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Abstract

We consider the inverse problem of multi-armed bandits (IMAB) that are widely used in neu-
roscience and psychology research for behavior modelling. We first show that the IMAB problem is
not convex in general, but can be relaxed to a convex problem via variable transformation. Based
on this result, we propose a two-step sequential heuristic for (approximately) solving the IMAB
problem. We discuss a condition where our method provides global solution to the IMAB problem
with certificate, as well as approximations to further save computing time. Numerical experiments
indicate that our heuristic method is more robust than directly solving the IMAB problem via
repeated local optimization, and can achieve the performance of Monte Carlo methods within a
significantly decreased running time. We provide the implementation of our method based on
CVXPY, which allows straightforward application by users not well versed in convex optimization.

1



Contents

1 Introduction 3
1.1 Behavior models for multi-armed bandits and the fitting problem . . . . . . . . . . . . . . 3
1.2 IMAB problems in general form and solving methods . . . . . . . . . . . . . . . . . . . . 5
1.3 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 IMAB problem analysis and convexification 6
2.1 Problem transformation and convexity analysis . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Convexification via relaxation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Heuristic for IMAB approximate solution 9
3.1 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
3.2 Condition for exact solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.3 Truncated polynomial approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

4 Numerical results 12
4.1 The 2-armed bandit testbed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
4.2 The 10-armed bandit with subreward signals . . . . . . . . . . . . . . . . . . . . . . . . . 14

5 Discussion and comments 16

A The step II problem in convex form 20

2



1 Introduction

1.1 Behavior models for multi-armed bandits and the fitting problem

The dynamic multi-armed bandit task is an experimental paradigm used to investigate a wide range
of animal’s decision making behavior in a laboratory setting [SUDK05, TLB+12, PCT+16, DLK18,
EAM18, MBB18, BGL+19, CMA19, DLCSS+23, HDB+19, HTAW22, HHJ+23, ZCK+24], including
in normotypic humans and those with disease [DOD+06, SBD+16, VLS+20, KPZ+25]. Mathemat-
ically, the subject’s decision making behavior in such tasks is in general modeled as the following
procedure: Consider an agent facing repeatedly with a choice among m different actions, with (po-
tentially different) probabilities of obtaining a reward from each action. After the choice at time step
t − 1, the agent receives a reward signal u(t) ∈ Rm that depends on the selected action, e.g.,

ui(t) =
{

1 if action i was selected and rewarded
0 otherwise,

(1.1)

for i = 1, . . . , m. The objective of this agent consists in maximizing the expected total reward over
some time steps [SB18, §2.1]. For this purpose, the agent formulates some value function (or really,
vector) x(t) ∈ Rm for each time step t, and recursively updates it according to

x(t) = x(t − 1) + α(βu(t) − x(t − 1)), (1.2)

where the parameters β ∈ [0, ∞) can be interpreted as the sensitivity to the reward signal u(t), and
α ∈ [0, 1] is the learning rate of the value estimation error (βu(t)−x(t−1)). The initial value function
is generally assumed to be x(0) = 0. Let a(t) ∈ {1, . . . , m} denote the agent’s action at the tth time
step, which is then assumed to be selected according to:

prob(a(t) = i) = exp xi(t)∑m
j=1 exp xj(t) , i = 1, . . . , m, t = 1, . . . , n. (1.3)

When the reward signal u(t) has the form of (1.1), the decision model based on (1.2) and (1.3) is some-
times referred to as the forgetting Q-learning model [ID09], with parameters α and β characterizing
different agent’s behavior.

From the perspective of behavioral science researchers, they are interested in obtaining individual
subject’s behavior characterization (i.e., α and β in the case of the forgetting Q-learning model), given
the observed subject’s action selection outcome. This problem corresponds to the fitting problem
of decision models for multi-armed bandits, and can be interpreted as an inverse problem for the
multi-armed bandit task (IMAB). For example, in the case of the forgetting Q-learning model, such
problem is defined as: Consider an m-armed bandit, and we are given the subject’s choice a(t), and
the corresponding reward signal u(t) for t = 1, . . . , n. Assuming the subject’s action was selected
according to (1.1) to (1.3), the objective is to find a group of model parameters α and β such that
the likelihood of observing the given a(t) and u(t) (and hence the underlying value function x(t)) is
maximized. To write this in the form of a standard mathematical optimization problem, note that
(1.2) can be written as

x(t) = (1 − α)x(t − 1) + αβu(t) = Ax(t − 1) + Bu(t)

with
A = I − diag(α, . . . , α) ∈ Rm×m, B = diag(αβ, . . . , αβ) ∈ Rm×m,
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where I is the identity matrix. Transforming the actions a(t) ∈ {1, . . . , m} into one-hot vectors
y(t) ∈ {e1, . . . , em} ⊆ Rm (where ei is the ith standard basis vector) as

yi(t) =
{

1 a(t) = i

0 otherwise,
i = 1, . . . , m, (1.4)

the log-likelihood of observing a(t) at time step t is

ℓ(x(t), y(t)) = log
(

y(t)T

(
exp x(t)∑m

i=1 exp xi(t)

))
.

By adding up −ℓ(x(t), y(t)) over all t = 1, . . . , n we obtain the objective for this IMAB problem. Put
together, we have the following optimization problem:

minimize −
∑n

t=1 log(y(t)T exp x(t)/
∑m

i=1 exp xi(t))
subject to x(t) = (I − diag(α, . . . , α))x(t − 1) + diag(αβ, . . . , αβ)u(t), t = 1, . . . , n

x(0) = 0, 0 ≤ α ≤ 1, β ≥ 0
(1.5)

over variable α, β with data y(t), u(t).
Several extensions of (1.5) have been proposed by different groups to integrate more complex

decision making strategy under multi-armed bandit tasks. One useful extension is to incorporate
different learning rate α and reward signal sensitivity β for different actions [HDB+19, HHJ+23], i.e.,

A = I − diag(α1, . . . , αm), B = diag(α1β1, . . . , αmβm),

where α1, . . . , αm ∈ [0, 1], β1, . . . , βm ∈ [0, ∞). Such an extension can be readily incorporated
into (1.5). Another more complex extension assumes that there exist multiple subreward signals
u(1)(t), . . . , u(k)(t) ∈ Rm [BNLS22], corresponding to multiple subvalue functions z(1)(t), . . . , z(k)(t) ∈
Rm, which are updated individually according to (1.2), with respect to each subreward signal. The
reward function x(t) used in (1.3) is then a linear combination of z(1)(t), . . . , z(k)(t) under some given
weight vector w ∈ Rk, i.e., x(t) = w1z(1)(t) + · · · + wkz(k)(t). In many applications, the vector w is
assumed to be simply 1, i.e., equal weights are assigned to all subvalue functions. Putting these two
extensions together, the problem (1.5) now becomes

minimize −
∑n

t=1 log(y(t)T exp x(t)/
∑m

i=1 exp xi(t))
subject to x(t) = Z(t)w

z(i)(t) = A(i)z(i)(t − 1) + B(i)u(i)(t)
A(i) = I − diag(α(i)

1 , . . . , α
(i)
m ), B(i) = diag(α(i)

1 β
(i)
1 , . . . , α

(i)
m β

(i)
m )

z(i)(0) = 0, 0 ≤ α
(i)
j ≤ 1, β

(i)
j ≥ 0

i = 1, . . . , k, j = 1, . . . , m, t = 1, . . . , n,

(1.6)

where Z(t) =
[

z(1)(t) · · · z(k)(t)
]

∈ Rm×k. Note that the variables for (1.6) are α
(i)
1 , . . . , α

(i)
m ,

β
(i)
1 , . . . , β

(i)
m , i = 1, . . . , k; the problem data are y(t), u(i)(t) for t = 1, . . . , n, i = 1, . . . , k, and w. (The

other variables are slack variables introduced to simplify the notation.)
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1.2 IMAB problems in general form and solving methods

The general form of IMAB problems that we consider in this work is given by:

minimize J = −
∑n

t=1 ℓ(x(t), y(t))
subject to x(t) = Ax(t − 1) + Bu(t), t = 1, . . . , n

x(0) = 0,

(1.7)

where x(t) ∈ Rm, A, B ∈ Rm×m are the problem variables; y(t), u(t) ∈ Rm are the problem data.
Additionally, we assume that the matrices A and B are diagonal and y(t) ∈ {e1, . . . , em} for all
t = 1, . . . , n, where ei denotes the ith standard basis vector. The objective function has the form of

J = −
n∑

t=1
ℓ(x(t), y(t)) = −

n∑
t=1

log
(

y(t)T

(
exp x(t)∑m

i=1 exp xi(t)

))
, (1.8)

where xi(t) denotes the ith entry of the vector x(t). These assumptions include a wide range of IMAB
problems used for behavioral science research, including (1.5) and (1.6) as special instances.

The IMAB problem (1.7) is not convex in general (as we will show in §2.1). Currently, two groups
of methods have been applied to solve (1.7) in practice: local minimization methods and Monte Carlo
methods, with practical implementation supported by different domain specific languages (DSLs).

Local minimization methods (or direct methods) for (1.7) consist in finding locally optimal solution
repeatedly from different initial points and selecting the one with the minimum objective value across
the repetitions as the final solution [BNLS22]. The major advantage of these methods is that they are
very easy to implement and are supported by different DSLs, such as SciPy [VGO+20] for medium
scaled problems, JAX [BFH+18] for large scaled problems, etc. Hence, direct methods have become
the most widely used class of methods for IMAB problems.

The general idea of Monte Carlo methods is that instead of directly searching for the optimal
variables of (1.7), they try to estimate the posterior distribution p(A, B | y(t), u(t), t = 1, . . . , n)
of the variables given the problem data and some predefined prior, by generating a large number of
instances for A and B from the desired distribution. The users then select the group of variables by
taking, e.g., the mean of the distribution, as the solution of (1.7) [HTAW22]. In practice, Monte Carlo
methods can be implemented via the DSL PyMC [APAC+23], and generally have better performance in
solving (1.7) than direct methods, since global information about the optimal point is incorporated.

1.3 Limitations

Both widely used direct methods and Monte Carlo methods for solving (1.7) have limitations in
practice.

The straightforward implementation of direct methods allows most practitioners with medium
experience in programming be able to obtain some ‘solution’ to IMAB problems. However, the
solution from these methods strongly depend on the number of initial points and their location and
thus can be far from global optimum due to bad luck, and the users can not evaluate the suboptimality
of the obtained result.

Monte Carlo methods are able to generate robust results close to global optimum, but are in
general very slow since a large number of samples have to be drawn from the targeted distribution.
More importantly, implementing a Monte Carlo solver for IMAB problems requires lots of background
knowledge, e.g., probability, statistics, optimization, as well as expert experience in using the DSL
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PyMC, which can be very tricky and time consuming. This limits most behavioral science researchers
from using the Monte Carlo methods to obtain a more accurate solution to IMAB problems.

1.4 Contribution

The focus of this work is to provide a solution method for IMAB problems, which is fast and easy to
implement (as direct methods), and provides accurate solution (as Monte Carlo methods), as well as
adequate information for the users to evaluate the suboptimality of the obtained solution.

Our method solves (1.7) by transforming the original problem into a sequence of two problems. The
first problem is a relaxed problem of (1.7) by introducing convex relaxations via variable transforma-
tion, which can be solved efficiently via convex optimization; then solving the second problem recovers
the original variables from the transformed variables. Numerical experiments show that our method
is able to achieve performance similar to that of Monte Carlo methods with a significantly reduced
computing time. In the general case, our method uses lower and upper bound information obtained
as byproduct during solving (1.7) to evaluate the suboptimality of the returned approximate solution
to (1.7). Under some circumstances, certificate for global optimality can even be issued. These fea-
tures could be valuable for computational science applications. The implementation of our proposed
method based on the DSL CVXPY [DB16, AVDB18] for convex optimization is fully open-source at

https://github.com/nrgrp/cvx_imab,

such that users can easily apply our method to their problems, without the background knowledge
about convex optimization.

2 IMAB problem analysis and convexification

In this section, we provide some analysis on a specific instance of the IMAB problem (1.7) given by

minimize J = −
∑n

t=1 log(y(t)T exp x(t)/
∑m

i=1 exp xi(t))
subject to x(t) = Ax(t − 1) + Bu(t)

A = I − diag(α1, . . . , αm), B = diag(α1β1, . . . , αmβm)
x(0) = 0, 0 ≤ αi ≤ 1, βi ≥ 0
i = 1, . . . , m, t = 1, . . . , n.

(2.1)

The problem (2.1) is a generalized version of (1.5), thus all subsequent results based on (2.1) also hold
for (1.5). For the simplicity of notation, we will not provide analysis about the problem formulation
(1.6); all corresponding results from (2.1) can be readily extended to (1.6) via basic convex analysis
(see [Roc70, §5] and [BV04, §3.2]).

2.1 Problem transformation and convexity analysis

We start by eliminating the recursive expression about x(t) in (2.1). Considering the ith entry of the
vectors x(0), . . . , x(n), we have

xi(0) = 0
xi(1) = (1 − αi)xi(0) + αiβiui(1) = αiβiui(1)
xi(2) = (1 − αi)xi(1) + αiβiui(2) = (1 − αi)αiβiui(1) + αiβiui(2)
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xi(3) = (1 − αi)xi(2) + αiβiui(3) = (1 − αi)2
αiβiui(1) + (1 − αi)αiβiui(2) + αiβiui(3)

...

xi(n) = (1 − αi)xi(n − 1) + αiβiui(n) =
n∑

t=1
(1 − αi)n−t

αiβiui(t).

Hence, the value function x(t) for any t = 1, . . . , n can be expressed as

x(t) = diag(FŨ(t)),

where

F =


α1β1 (1 − α1)1

α1β1 · · · (1 − α1)n−1
α1β1

...
... . . . ...

αmβm (1 − αm)1
αmβm · · · (1 − αm)n−1

αmβm

 ∈ Rm×n. (2.2)

The matrices Ũ(t), t = 1, . . . , n are defined as

Ũ(t) =
[

U(t)
0

]
∈ Rn×m, U(t) =


u(t)T

...
u(1)T

 ∈ Rt×m. (2.3)

The matrices Ũ(t) given by (2.3) can be interpreted as follows: For each t = 1, . . . , n, the matrix Ũ(t)
is formed by padding an (n−t)×m matrix with all entries zero to the end of the corresponding reward
signal matrix U(t), such that Ũ(t) ∈ Rn×m. Putting together, the problem (2.1) can be transformed
to

minimize J = −
∑n

t=1 log(y(t)T exp x(t)/
∑m

i=1 exp xi(t))

subject to x(t) = diag(FŨ(t))

F =


α1β1 (1 − α1)1

α1β1 · · · (1 − α1)n−1
α1β1

...
... . . . ...

αmβm (1 − αm)1
αmβm · · · (1 − αm)n−1

αmβm


0 ≤ αi ≤ 1, βi ≥ 0, i = 1, . . . , m, t = 1, . . . , n,

(2.4)

where the variables are α1, . . . , αm, β1, . . . , βm (with slack variable F ); the data are y(t) and Ũ(t),
t = 1, . . . , n, given by (1.4) and (2.3).

We can easily obtain the convexity of the problem (2.1) by analyzing the transformed problem
(2.4). Note that the objective function J in (2.4) can be written as

J = −
n∑

t=1
log
(

y(t)T exp x(t)∑m
i=1 exp xi(t)

)
= −

n∑
t=1

(
y(t)T

x(t) − log
m∑

i=1
exp xi(t)

)
.

(To obtain the second equality, we use the fact that log(yT exp x(t)) = yT x(t) if y is a standard basis
vector.) It follows immediately that the function J is convex with respect to αi, βi, i = 1, . . . , m, if
and only if x(t) are affine of variables αi, βi, i = 1, . . . , m [Gra04, GBY06]. Since x(t) = diag(FŨ(t))
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where the righthand side is a linear transformation of F , the previous requirement is equivalent to
saying that the transformation

f : (α1, . . . , αm, β1, . . . , βm) 7→ F (2.5)

is affine. However, this is violated as a result of the polynomial terms about αi and βi in (2.2). Hence,
we come to the conclusion that the problem (2.1) is not convex.

2.2 Convexification via relaxation

We now introduce a convex relaxation on (2.4). Let η = (1 − α1, . . . , 1 − αm) ∈ Rm. By variable
transformation we have an equivalent problem of (2.4) given by

minimize J = −
∑n

t=1 log(y(t)T exp x(t)/
∑m

i=1 exp xi(t))

subject to x(t) = diag(GŨ(t)), t = 1, . . . , n

G =


gT

1
...

gT
m

 =
[

g̃1 · · · g̃n

]

gi ⪰ 0, i = 1, . . . , m

g̃i+1 = diag(η)g̃i, i = 1, . . . , n − 1

0 ⪯ η ⪯ 1,

(2.6)

where the vectors g1, . . . , gm ∈ Rn and g̃1, . . . , g̃n ∈ Rm are the vectors from the rows and columns
of the matrix G ∈ Rm×n, respectively. (The notation ⪰ means componentwise inequality between
vectors.) Note that the variables of (2.6) are the matrix G ∈ Rm×n and η ∈ Rm.

The problem (2.6) is equivalent to (2.4) and hence is not convex, but can be easily convexified by
relaxing the last two constraints, i.e., replacing

g̃i+1 = diag(η)g̃i, i = 1, . . . , n − 1, 0 ⪯ η ⪯ 1 (2.7)

with
g̃1 ⪰ · · · ⪰ g̃n. (2.8)

This leads to the problem:

minimize J = −
∑n

t=1 log(y(t)T exp x(t)/
∑m

i=1 exp xi(t))

subject to x(t) = diag(GŨ(t)), t = 1, . . . , n

G =


gT

1
...

gT
m

 =
[

g̃1 · · · g̃n

]

gi ⪰ 0, i = 1, . . . , m

g̃1 ⪰ · · · ⪰ g̃n.

(2.9)

8



Convexity of (2.9) follows from the analysis in §2.1 and that x(t) are now simply linear transformations
of G given each Ũ(t), and all inequality constraints on G are linear. Such a convex relaxation can be
interpreted as follows: Constraints (2.7) require that entries of G decay exponentially under factor η
along each row, whereas (2.8) only requires that the entries decay along each row, but not necessarily
have to be exponentially.

Let C and D be the set of all feasible matrices G in (2.6) and (2.9), respectively. We then have
C ⊆ D, and it follows immediately that by solving (2.9), a lower bound to the optimal value of
problem (2.6) (and hence (2.4)) is obtained.

3 Heuristic for IMAB approximate solution

Based on the analysis in the previous section, we propose the following heuristic for (approximately)
solving the IMAB problem (2.1) (and can be readily adapted for different formulations of (1.7)):

given data y(t), Ũ(t), t = 1, . . . , n.

Step I. Solve the relaxed problem (2.9) via convex optimization to obtain the optimal variable G⋆.

Step II. Find a group of variables (α⋆
1, . . . , α⋆

m, β⋆
1 , . . . , β⋆

m) that satisfies 0 ≤ α⋆
i ≤ 1, β⋆

i ≥ 0, i = 1, . . . , m,
such that its image F ⋆ under the transformation (2.5) is the “closest” to G⋆.

To formally write the second step in our heuristic as an optimization problem, noting that the ith
row of F only depends on αi and βi, we have:

minimize L =
∑m

i=1 ϕ(f̃(αi, βi), g⋆
i ) =

∑m
i=1 ∥f̃(αi, βi) − g⋆

i ∥2
2

subject to 0 ≤ αi ≤ 1, βi ≥ 0, i = 1, . . . , m,
(3.1)

where the transformation f̃ is given by

f̃ : (α, β) 7→ (αβ, (1 − α)1
αβ, · · · , (1 − α)n−1

αβ)

(cf., (2.2) and (2.5)), and the penalty function ϕ(u, v) = ∥u − v∥2
2 is the least squares penalty function.

The variables of (3.1) are αi, βi ∈ R, i = 1, . . . , m; the data are the vectors g⋆
i ∈ Rn, i = 1, . . . , m,

which are from the rows of the matrix G⋆.

3.1 Implementation

The step I problem (2.9) in our heuristic can be easily specified and solved by the DSL CVXPY. The
step II problem (3.1), however, is not convex1. Here we provide an option of trying to solve (3.1)
in practice, where global optimum can sometimes be achieved, depending on the problem data (cf.,
§3.2).

From the structure of (3.1), we immediately recognize a lower bound of its objective: Llb = 0.
Hence, every time we locally solve (3.1) from a random initial point, the gap |Lloc − Llb| between the
achieved optimal value Lloc (which is an upper bound of (3.1)) and the lower bound Llb provides us a
global optimality measure. Suppose that we repeatedly optimize (3.1) N times from different initial

1By selecting a different penalty function ϕ, we can actually obtain a convex problem formulation for the second
step of our heuristic. We provide some discussion about this option in §A, but we will not consider this approach
subsequently in this paper, for the reason listed there.
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point, and let L(k), α
(k)
1 , . . . , α

(k)
m , β

(k)
1 , . . . , β

(k)
m be the returned (locally) optimal value and optimal

variables from the kth run, respectively. If the gap |L(k) − Llb| ≤ ϵ for some k, where ϵ is some
predefined very small number, we can conclude that the global minimum L⋆ = L(k) and is achieved at
α

(k)
1 , . . . , α

(k)
m , β

(k)
1 , . . . , β

(k)
m . Otherwise, we can take the best objective value and the corresponding

variables across the N repetitions as an (approximate) solution, i.e.,

L⋆ = min{L(1), . . . , L(N)}, (α⋆
1, . . . , α⋆

m, β⋆
1 , . . . , β⋆

m) = argmin{L(1), . . . , L(N)}.

Intuitively, this procedure returns a (potentially approximate) solution to (2.1) that is at least as
suboptimal as the direct methods (cf., §4).

Put together, we have the full implementation of our heuristic for approximately solving (2.1):

Algorithm 1 Heuristic for approximately solving the IMAB problem.

given data y(t), Ũ(t), t = 1, . . . , n, tolerance ϵ > 0, repeats N .

Step I. Solve the relaxed problem (2.9).

G⋆ := argmin
G

−
n∑

t=1

log
(

y(t)T exp diag(GŨ(t))
1T exp diag(GŨ(t))

)
, subject to g1, . . . , gm ⪰ 0, g̃1 ⪰ · · · ⪰ g̃n.

Step II. Solve the function fitting problem (3.1).
repeat for k = 1, . . . , N

Compute L(k), α
(k)
i , β

(k)
i , i = 1, . . . , m by locally minimizing

∑m

i=1 ∥f̃(αi, βi) − g⋆
i ∥2

2 from random
initial point, subject to 0 ≤ αi ≤ 1, βi ≥ 0, i = 1, . . . , m.
if |L(k) − Llb| ≤ ϵ

L⋆ := L(k), α⋆
i := α

(k)
i , β⋆

i := β
(k)
i , i = 1, . . . , m.

quit.
L⋆ := min{L(1), . . . , L(N)}.
(α⋆

1, . . . , α⋆
m, β⋆

1 , . . . , β⋆
m) := argmin{L(1), . . . , L(N)}.

3.2 Condition for exact solution

There is a special case where we can conclude that the result from algorithm 1 is actually the exact
(or global optimal) solution to (2.1).

Consider the case where algorithm 1 has an early quit during step II as |L(k) − Llb| ≤ ϵ, and
returns L⋆ = L(k), α⋆

i = α
(k)
i , β⋆

i = β
(k)
i , i = 1, . . . , m. We then have

α⋆
1β⋆

1 (1 − α⋆
1)1

α⋆
1β⋆

1 · · · (1 − α⋆
1)n−1

α⋆
1β⋆

1
...

... . . . ...
α⋆

mβ⋆
m (1 − α⋆

m)1
α⋆

mβ⋆
m · · · (1 − α⋆

m)n−1
α⋆

mβ⋆
m

 = G⋆ (3.2)

within tolerance ϵ. By performing elementwise division between each neighboring columns, we con-
clude that

g̃i+1 = diag(1 − α⋆
1, . . . , 1 − α⋆

m)g̃i, i = 1, . . . , n − 1, (3.3)

where g̃i are the columns of G⋆, i.e., the exponential decay constraint (2.8) is satisfied with η =
(1 − α⋆

1, . . . , 1 − α⋆
m). Recalling that in §2.2 we have C ⊆ D between the feasible sets for the matrices

F ∈ C and G ∈ D, the condition (3.3) says that we also have G⋆ ∈ C, i.e., the problems (2.6) and
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(2.9) share the same optimal point. Hence, in this case, we can conclude that the heuristic solution
from algorithm 1 is actually the exact solution for (2.1).

Another interpretation for this exact solution condition is the following: By evaluating the objective
J of (2.1) with variables α

(k)
i and β

(k)
i corresponding to |L(k) − Llb| ≤ ϵ, we obtain an upper bound

Jub. Since the variables α
(k)
i and β

(k)
i satisfy the equality (3.2), and evaluating the objective of (2.9)

with G⋆ provides a lower bound J lb to the optimal value of (2.1), the upper bound Jub and the
lower bound J lb must be equal. Hence, we have the (globally) optimal value J⋆ of (2.1) satisfies
J lb = J⋆ = Jub, and is achieved by α

(k)
1 , . . . , α

(k)
m , β

(k)
1 , . . . , β

(k)
m .

3.3 Truncated polynomial approximation

Solving the relaxed problem (2.9) can be slow for long horizon (i.e., n large) IMAB problems, since
we need to find all the entries for a large matrix G ∈ Rm×n. To address this limitation, recall that
the entries of each row in the matrix F given by (2.2) decay exponentially, and hence, it is reasonable
to approximate the matrix F as F =

[
Fp 0

]
, where

Fp =


α1β1 (1 − α1)1

α1β1 · · · (1 − α1)p−1
α1β1

...
... . . . ...

αmβm (1 − αm)1
αmβm · · · (1 − αm)p−1

αmβm

 ∈ Rm×p,

i.e., assuming that all the entries in F after the pth column have decayed to be zero. Then the problem
(2.1) reduces to

minimize J = −
∑n

t=1 log(y(t)T exp x(t)/
∑m

i=1 exp xi(t))

subject to x(t) = diag(FpŨp(t))

Fp =


α1β1 (1 − α1)1

α1β1 · · · (1 − α1)p−1
α1β1

...
... . . . ...

αmβm (1 − αm)1
αmβm · · · (1 − αm)p−1

αmβm


0 ≤ αi ≤ 1, βi ≥ 0, i = 1, . . . , m, t = 1, . . . , n,

(3.4)

where the data Ũp(t) are simply the first p rows of Ũ(t) given by (2.3). As a result, in (2.9), we only
need to optimize over the matrix G ∈ Rm×p, instead of in Rm×n, and algorithm 1 can be readily
applied by adapting the nonlinear mapping f̃ as

f̃p : (α, β) 7→ (αβ, (1 − α)1
αβ, · · · , (1 − α)p−1

αβ).

The aforementioned truncated polynomial approximation on F can be interpreted as follows: For
each time step t, we approximate the ith entry of the value function x(t) as

xi(t) =
t∑

k=1
(1 − αi)t−k

αiβiui(k) ≈
t∑

k=t−p+1
(1 − αi)t−k

αiβiui(k), i = 1, . . . , m,

i.e., only the last p reward signal u(t − p + 1), . . . , u(t) (zero padding when t − p + 1 ≤ 0) have an
influence on the current value function x(t). As two extreme examples, if p = n, we recover the
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original problem (2.1), where no truncation on history reward signal is applied; if p = 1, x(t) can be
determined only from u(t), i.e., there is no “memory” in the decision process.

In practice, solving the problem (3.4) can provide a good approximate solution for (2.1) (see §4 for
detailed numerical results), with the advantage of very fast computing time. However, we should note
that the exact solution condition in §3.2 does not hold anymore for the approximated IMAB problem
(3.4), since (3.4) is not equivalent to (2.1) as (2.4) is, although they share exactly the same structure.

4 Numerical results

In this section we compare our heuristic for solving (1.7) (including one with truncated polynomial
approximation) with direct methods and Monte Carlo methods. We specified and solved the relaxed
problem (2.9), i.e., the step I problem of algorithm 1, using CVXPY; the step II problem was solved
using SciPy with constrained optimization by linear approximation (COBYLA) algorithm [Pow94].
The number of repeats N = 10, and the tolerance ϵ = mnϵ̃, where ϵ̃ = 10−5, i.e., we allow a tolerance
of 10−5 for each entry of the problem data G⋆ obtained from the solution of (2.9). The initial values
of variables α1, . . . , αm and β1, . . . , βm were randomly drawn from uniform distributions on [0, 1] and
[0, 5], respectively. The direct method was implemented using SciPy with the same solver, COBYLA,
as in our heuristic. The number of repeats was again set to 10 with initial values of the variables αi

and βi drawn from uniform distributions on [0, 1] and [0, 5], respectively. The Monte Carlo method
was implemented using PyMC, with the number of samples for tuning the Markov chain and estimating
the posterior distribution of the variables set as 2000 and 5000, respectively. The prior for α1, . . . , αm

is defined as the uniform distribution on the interval [0, 1]; the prior for β1, . . . , βm is given by a
halfnormal distribution with variance σ = 2. Note that for methods where repeated initialization is
required, all computing time is reported as the cumulative time across repeats, i.e., the total time
for solving the problem N times. All experiments were performed on an AMD Ryzen™ 9 7950X (4.5
GHz) CPU. The corresponding code to reproduce our results can be found at

https://github.com/nrgrp/cvx_imab.

4.1 The 2-armed bandit testbed
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convex relaxation
(sequential step I)

Figure 1 True and estimated log-
likelihood from solving (2.9) in the
2-armed bandit testbed.

We start from an instance of the forgetting Q-learning model fit-
ting problem (1.5) on a 2-armed bandit environment. It is the most
widely considered application scenario of the IMAB problem (1.7)
in the computational science field. The demonstrating agent’s be-
havior was implemented according to (1.1) to (1.3). We simulated
the agent for 1000 times with each episode consisting of 200 actions,
using different values of α and β randomly picked from a uniform
distribution on [0, 1] and [0, 5], respectively.

Figure 1 shows the comparison between the best estimated log-
likelihood value from only solving the relaxed problem of (1.5),
i.e., the optimal objective value of the step I problem (2.9), and
the log-likelihood obtained by substituting the true parameters α
and β, for the 1000 simulations. The data points align well with
the diagonal (the dashed line), but with a slightly upward shift.
Such result supports our claim in the last part of §2.2 that solving
the relaxed problem (2.9) provides a lower bound to the original nonconvex IMAB problem.
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sequential sequential
truncated (p = 5) direct Monte Carlo

step I step II step I step II
54 ± 0 249 ± 6 4 ± 0 59 ± 1

time (ms) 303 ± 6 63 ± 1 575 ± 24 2386 ± 34

Figure 2 True and estimated log-likelihood (top row) and parameters α, β (two middle rows) obtained via
different methods in the 2-armed bandit testbed. The bottom left figure shows the histogram of the gap
|Jub − J lb| from the sequential heuristic. The dashed line corresponds to the largest objective gap across the
episodes to which we assigned a certificate for exact solution. The bottom right table shows the computing
time (mean ± standard error across the 1000 episodes) for different methods.
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Figure 2 shows the comparison between our sequential heuristic and the other two different meth-
ods. First of all, from the log-likelihood result (top row), we observe that the Monte Carlo method
has the best performance, since all the data points are on the diagonal. The sequential heuristic with-
out approximation has the second best performance with few off-diagonal data points, and the direct
method performs the worst in this task. Such observation is consistent with the comparison between
the estimated and true parameters α, β (two rows in the middle of figure 2). The parameters esti-
mated from Monte Carlo methods align best with the ground truth, whereas the direct method tends
to underestimate α and β. Together with the computing time for these methods (figure 2, bottom
right), our sequential heuristic method achieves almost the same level of performance as the Monte
Carlo methods, but with approximately 1/10 of computing time. The computing time of the direct
method are at the same level as our heuristic (i.e., several hundred milliseconds), but the performance
is significantly worse. As expected, by introducing a p = 5 truncated polynomial approximation to
our heuristic, the performance decrease as a result of approximating the matrix F ∈ R2×200 with
Fp ∈ R2×5 is only minor, while the gain in spared computing time is about five times.

The suboptimality of the obtained solution from our sequential heuristic (without approximation
on F ) can be evaluated according to the gap between the upper and lower bound of the optimal
value of (1.5), which is readily obtained as byproduct of algorithm 1. Specifically, solving the relaxed
problem (2.9) provides a lower bound J lb of the objective J in (1.5), and the upper bound Jub

corresponds to the objective function J evaluated with the sequential heuristic solution. The bottom
left histogram in figure 2 indicates that the gap |Jub − J lb| for the 1000 episodes are mostly below
5, and specifically, the maximum objective gap within the episodes on which global optimum was
achieved by our heuristic method is 0.62. Note that this histogram provides similar information as
in the first row of figure 2, but can always be obtained from the solving process even when the true
log-likelihood value is unknown (which is the most common case in practice).

4.2 The 10-armed bandit with subreward signals

We now consider a more complex environment consists of a 10-armed bandit with subreward signals
urew(t), uact(t) ∈ R10 given by

urew
i (t) =

{
1 if action i was selected and rewarded
0 otherwise,

and

uact
i (t) =

{
1 if action i was selected
0 otherwise.

The subvalue functions zrew(t), zact(t) ∈ R10 are updated according to

zrew(t) = Arewzrew(t − 1) + Brewurew(t), zact(t) = Aactzact(t − 1) + Bactuact(t),

where
Arew = I − diag(αrew

1 , . . . , αrew
10 ), Brew = diag(αrew

1 βrew
1 , . . . , αrew

10 βrew
10 ),

Aact = I − diag(αact
1 , . . . , αact

10 ), Bact = diag(αact
1 βact

1 , . . . , αact
10 βact

10 ).

The reward function x(t) ∈ R10 used for action selection (1.3) is given by

x(t) =
[

zrew(t) zact(t)
]

1 = zrew(t) + zact(t).
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Figure 3 True and estimated log-likelihood (top) obtained via different methods in the 10-armed bandit
testbed. The bottom left figure shows the histogram of the gap |Jub − J lb| from the sequential heuristic. The
bottom right table shows the computing time (mean ± standard error across the 1000 episodes) for different
methods.

The IMAB problem under this setup is an instance of (1.6) (which is a larger scale version of the prob-
lem combining [BNLS22] and [HDB+19, HHJ+23]) with variables αrew

i , βrew
i , αact

i , βact
i , i = 1, . . . , 10.

We simulated the agent for 1000 times with each episode consisting of 200 actions, using different
values of αrew

i , βrew
i , αact

i , and βact
i randomly picked from a uniform distribution on [0, 1], [0, 10],

[0, 1], and [0, 5], respectively.
Figure 3 shows the comparison between the true and estimated log-likelihood from different meth-

ods. Similar to our first experiment, solving the relaxed problem of IMAB returned a lower bound to
the optimal value of (1.6) (figure 3, first column). The Monte Carlo method again contributes to the
best performance with longest running time. Our sequential heuristic uses a running time at the same
level with the direct method, but has significantly better performance. Surprisingly, introducing the
truncated polynomial approximation with p = 5 not only leads to the fastest computation, but also
better performance than the heuristic without approximation. Our sequential heuristic method does
not achieve global optimality for all 1000 episodes in this experiment under the given tolerance ϵ, but
we can nevertheless obtain some information about the suboptimality of the approximated solutions,
as shown in the bottom left histogram of figure 3.

The worse performance of the sequential heuristic without incorporating approximation on F
might be explained by the cumulated numerical imprecision. When we solve the step II problem for
the full matrix F given data (Grew)⋆

, (Gact)⋆ ∈ R10×200, we take the fitting residuals at the tails
of each row of (Grew)⋆ and (Gact)⋆ into the calculation of the objective L. However, the matrices
(Grew)⋆ and (Gact)⋆ are obtained from solving the convex problem in step I, where the tails of each
row are expected to be very close to zero and thus can be less precisely estimated. It then suggests
that the fitting result of step II could be strongly biased by the noninformative noisy tails. Such an
influence is only minor when we solve the step II problem for the truncated matrix Fp, with data
(Grew)⋆

, (Gact)⋆ ∈ R10×5, since in this case the matrices (Grew)⋆ and (Gact)⋆ are expected to only
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have nonzero entries (analogous to only keeping the leading entries of each row in the former case for
the step II problem), and thus the influence of the imprecise tails is avoided.

5 Discussion and comments

Combining the aforementioned theoretical and numerical results, our sequential heuristic, algorithm 1,
for solving the IMAB problem has the following advantages: Firstly, our method is able to achieve sim-
ilar performance as the Monte Carlo method, at a similar level of time cost as the direct method. The
computing time can be further shortened by incorporating the truncated polynomial approximation,
at a cost of slightly losing performance. Such an approximation can sometimes be numerically more
stable than the original procedure. Moreover, our method enables the evaluation of the suboptimality
of the obtained approximate solution to (1.7), via the gap between the upper and lower bound of the
objective function J . Specifically, this value (or the gap between the upper and lower bound of the
objective L of (3.1)) also serves as a certificate for whether our heuristic has achieved global optimum
of (1.7). As for direct methods, the strongest claim we could make about the result’s suboptimal-
ity is that the obtained solution is the best across the N repetitions, even if the best solution does
achieve the global optimum. Such feature of our method can be valuable for computational science
applications.

Solving the relaxed IMAB problem (2.9) alone, i.e., quit the algorithm 1 directly after step I, can
also provide useful information in practice. For example, if the users are only interested in estimating
the optimal value functions x⋆(t) for t = 1, . . . , n of an IMAB problem, instead of recovering the
full group of parameters A and B, solving the relaxed convex problem (2.9) can provide a robust
approximation of the optimal x⋆(t) corresponding to the original problem (1.7) in very short computing
time. Besides, although it is not mentioned explicitly in this paper, the lower bound of the optimal
value of (1.7) obtained from solving (2.9) is universal, i.e., can be applied to evaluate the solution
from any IMAB problem solver. For instance, if one (for some reason) uses a direct solver for the
IMAB problem but would like to tune the number of repeated initializations, it would be helpful to
first run the step I procedure with the given problem data to obtain a lower bound of (1.7). Then by
calculating the objective gap evaluated for the best performed variables from the direct solver across
the current number of repetitions, the user can decide whether the number of repeats needs to be
increased to further decrease the gap.

Note that in both experiments of §4, the computing time for the step II procedure were much
longer than that for step I. On the one hand, this is because we have to solve the optimization
problem repeatedly during step II. On the other hand, the selected solver, COBYLA, is some variants
of the subgradient methods [Sho85], which is not the fastest among the other supported solvers for
local minimization problems with constraints, but is numerically more stable in our experiment setup.
In practice, one can select a different solver for step II according to the application scenario to save
computing time, for example, incorporating the second-order derivative information using sequential
quadratic programming [Kra88], or allowing GPU acceleration using JAX, just list a few.

The analysis and convexification of the IMAB problem discussed in §2 builds upon and extends
the work by Beron et al. [BNLS22]. In their work, they provides discussion about the (approximate)
equivalence relationship between the forgetting Q-learning model and a logistic regression model, from
the behavior modelling point of view, and incorporating some experimental observations. We extend
their discussion to general IMAB problems and provide some theoretical results from the convex
analysis perspective.
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A The step II problem in convex form

In this section, we discuss an option of selecting the penalty function ϕ in step II of algorithm 1, such
that the corresponding optimization problem is convex. Recall that the problem (3.1) has the general
form

minimize L =
∑m

i=1 ϕ(f̃(αi, βi), g⋆
i )

subject to 0 ≤ αi ≤ 1, βi ≥ 0, i = 1, . . . , m
(A.1)

with variables αi, βi ∈ R, i = 1, . . . , m and data g⋆
i ∈ Rn, i = 1, . . . , m, where the nonlinear

transformation f̃ is given by

f̃ : (α, β) 7→ (αβ, (1 − α)1
αβ, · · · , (1 − α)n−1

αβ).

Consider the least squares penalty function in the log space2, i.e.,

ϕ(u, v) = ∥log u − log v∥2
2. (A.2)

The objective function L of (A.1) is then

L =
m∑

i=1
ϕ(f̃(αi, βi), g⋆

i ) =
m∑

i=1
∥log f̃(αi, βi) − log g⋆

i ∥2
2

=
m∑

i=1

∥∥∥∥∥∥∥∥∥∥


log(αiβi)

log((1 − αi)1
αiβi)

...
log((1 − αi)n−1

αiβi)

− log g⋆
i

∥∥∥∥∥∥∥∥∥∥

2

2

=
m∑

i=1

∥∥∥∥∥∥∥∥∥∥


0 × log(1 − αi) + log(αiβi)
1 × log(1 − αi) + log(αiβi)

...
(n − 1) × log(1 − αi) + log(αiβi)

− log g⋆
i

∥∥∥∥∥∥∥∥∥∥

2

2

.

Introducing the variable transformations:

A =


0 1
1 1
...

...
n − 1 1

 , xi =
[

log(1 − αi)
log(αiβi)

]
, bi = log g⋆

i ,

we transform the step II problem (A.1) with penalty function (A.2) into an equivalent constrained
least squares problem

minimize
∑m

i=1 ∥Axi − bi∥2
2

subject to (xi)1 < 0, i = 1, . . . , m
(A.3)

2By considering such a constraint we implicitly require that the strict inequalities 0 < αi < 1 and βi > 0 hold for
i = 1, . . . , m (which do hold for almost all IMAB applications in practice).
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with variables xi ∈ R2 and data A ∈ Rn×2, bi ∈ Rn. (The notation (xi)1 denotes the first entry of
vector xi.)

The advantage of considering the least squares penalty in the log space, given by ϕ(u, v) =
∥log u − log v∥2

2, for the problem (A.1) is that the step II problem (A.3) is now convex, such that
repeated initializations are avoided. However, the major drawback of (A.3) is that the penalty func-
tion (A.2) tends to add very large penalty to those entries of g⋆

i that are small, compared to those
entries that are away from zero, even if they have the same residual. Such behavior is due to the
logarithm function u 7→ log u, whose slope approaches infinity as u → 0. Recall that in (2.9) we ex-
pect the entries of vector (g⋆

i )j , j = 1, . . . , n to decay (ideally exponentially) as the index j increases.
Hence, the solution of (A.3) using data g⋆

1 , . . . , g⋆
m from the solution of (2.9) tends to have a very good

fit to the tail of the vectors g⋆
1 , . . . , g⋆

m where the entries are nearly zero, while the residual at the
beginning entries are less irritative and thus can be very large. If n is small, or one considers solving
the truncated problem (3.4) with small p, taking (A.3) as the step II of algorithm 1 can provide a
stable optimal solution; if n is large, i.e., there might exist lots of nearly zero entries in g⋆

i , the results
can be problematic since it tends to provide a fitting that matches the noninformative small tails of
g⋆

i which are largely influenced by numerical roundoff error, instead of the informative entries at the
beginning. For this reason, although we demonstrate this option of formulating the step II problem
as the convex problem (A.3), we will not consider this approach further in this work.
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