterized
function ⇢ is learned which maps neural signals to the intrinsic reward. Finally, we generalize to new
situations by applying ⇢ to other neural signals and calculating the Q-values and Boltzmann policy
to study the corresponding simulated behavior for these neural signals.

under Q-learning. In contrast, common supervised learning methods only consider the action taken
in the current time step. In this work we propose to instead estimate a mapping of recorded neural
signals to the immediate reward function learned on observed rat trajectories via IRL as an interme-
diate step to find coherences between neural spikings and taken actions. The learned mapping can
then be used to calculate the intrinsic reward for unseen neural signals and simulate a rat’s behavior
based on the new reward, an approach we call NeuRL. The scheme of the algorithm is shown in
Figure 1. This decoding mechanism can be used to predict behavior in real-time from neural spiking
or it can simulate the influence of specific neurons on the behavior of the rat. Our proposed decoding
tool can help to interpret complex neural data and can serve as a hypothesis generator which then
can be evaluated in vivo.

We study the behavior of rats in a response-preparation task where rats ought to hold a lever until a
cue (vibration to the paw) indicates that the animal should release. Figure 2 shows a rat performing
this task in a behavioral chamber. If the rats release within an allowed response window, they
receive sugar water as reward. The data is recorded with electrodes spanning all cortical layers. All
recorded neurons are from the Rostral Forelimb Area (RFA), which strongly contributes to planning
and preparing for movements, with some having a direct connection to the Caudal Forelimb Area
(CFA), responsible for motor execution.

Our contributions are threefold. First, we formalize NeuRL, a neural decoding method based on
inverse action-value iteration. Second, we evaluate NeuRL in per-trial behavior prediction showing
state-of-the-art performance. Third, we analyze the influence of neurons projecting from RFA to
CFA by simulated inhibition within the NeuRL framework and real inhibition via viral manipula-
tion. Our finding of similar response in real and simulated inhibition confirm that the intermediate
representation of neural signals as immediate rewards offer a very promising direction for neural
decoding methods.

2 BACKGROUND

2.1 (INVERSE) REINFORCEMENT LEARNING

We model the task of neural decoding in the RL framework, where an agent (here a rat) acts in
an environment as shown in Figure 1.1. Following policy ⇡ by applying action at ⇠ ⇡ from n-
dimensional action-space A in state st, it reaches some state st+1 ⇠ M according to stochastic tran-
sition model M and receives scalar reward rt in each discrete time step t. The agent has to adjust its

2

Approach Summary
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Training
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Reward Estmation via IAVI

IAVI returns a scalar reward function precisely encoding the recorded 
behavior as an intermediate result, which can then be used for neural decoding
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Per-Trial Release Behavior Prediction
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NeuRL: Closed-form Inverse Reinforcement Learning for Neural Decoding

Rat 1 Rat 2
Exact Match Near 1 Match Near 2 Match Exact Match Near 1 Match Near 2 Match

NeuRL 0.36(±0.11) 0.49(±0.13) 0.59(±0.09) 0.44(±0.09) 0.62(±0.06) 0.70(±0.11)
NNC 0.21(±0.09) 0.28(±0.12) 0.37(±0.17) 0.34(±0.10) 0.46(±0.09) 0.52(±0.10)
LR 0.15(±0.07) 0.19(±0.10) 0.29(±0.08) 0.33(±0.09) 0.41(±0.08) 0.47(±0.10)

Random 0.04(±0.07) 0.2(±0.13) 0.29(±0.15) 0.12(±0.06) 0.38(±0.07) 0.46(±0.10)

Table 2. Mean prediction accuracy of release time step for 10-fold cross validation on subject rat 1 and 2.

and the real distributions are identical, which shows that the
scalar reward functions being found precisely explain the
release distribution for each rat.

Figure 3. Release distribution, learned reward and the resulting
Boltzmann distribution after applying Q-learning on the reward for
(top) rat 1 and (bottom) rat 2 over all trials. Dashed lines indicate
the time span in which the rats ought to release.

For the inhibition simulation, we calculate the feature matri-
ces accumulating the neural spikings by using an incremen-
tal mean over all trials for each rat and compute the weights
✓ via least squares, assuming a linear combination of the
state features as described in Section 3.2. We then randomly
sample 60% of neurons connecting RFA and CFA (which
corresponds to the expected efficacy of viral manipulation
in practice) and set the respective features to zero. For each
rat, we derive a stochastic policy from the Boltzmann distri-
butions after Q-learning on the inhibition rewards induced
by the modified feature matrices and sample releases from
these policies. The resulting reaction times (time between
cue and release in correct trials) for real and simulated inhi-
bitions are summarized for all rats in Figure 4. The model
provided by NeuRL captures the tendency towards higher
reaction times found in the real-world experiments consis-
tently for both rats. The difference in absolute numbers
result from different subject rats for neural recording (basis
for NeuRL) and real-world inhibition experiments.

To evaluate the performance of release behavior prediction,
we split the data set into different training and test sets using

Figure 4. Mean reaction times and standard error for (left) rat batch
1 without and with simulated inhibition of 60% of RFA to CFA
neurons vs. control group and (right) rat batch 2 with and without
real inhibition. In both cases, the reaction time increases with
inhibition.

10-fold cross-validation over all trials of a rat. We take the
neural spikings per time-step and trial as features to allow
for per-trial prediction and use a neural network as function
approximator. Since the resulting features are very sparse,
we further append the time spent since trial initiation to
the feature space. We compare NeuRL to NNC, LR and a
random controller, considering a release prediction in a trial
whenever a resulting controller assigns a probability of > ✏
(here we set ✏ = 0.6) to the action of release in a certain
time step. Results are shown in Table 2. NeuRL is able to
correctly predict the releases in the test set by 36% and 44%,
respectively, for the two rats and exceeds the performance
of all baselines by a large margin, also when considering
near matches within one or two time steps.

6. Conclusion

We introduced NeuRL, a two-step neural decoding method
that first infers the true underlying immediate scalar reward
function of a subject and then maps recorded neural spik-
ing to this immediate reward. In simulated inhibition, our
model was able to recover an effect of late releases for the
inhibition of neurons connecting RFA and CFA shown in
real-world experiments. In per-trial behavior prediction,
our model achieved by far the best results, underlining the
importance of reward prediction.

§ Compare NeuRL (ours) to a random controller, logistic regression (LR) and 
non-linear classification via neural-networks (NNC)

§ For NeuRL and NNC, optimize hyperparameters with random search with 500 
sampled configurations each

§ Consider release prediction in a trial if controller assigns a probability of > ε 
(here ε = 0.6) to action release in a given time step

§ Results evaluated using 10-fold cross-validation on a test set
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Visualization of Latent Embeddings

Under review as a conference paper at ICLR 2022

Rat 1
Exact Match Near 1 Match Near 2 Match

NeuRL 0.36(±0.11) 0.49(±0.13) 0.59(±0.09)
NNC 0.21(±0.09) 0.28(±0.12) 0.37(±0.17)
LR 0.15(±0.07) 0.19(±0.10) 0.29(±0.08)

Random 0.04(±0.07) 0.20(±0.13) 0.29(±0.15)

Rat 2
Exact Match Near 1 Match Near 2 Match

NeuRL 0.44(±0.09) 0.62(±0.06) 0.70(±0.11)
NNC 0.34(±0.10) 0.46(±0.09) 0.52(±0.10)
LR 0.33(±0.09) 0.41(±0.08) 0.47(±0.10)

Random 0.12(±0.06) 0.38(±0.07) 0.46(±0.10)

Table 2: Mean prediction accuracy of release time step for 10-fold cross validation on rat 1 and 2.
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Figure 5: (left) Visualization of latent embeddings for the two actions stay (�) and release (⇥)
generated from the last hidden layer of the classifier (NNC). (right) Visualization of the normalized
cumulative latent embeddings generated by the reward-model (as substitute for a Q-value). Our
model preserves the temporal coherence of the task for the two actions stay (�) and release (⇥)
much better than the classifier on the left which is necessary for correct release prediction.

Rat 1 Rat 2
NeuRL +23% +26%
NNC +16% +18%

Table 3: Increase in mean prediction accuracy for rat 1 and 2 going from exact to near 2 matches.

4.5 SIMULATION OF NEURAL INHIBITION AND ITS EFFECT ON THE RAT’S BEHAVIOR

We study the influence of neurons projecting from RFA to CFA (cf. Figure 6A) of which we iden-
tified 10 using optogenetic phototagging. The temporal pattern of the firing rate, as depicted in
Figure 6B, is surprisingly diverse even for a specific pathway. While the majority of the neurons
(6/10, 60%) increase the firing rate in the response period (indicated by dashed lines), about one
third of the neurons (3/10, 30%) have a higher firing rate in the hold period. Since most of the
neurons are more active in the response window, we hypothesize that inhibition during this period
has a significant effect on motor execution.

First, we simulate the effect of inhibition of these neurons within NeuRL and use the recordings
of rats without viral manipulation. To simulate varying expected efficacy of viral manipulation, we
sample subsets of the neurons projecting from RFA to CFA and set the respective features in  (s)
within the allowed response window to zero (analogously to real-world inhibition experiments). We
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Testing
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Inhibition Simulation I
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Inhibition Simulation II

38



Outlook: IQL with Multiple Intentions
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Inverse Q-learning about Multiple Intentions

Experiments

������

��������	����
�������������
������������
�������
����������

�������� ��������
��	�
��	��


Hao Zhu Deciphering Decision Making with IRL

Inverse Q-learning about Multiple Intentions

Experiments

Performance of Reward Function Estimation
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LV-IAVI LV-IQL IAVI IQL

EVD
‘Hungry’ 0.00± 0.00 0.00± 0.00 21.42± 0.00 21.38± 0.00
‘Thirsty’ 0.00± 0.00 0.00± 0.00 38.00± 0.00 38.05± 0.00

Hao Zhu Deciphering Decision Making with IRL

Recent (exciting!) extension by Hao Zhu



Exercises
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https://colab.research.google.com/drive/1YbHB0V1JQ5e_0T5zIR-nmRwmNOILY6v-?usp=sharing

Colab Notebook:

Complete and play around with Value Iteration and Q-Learning for different tasks

https://colab.research.google.com/drive/1YbHB0V1JQ5e_0T5zIR-nmRwmNOILY6v-?usp=sharing


Further Resources
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http://incompleteideas.net/book/RLbook2020.pdf

Standard RL text book (very accessible, free PDF):

https://www.coursera.org/specializations/reinforcement-learning

Nice 4-part course on coursera:

http://incompleteideas.net/book/RLbook2020.pdf
https://www.coursera.org/specializations/reinforcement-learning


Further Resources
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https://www.deepmind.com/learning-resources/introduction-
to-reinforcement-learning-with-david-silver

Very good “classic” RL course:

http://rail.eecs.berkeley.edu/deeprlcourse/

Very comprehensive (Deep) RL course at UC Berkeley:

https://www.deepmind.com/learning-resources/introduction-to-reinforcement-learning-with-david-silver
https://www.deepmind.com/learning-resources/introduction-to-reinforcement-learning-with-david-silver
http://rail.eecs.berkeley.edu/deeprlcourse/

