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Preface

This book is about disciplined machine learning, which aims at providing a system-
atic and principled way to design and analyze machine learning models, especially
those where domain knowledge and model structures are (or should be) explicitly
incorporated.

Motivation

Our initial motivation for writing this book was driven by two (perhaps not so
recent) developments in computational mathematics and optimization.

The first is conver optimization, which has been developed and studied for sev-
eral centuries, but it was not until the 1990s that people started to realize that
it is far more prevalent across domains than previously thought. Today, convex
optimization has become a mature technology that is widely used in science and
engineering. Roughly speaking (and perhaps optimistically), if a problem (beyond
least squares and linear programming) can be formulated as a convex optimization
problem, then it is essentially solved.

The second development is disciplined optimization, a systematic way to con-
struct and analyze optimization problems so that a human or a computer program
can automatically determine a problem’s structure and properties and select appro-
priate numerical algorithms to solve it. In practice, disciplined optimization allows
practitioners to focus on defining the problem according to application needs, while
leaving the details of solving the problem to the computer. This is close to the idea
of “say what you want, not how to do it.”

Disciplined optimization was initially designed for convex optimization in the
early 2000s, but it has also been extended to some nonconvex problems over the
last decade. As a generic framework for mathematical optimization, it often works
quite well across a wide range of problems.

With these advances, we believe that disciplined optimization and analysis is
something that everyone interested in machine learning should be familiar with, at
least a little bit. Conceptually, a disciplined view of machine learning models helps
practitioners form an overall picture and understand relationships between different
models. Practically, it helps identify essential building blocks that recur across many
models, making it easier to reuse them when designing more complex ones. This,
in turn, enables people to customize and prototype machine learning models quickly
and systematically for specific applications. We develop this perspective throughout
the book, and we hope readers will find it useful in their own work.
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Goal of this book

There are several languages for representing machine learning models. Traditionally,
people have been using natural language and mathematical notation to describe
the models, and this is still the most common way to do it. Some models are
better known in the form of an algorithm or pseudocode, corresponding to a specific
procedure for model parameter estimation or inference.

Disciplined machine learning, instead, uses the language of optimization to rep-
resent the models. In this context, different models are characterized by their in-
verse problems, which are the optimization problems to be solved for estimating the
model parameters from data. This representation provides a higher-level descrip-
tion of machine learning models, with the advantage of allowing us, e.g., to quickly
estimate the effort required to fit and use a model and, when prior knowledge about
model structure is available, to adapt the model efficiently and systematically. Of
course, some models are well known or can be easily represented in terms of in-
verse problems (e.g., linear regression), while doing so for others (including many
very famous ones, e.g., principal component analysis) is not straightforward, or less
known.

The main goal of this book is to help readers develop the disciplined mind-
set, knowledge, and skills to formulate, analyze, and customize machine
learning models via inverse problems.

As the first intuition suggests, developing a disciplined machine learning mindset
can be mathematically demanding, especially for readers who are (or have been)
primarily interested in using these models in various applications. We do, however,
observe that those invested efforts are often worthwhile and usually pay off very
well in the long run.

This focus differentiates this book from many other textbooks. There are sev-
eral books on the theory and analysis of machine learning models, which are more
focused on the mathematical properties of the models. Some books focus on the
practical implementation of machine learning models, i.e., the algorithms and soft-
ware. Several other books provide highly practical and application-oriented intro-
ductions to machine learning, which are more focused on the real-world use of these
ideas. This book is designed to lie somewhere in between, with the primary focus
on the systematic design and high-level modeling of machine learning models, via
the so-called disciplined modules that build up the inverse problems.

It is also worth noting what this book is not about. This book is not about
state-of-the-art models and research in machine learning, and it is also not about
specific applications of machine learning in real-world scenarios. Although we do
describe some applications of various models on different tasks, the main purpose of
these texts is to associate the abstract disciplined machine learning principles with
concrete examples, and to show how the former can be used to design and analyze
the latter. Furthermore, we make no attempt to cover the full set of specialized
algorithms for solving an inverse problem corresponding to a highly customized
model. Instead, we provide essential principles for recognizing the structure (such
as convexity) of the problem, so that a potential user could make use of the generic
disciplined optimization frameworks to implement a working solver. In our expe-



Preface

xiii

rience, this is usually effective for moderate-sized problems; when it fails, it still
provides a good starting point for developing more advanced algorithms.

Audience

This book is intended for (under)graduate students, researchers, scientists, engi-
neers, and practitioners in fields like machine learning and data mining. We would
like to make the book accessible to a wide audience, and hence, aside from some
fundamental concepts and tools, the material was selected to be broad and inter-
esting enough for a wide range of readers. The trade-off is that we do not cover
specific applications in depth, nor do we aim to cover the latest research in the field.
We apologize to readers who are already experts in the related community, and we
hope they can still find useful material in the book.

The background required of the reader is the knowledge of basic calculus, linear
algebra, and probabilities. These are the only prerequisites that we use in the book
without much explanation, and we assume the reader is familiar with them. If the
reader has been exposed to mathematical analysis (e.g., norms and topology) and
optimization, he or she should be able to follow every statement and discussion in
this book. None of these is essential, though; we provide the necessary reviews of
the needed material from these areas in the text and appendices. With this, we
hope that the content of the book should be understandable to a wide range of
readers with undergraduate level of mathematical training, including those who are
not specialized in optimization.

We also highly recommend the book Convexr Optimization by Boyd and Van-
denberghe [ | as a companion to this book. Their work includes almost all the
necessary knowledge on convex optimization needed in practice, and is an excellent
resource for further study. Some of the background material presented in this book
is adapted from their work, and the reader will notice soon that our treatment of
the notation and basic concepts about optimization is heavily influenced by their
ideas and presentation.

Acknowledgments

We would like to thank many people who have contributed to the development
of this book, including our colleagues and students at the University of Freiburg,
and the many people who have provided feedback on the early drafts of the book,
including those who attended our lectures on this material at the University of
Freiburg and elsewhere.

We want to single out Stephen Boyd for special acknowledgment, who has in-
spired our initial interest in disciplined optimization. We have learned and emulated
much of Boyd’s style of extreme clarity in mathematical writing. Readers who are
familiar with Boyd’s work may recognize his influence.

Comments on the current version

Currently, we consider this book to be a draft. We will update it from time to time,
adding more material and fixing typos as we become aware of them. So you may
wish to periodically check whether a newer version is available.
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We also welcome any comments and suggestions for improvement, including,
e.g., examples, exercises, and missing references to be added. If you find any errors
in the current manuscript, please do let us know as well.

Hao Zhu Freiburg, Germany
Joschka Boedecker May 18, 2026
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Chapter 1

Introduction

In this introduction, we provide an overview of mathematical modeling and machine
learning, from the perspective of inverse problems and optimization, and focus on
the case where prior information is available. We also briefly outline the struc-
ture of this book and setup our notation. The concepts introduced informally and
statements made without argumentation will be treated with more detail in later
chapters.

Modeling with prior information

Mathematical modeling

Machine learning is often concerned with building parameterized mathematical
models that can learn from data and make predictions or decisions based on the
learned knowledge. These models are typically represented as functions that map
some inputs (or features) to outputs (or responses, observations), and are charac-
terized by a set of parameters that determine their behavior.

This book characterizes machine learning models by their fitting or inverse prob-
lems, which involves estimating the model parameters from observed data. Roughly
speaking, fitting a machine learning model to data consists in finding the parameters
that minimize some certain objective (or cost, loss) function, which, for example,
might be a measure of misfit or prediction error between the observed data and
the values predicted by the model, or a statistical measure of the unlikeliness or
implausibility of the parameter values.

Mathematically, fitting a machine learning model can be formulated as an opti-
mazation problem with the following structure:

minimize fo(x) (1.1)

where z = (21,...,2,) € R" is the optimization variable (or just variable) that
represents the model parameters, and fo: R"” — R is the objective function that
measures the quality of the model fit. A point z* € R" is called a solution of (or
solves) the problem (1.1) if it achieves the lowest objective value among all other
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points, i.e., satisfies f(2*) < f(z) for all z € R". Solving the optimization problem
(1.1) finds the model parameter values that give the smallest misfit or prediction
error with the observed data, or the most plausible parameter values according to
the chosen statistical measure.

Disciplined machine learning

It is often beneficial to incorporate prior knowledge and structural information
about the model into the fitting process. For example, we may know that certain
parameters should be nonnegative, or that the model should exhibit sparsity or
smoothness. In such cases, the inverse problem (1.1) can be extended to include
constraints and regularization terms, i.e.,

minimize  fo(z) + ¢(x) (12)

subject to x € C, )
where the additional term ¢: R"™ — R is called the regqularization function, or
regularizer, and the set C C R" is the constraint set. A point z € R" is said to be
feasible to (1.2) if it satisfies € C. If the constraint set C is equal to the whole
space R", then there are effectively no constraints, and the problem (1.2) reduces
to (1.1); if the constraint set C' is empty, i.e., there exists no point in C, then the
problem (1.2) is said to be infeasible.

Compared to (1.1), the regularization function ¢ helps to promote certain desired
properties in the solution (such as sparsity or smoothness), while the constraint set
C restricts the feasible solutions to those that satisfy specific conditions (such as
nonnegativity or definiteness). In this way, the fitting process can be made more
robust and better aligned with the underlying characteristics of the model and the
data (as already known or the user may assume or expect).

We call this systematic and principled way of formulating and analyzing machine
learning models via their inverse problems, and, in particular, of incorporating prior
information explicitly through regularization and constraints, disciplined machine
learning.

Specify a constraint set

Technically, in practice, the constraint set C is often represented via the solution
set of a system of inequalities and equalities:

cz{mem

where f;: R" — R are called inequality constraint functions, and h;: R" — R
are called equality constraint functions. As a simple example, the nonnegativity
constraint z € R’} (where R is the nonnegative orthant in R™) can be represented
via the inequality constraint = > 0, where = denotes the componentwise inequality,
i.e., x; > 0 for all t = 1,...,n. Therefore, the inverse problem (1.2) is often written
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as
minimize  fo(z) + ¢(x)
subject to  fi(z) <0, i=1,...,m (1.3)
hl(l‘) = 0, 1= 1,. P

In order to distinguish between the two forms of inverse problems given by (1.2)
and (1.3), the problem (1.2) is sometimes referred to as the abstract form inverse
problem.

It is easily seen that the formulation (1.2) is more general than (1.3). However,
it is often more convenient to work with the explicit constraint functions as in (1.3)
(and it is indeed the form that most modern optimization problem solvers usually
accept), since it is in general much easier to check if a given point is feasible by
verifying if the inequalities and equalities are all satisfied, than evaluating if the
point belongs to the abstract constraint set.

We will not use the abstract form (1.2) very often in this book, except for some
conceptual discussions (such as those in the above paragraphs), but it is still useful
to keep in mind its existence and generality.

Representation of prior information

According to the previous discussion on the inverse problem (1.2), we may notice
that prior information about the model can be integrated into the inverse problem
in two ways, i.e., via the regularization function ¢ or via the constraints. The choice
of a specific representation often depends on our belief on the faithfulness of the
prior information and the specific modeling context: Constraints are often used to
represent hard prior information that must be satisfied by the solution (i.e., any
violation of the constraints is unacceptable), while regularization terms are often
used to represent soft prior information that we would like the solution to exhibit,
but may not be strictly necessary.

For example, suppose we want to fit a model with parameter z € R™, which
is assumed to be sparse (i.e., having many zero entries). Prior information on
parameter sparsity can be represented using an ¢;-norm regularization term

o(x) = Allzll, =AY Jail,
i=1

where A > 0 is the regularization coefficient that controls the strength of the spar-
sity promotion. By varying A from small to large values, we can obtain solutions
with different levels of sparsity (from dense to sparse), allowing us to explore the
trade-off between model fit and parameter sparsity. (This idea is discussed more
generally and in more detail in chapter 5.) In other words, the regularization func-
tion can be interpreted as a secondary objective that encourages certain properties
in the solution, which we would like to achieve but are willing to compromise on
if necessary (e.g., to improve model fit). Alternatively, we can impose a constraint
on the number of nonzero entries in x, such as cardx < k, where card x is the
cardinality of the vector x, i.e., the number of its nonzero entries. This constraint
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directly restricts the solution (or actually, any candidate value of the model param-
eter x) to have at most k nonzero entries, enforcing a hard limit on the sparsity
level.

Another more or less technical consideration regarding the regularization or con-
straint representation of prior information is the computational aspect: The choice
of representation can have a significant influence on the complexity and solvability of
the resulting optimization problem. Again, consider the sparsity prior information
on the model parameter x € R": Using the ¢;-norm regularization ¢(z) = Al|z||;
often leads to a convex optimization problem that can be efficiently solved, while im-
posing the cardinality constraint card x < k results in a combinatorial optimization
problem that is generally very hard to solve exactly.

Some basic examples

In this section, we describe two very widely known and used special classes of
machine learning models as some basic examples. We will revisit these models with
much more detail in later chapters.

Least squares

A least squares problem corresponds to fitting a linear model, which has the form
a’z (with a being the input feature), to data by minimizing the sum of squared dif-
ferences between the observed outputs and the model predictions. Mathematically,
given a dataset {(a;,b;)};~,, where a; € R" are the input features and b; € R are
the observed outputs, the least squares problem can be formulated as

minimize fo(z) = |Az — b|2 = 7", (aTx — b;)°, (1.4)

where the problem variable z € R™ is the model parameter to be estimated. Here,
A e R™™ (with m > n), al are the rows of the matrix 4, and b = (by,...,by,) €
R™. In statistics, the least squares problem (1.4) is sometimes called a regression
problem, where a1, ..., a,, are the regressors and the solution is called the regression
of b onto the regressors.

Least squares problem is one of the few inverse problems that has analytical

solution, which is given by
o = (AT A) ' ATp
(provided the matrix A has full rank, i.e., the columns of A are independent,

rank A = n). It can be shown that the a* given above minimizes the objective
of least squares, i.e., satisfies

| Az = bll; < || Az — bll;

for all x € R", and therefore solves the problem (1.4).
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Regularized least squares

There are several very famous variations of the least squares problem, by adding
different regularization functions to the objective. The Tikhonov regularization
least squares, which is also known as the ridge regression, adds an £5-norm squared
regularizer to the least squares objective, resulting in the following inverse problem:

minimize ||Az — b||g + >\H$||§»

where A > 0 is the regularization coefficient. The ridge regression problem also has
an analytical solution, given by

o = (ATA+ D) AT,

Since AT A + M is always invertible for any A > 0, ridge regression can be applied
even when A is not full rank. The solution of ridge regression tends to be ‘small’
(i.e., with many entries close to zero) due to the presence of the regularizer || - H;,
and is therefore commonly used in practice to prevent overfitting and improve the
stability of the solution, especially when the number of features n is large compared
to the number of samples m.

Another similar variation is the ¢;-regularized least squares, which is also named
lasso regression, corresponding to the following inverse problem:

minimize [|Az — bl|5 + Al|z|,,

where A > 0 is the regularization coefficient. The ¢;-regularizer promotes sparsity
(i.e., with only a few nonzero entries) in the solution, leading to models that ‘use’
only a subset of the features, and hence, lasso regression is often used for feature
selection and finding models that are easier to interpret. However, unlike least
squares and ridge regression, there exists no analytical solution for lasso regression
problems.

Constrained least squares

A (linear equality) constrained least squares has the form

minimize ||Az — ng

] (1.5)
subject to Czx =d,

where A € R™*", C € R”*", b € R™ and d € R? are given data. Assume C has
full rank, it is only interesting when Cx = d is an underdetermined system of linear
equations, i.e., p < n, since otherwise, if Cx = d has a unique solution xg, then zg
is naturally the solution of (1.5); if Cz = d has no solution, then (1.5) is infeasible.
An important special case of (1.5) is when A =T and b = 0:

minimize ||w||§
subject to Czx =d,

which is called a least morm problem, since it seeks the vector of smallest or least
{o-norm that satisfies the linear equations Cz = d.
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We can replace the equality constraint in (1.5) by an inequality constraint,
resulting in the inequality constrained least squares problem:

minimize ||Az — ng

subject to Czx <d,
where the system of linear inequalities Cx < d defines a polyhedron in R"”, from
which the solution could only be selected. As a special case, when C' = —I and
d = 0, we have the nonnegative least squares problem:

minimize ||Ax — bH;

subject to x =0,

which requires that the solution z must be componentwise nonnegative.

Principal component analysis

Principal component analysis (PCA) is one of the oldest machine learning models
and is widely used in data analysis for dimensionality reduction and feature ex-
traction. PCA seeks to find the best rank-k approximation of a given data matrix
A € R™*" in the least squares sense, by solving the following inverse problem:

minimize ||Z — AH% (1.6)
subject to rank Z <k, ’
where the problem variable Z € R™*" is the rank-k approximation of A, and || - || »

is the Frobenius norm, given by

1/2

U] = e @TU)"? = [ S-S U2

i=1 j=1

The rank constraint can be encoded implicitly by decomposing Z as Z = XY,
where X € R™* and Y € R¥*", leading to the equivalent formulation of PCA
problem:

minimize | XY — A% (1.7)

with variables X € R™** and Y € R"*".

Compared to the inverse problem formulation (1.7), PCA is better known in
the form of its analytical solution via singular value decomposition (SVD). Suppose
rank A = r > k, and the SVD of A is given by

A=UxVT,

where U € R™*" and V € R™" are orthogonal matrices, and the matrix ¥ =
diag(oy,...,0,) € R™" is diagonal with 0y > 09 > -+ > 0, > 0 being the
singular values of A. Then, a solution of the PCA problem (1.7) is given by

X*=0;%)? and Y*=%"VT, (1.8)
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where Uy, € R™** and Vj, € R™** are the matrices formed by the first k& columns
of U and V, respectively, and 3, = diag(oy,...,0%) € R***_ However, the inverse
problem formulation (1.7) is often more convenient when we want to extend PCA
to include additional prior information.

Regularized PCA

It is easily seen that the solution of PCA problem given by (1.8) is not unique:
For any invertible matrix W € R¥**  the pair (X*W, W~1Y*) is also a solution of
(1.7), since (X*W)(W~-1Y*) = X*Y*. To limit the number of PCA solutions, we
can add quadratic regularization on X and Y to the PCA objective, resulting in
the quadratically regularized PCA problem:

minimize || XY — A||% + A X |5 + 1Y ]7), (1.9)

where A > 0 is the regularization coefficient. Similar to ridge regression, the
quadratic regularization terms encourage the entries of X and Y to be small. Al-
though solutions of quadratically regularized PCA are still not unique, the solution
set of (1.9) is significantly smaller than that of the original PCA problem (1.7): If
(X*,Y™*) is a solution of (1.9), then so is (X*Q,QTY™) for any orthogonal matrix
Q c Rk:xk'

As another example, similar to lasso regression, we can promote sparsity in the

solution of PCA by solving the problem:
minimize || XY — Al|3 + (|| X ||o + Y]

where A > 0 is the regularization coefficient, and || ||

values norm, defined as
m n
Ul = D > U351
i=1 j=1

(1.10)

sav sav ) )

say 18 the sums of absolute

for any matrix U € R™*", which is simply the ¢;-norm of U when viewed as a
vector in R™".

Constrained PCA

There are many famous constrained PCA variations that appear frequently in prac-
tice, although they might not explicitly named as such. The sparse dictionary
learning problem corresponds to PCA with sparsity regularization on the matrix
Y, and a Frobenius norm constraint on the matrix X:

minimize || XY — A|% + A|Y]|
subject to || X |z <1,

sav

where A > 0 is the regularization coefficient. As another example, the nonnegative
matriz factorization problem corresponds to PCA with the constraint that both X
and Y are componentwise nonnegative:

minimize || XY —A||§7
subject to X;; >0, i=1,....m, j=1,...,k
Yy >0, i=1,...k j=1,..n
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All these examples suggests that by formulating machine learning models as
inverse problems, it is often straightforward to incorporate various types of prior
information and structural assumptions on the model, depending on specific appli-
cation needs.

Solving inverse problems

From a technical perspective, we may state without loss of generality that fitting a
machine learning model corresponds to solving a mathematical optimization prob-
lem in the form
minimize  fo(x)
subject to  fi(z) <0, i=1,...,m (1.11)
hz(I) :O, i=1,...,p,

since any regularization function can be absorbed as an (implicit) secondary objec-
tive into fp.

Convex optimization

An inverse problem of the form (1.11) is called a convex optimization problem (or
convex program) if f;: R™ — R are convex functions for all i = 0, ..., m, i.e., satisfy

fi(Ox + (1= 0)y) < O0fi(x) +(1-0)fi(y)

for all z,y € R™ and 6 € [0,1], and h;: R" — R are affine functions for all i =
1,...,p. The least squares problem (1.4) and its variations presented in §1.2.1 are
all convex optimization problems. As a special case, if the objective and constraint
functions of (1.11) are all affine, then the problem is called a linear program. Linear
programs are, of course, convex optimization problems.

There is no general analytical solution for convex optimization problems, but
there are very effective and reliable methods for solving them, for example, interior-
point methods, which can solve convex optimization problems of moderate size
(with up to a few thousands of variables and constraints) to high accuracy within
at most a few tens of seconds on a modern desktop computer.

Nowadays, we can make the claim that solving general convex optimization
problems is a mature technology, just like solving least squares problems. In other
words, if an inverse problem can be recognized, formulated, or transformed as a
convex optimization problem, then we can simply treat it as already being solved.
(The related techniques are covered in chapter 2.)

Nonlinear optimization

Nonlinear optimization problems (or nonlinear programs) are optimization problems
where the objective or constraint functions are not affine, but not known to be
convex. The PCA problem (1.7) and its variants presented in §1.2.2 are examples
of nonlinear optimization problems.
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With only few exceptions (such as ordinary PCA), unfortunately, there is no
efficient method for solving (i.e., finding a global minimum of) general nonlinear
optimization problems, and even simple looking problems with as few as ten vari-
ables can be extremely challenging or even intractable. Therefore, nonlinear op-
timization problems are usually handled under some kind of compromise, such as
time or solution quality.

Local optimization

Local optimization methods redefine (or in other words, relaz) the notion of ‘solving’
an optimization problem as finding a point that only achieves local minimum. In
other words, the compromise is to give up seeking a point among all feasible points
that achieves the lowest objective value, but instead, we only seek a point that
achieves the lowest objective value among all feasible points in a small neighborhood
around it.

Obviously, there are several disadvantages of local optimization methods, beyond
the obvious one that it is not guaranteed to find a global minimum. The local
solution is often sensitive to the choice of the initial point, and different initial
points may lead to very different final results. Besides, it is often difficult to assess
the quality of a local solution, since there is usually no information about how far
the local solution is from the global minimum.

Nevertheless, in terms of handling the (nonconvex) inverse problems of machine
learning models, local optimization methods are often sufficient in practice, since
in many applications, a locally optimal ‘solution’ is already good enough for the
purpose of model fitting. Moreover, these methods can be fast and scale well to
large problems. As a result, local optimization methods are well developed and
widely used in the machine learning community. Several local optimization methods
that are useful in handling disciplined machine learning problems are presented in
chapter 3.

Global optimization

Global optimization methods, as the name suggests, aim to find a global minimum
of a nonlinear optimization problem, or at least provide some guarantee on the
optimality of the solution found; the compromise is then the computational cost,
i.e., time. For some problems with special structure, there exist global optimization
methods that can find a solution within reasonable time. The worst-case compu-
tational complexity of these methods is, however, exponential in the problem size
(i.e., the dimension of variable and the number of constraints). In general, global
optimization methods may take an impractically long time to find a solution, even
for small problems with a few tens of variables.

In practice, global optimization is used for problems with a small number of
variables, where the computing time is not a major concern, and finding a globally
optimal point is critical, such as in safety-critical applications. To the best of our
knowledge, although global optimization methods do exist, they do not appear so
frequently in machine learning, probably due to the typically large size of the inverse
problems of machine learning models and the fact that locally optimal points are
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often sufficient for most applications in this field.

Outline

This book is divided into three main parts, titled Optimization, Disciplined modules,
and Applications, along with several appendices that include some background and
supplementary material.

Part I: Optimization

Part T covers the basics of mathematical optimization, with the aim of getting the
reader familiar with those terminologies, methods, and the philosophy of repre-
senting machine learning models in the form of inverse problems that have known
structures. The contents can be roughly divided into two categories based on the
convexity of the optimization problems being dealt with.

Chapter 2 introduces convex sets, convex functions, and convex optimization
problems. Its goal is two fold: to provide the background needed for the rest of
the book, and to introduce constructive convexr analysis, a way to build complex
convex sets and functions from a small collection of atomic ones using convexity-
preserving operations, so that convexity can be checked automatically. These ideas
help readers recognize when the inverse problems of some machine learning models
can be formulated as convex programs, so that it is immediately clear that these
problems can be solved robustly and efficiently.

Chapter 3 introduces sequential convex programming methods for approzimately
solving nonlinear optimization problems. As the name suggests, these are heuristic
approaches that solve a sequence of convex approximations of the original noncon-
vex problem. The aim is to provide a practical toolbox for handling (especially
constrained) nonconvex problems that arise in machine learning, at least as a first
attempt. Appendix C complements the chapter with technical details that are use-
ful for implementing these ideas robustly. Our treatment is necessarily simplified
compared to the vast literature on nonlinear optimization, but it is intended to be
sufficient for readers to develop working implementations. We are sure that the
material here will make experts in nonlinear optimization feel oversimplified, and
we apologize to them in advance.

Part 1l: Disciplined modules

Part IT divides the inverse problem of different machine learning models into sev-
eral disciplined modules, each corresponding to a specific aspect of the modeling
procedure, that says, Objectives, Regularization functions, and Constraints. The
modules covered in this part serve as fundamental building blocks for constructing
more complicated machine learning models, according to specific application needs.

Chapter 4 discusses the fundamental objectives corresponding to different types
of machine learning tasks. These objectives can be roughly categorized into three
types: approzimation, statistical estimation, and discrimination.
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Chapter 5 introduces regularization techniques. We start from some basic the-
ories about multiobjective optimization in §5.1, and then present a variety of regu-
larization functions that are commonly used in practice, along with their properties
and the intuition behind them.

Material presented in chapter 6 consists of two topics: The first half of the
chapter is about some generic examples of constraints that appear in different types
of machine learning models. The second half discusses relazation techniques for
operating on constrained optimization problems, which are often used to make the
original problem easier to solve, at the cost of some loss of solution quality. Here
we will also cover the well-known method of Lagrangian relazation and duality of
constrained optimization.

Part 1ll: Applications

Part III introduces several examples demonstrating how the materials presented in
the previous parts can be applied to construct more complicated machine learn-
ing models according to different prior knowledge and application needs. Several
examples presented here are widely known and used in practice, but their inverse
problem formulations are not obvious or less known. Other examples may have
simple underlying ideas and clean inverse problem formulations, but analyzing and
transforming these problems into tractable forms requires nontrivial effort.

Chapter 7 discusses an important extension of standard machine learning inverse
problems where uncertainty is present in the data, and the goal is to find a solution
that is robust against this uncertainty.

Chapter 8 is about fitting machine learning models that involve latent variables
or factors, which are not directly observed but are to be inferred from the data.
Based on the continuity of the latent factors, we can roughly categorize these models
into two types: mixture models (with the problem of clustering as a special case) and
factorization models (i.e., low rank matrix approximation and principal component
analysis). We will also cover some generalization of these ideas.

Appendices

There are three appendices attached to the end of this book. Appendix A provides
some mathematical background material that is useful to review but not strictly
necessary for understanding the main contents of this book. It can also be considered
as some expanded text for setting up our notation.

Appendix B more or less deals with some real practical aspects of convex opti-
mization, 7.e., how to specify optimization problems in a way that can be understood
and processed by a computer for automatic convexity verification. This appendix
presents the framework of disciplined conver programming, which is based on con-
structive convex analysis and the related material introduced in chapter 2. It is the
foundation of many domain specific computer languages for specifying, canonicaliz-
ing, and solving convex optimization problems. There are many excellent computer
softwares that implement the disciplined convex programming framework, but we
only present the general idea and the basic rules here, without going into details of
any specific software implementation.
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Appendix C discusses some technical issues related to implementing a sequential
convex programming solver, as some complementary materials to chapter 3. The
topics addressed here are largely generic and arise independently of specific applica-
tions. Nevertheless, many additional issues, which may vary wildly across different
problems, might still need to be handled to ensure that the algorithm works prop-
erly and robustly, and we will never try to make this appendix encyclopedic on
these topics.

Exercises

At the end of most chapters, there are several exercises for the reader to practice the
materials covered in the chapter. Some exercises are straightforward applications of
the concepts and methods presented in the chapter, while others may require some
additional thinking and research. In other words, the difficulty level of the exercises
is mixed, and varies without warning from quite straightforward to rather tricky.

Many exercises involve showing or establishing some statements or claims, which
might appear in the main text of the chapter without proof, or may be completely
new. These material can be considered as some supplementary contents to the
chapter, and could possibly appear to be quite useful in various real world applica-
tions. Some exercises may require the use of a computer and programming in an
appropriate high-level language to carry out numerical experiments.

Notation

In this section, we describe the basic notation used throughout this book, which is
more or less standard, or have become standard after years of evolution in different
communities; a more comprehensive list appears on page 381.

Some specific sets

We use R to denote the set of real numbers, Ry for the set of nonnegative real
numbers, and R,y for the set of positive real numbers. Similarly, Z denotes the set
of integers, and Z, and Z,, denote the set of nonnegative and positive integers,
respectively. All these symbols may be extended to denote the set of vectors or
matrices with entries from these sets: For example, R" denotes the set of real n-
vectors, and R™*™ denotes the set of real m x n matrices. We use S™ to denote the
set of symmetric n x n matrices, S’ for the set of symmetric positive semidefinite
n X n matrices, and S | for the set of symmetric positive definite n X n matrices.

Vectors and matrices

Vectors and matrices are delimited with square brackets, with the entries separated
by space. We use parentheses to construct column vectors from comma separated
lists. For example, suppose a, b, c € R, the following representations for a vector in
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R? are equivalent:

(a,b,e)=1| b z[a b C:|T.

The symbol 0 denotes a vector or matrix with all entries equal to zero, 1 denotes
a vector with all entries equal to one, and I denotes the identity matrix. The
dimension of these objects should be determined from the context or the text. The
notation x; can refer to the ith entry of the vector z, or to the ith element of a set
or sequence of vectors x1,xs,. .., and, again, the context, or the text, makes it clear
which is meant.

Generalized inequalities

We use < and < to denote the usual scalar inequalities and strict inequalities
between real numbers. The squiggly symbols < and < denote generalized (strict)
inequalities between vectors or matrices. If 2,y € R™, then x < y means that the
inequality holds componentwise, i.e.,

Ty < Y, i=1,...,n,

or in other words, y — x € R'}; similarly, * < y means that y — 2z € R . If
X,Y € S”, then X <X Y means that the matrix Y — X is positive semidefinite,
i.e., Y — X €8S, and X <Y means that the matrix ¥ — X is positive definite,
i.e., Y — X € S, . These (partial) orderings for matrices are called the matriz

inequality.

Functions

Our notation for functions is fairly standard, with one exception: By writing
f+R"™ = R™, we really (or implicitly) mean f: R" — R™ U {£o0}, d.e., f(x)
is some vector in R™ for x in its (effective) domain dom f C R™, which can be
a subset of R™, and f(x) takes either co or —oo for all z ¢ dom f. For convex
and concave functions (see §2.3.1), this means they are implicitly extended-valued,
according to the convention: For all z ¢ dom f,

—o0, f is concave.

@) = { 0, f is convex

As an example, the indicator function of a set C C R" is written as Ic: R" —

R, defined as
0 rel
Io(z) = ’
c(@) { o0, otherwise
with dom s = C. As another example, the logarithm function is written as

log: R — R, with domlog = R 1, meaning that log(z) is a real number for x > 0,
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and log(z) = —oo for z < 0. As a more complex example, the log-determinant func-
tion f: S™ — R is defined as

F(X) = { logdet X, X € Sﬁfr+
—00, otherwise

with dom f = S% .

Vector spaces

In most cases, the results and statements in this book are provided under a generic
finite-dimensional vector space R", with the standard inner product denoted as

Ty =a1y1 + 22y2 + - + T,

for z,y € R™. We will also encounter other vector spaces, such as the space of k x k
symmetric matrices Sk, By specifying a proper basis for a vector space, we can
always identify it with R™. For example, the space of k x k symmetric matrices sk
can be identified as RF*++1/ 2 since a k x k symmetric matrix is determined by its
k(k + 1)/2 distinct entries. We usually leave it to the reader to translate general
results or statements on R"™ to other vector spaces.

As a specific example, consider the following statement:

Any linear function f: R™ — R can be represented as f(x) = a’x,

where a € R™.

By choosing a proper basis, we can translate it to the space of k& x k symmetric
matrices S* as:

Any linear function f: S¥ — R can be represented as f(X) =tr(AX),
where A € S*.

(See also §A.3.1.) As another example, the following statement:

The set {x € R" | a’z > b}, where a € R" and a # 0, defines a
halfspace in R™.

can be translated to S¥ as:

The set {X € S* | 27Xz > 0}, where z € R* and z # 0, defines a
halfspace in Sk

see example 2.6.
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Bibliographical notes

Machine learning

The term machine learning was first introduced by Arthur Samuel in 1959 in the field
of computer gaming and artificial intelligence | |, and is still a very active research
area. Classic textbooks for the related topics include | 1, 1 I, 1 1, 1 1,
and | ], just list a few.

Deep learning, as a subfield of machine learning, has gained significant popularity in recent
years due to its success in various applications (actually, almost everywhere). At the
moment, roughly speaking, deep learning is more art than technology, which relies heavily
on heuristics and trial-and-error. We will not cover it in this book, but refer interested
readers to | ].

Least squares

Least squares is a very old topic, with origins dating back to Gauss in the 1820s in a treatise
originally written in Latin and later translated by Steward [ ]. Numerical methods
for solving least squares problem are covered in the books by Lawson and Hanson | ]
and Bjorck | ], and many other more recent textbooks on linear algebra; see the
references in appendix A.

The idea of Tikhonov regularization dates back to the works by Tikhonov starting from
the 1940s (originally written in Russian), and Phillips | ], while the name itself was
widely known from the book by Tikhonov and Arsenin | | published in 1977, on the
theory and applications of regularization for solving ill-posed problems. After Hoerl and
Kennard | |, Tikhonov regularization is known in the statistical community as ridge
regression.

Least squares with the ¢;-regularizer was first developed in geophysics in 1986 [ ], and
rediscovered in statistics and popularized as lasso regression by Tibshirani in 1996 | .

Materials on general regularized and constrained least squares can be found, e.g., in
[ , chapter 3] and [ , part II1).

Principal component analysis

Principal component analysis was first invented in statistics by Pearson in 1901 [ 1,
and was later independently developed and named by Hotelling in the 1930s | ,

|. PCA has been assigned to different names in different domains, such as Karhunen-
Loéve transform in signal processing, Hotelling transform in multivariate quality control
and proper orthogonal decomposition in mechanical engineering. In numerical linear al-
gebra, PCA of some matrix A € R™*" is closely related to singular value decomposition
of A and eigenvalue decomposition (or spectral decomposition) of AT A; see, e.g., | ,
chapters 5 and 6] and | , chapters 5 and 7]. The book by Jolliffe | ] is a classic
reference on PCA and its applications.

PCA also has a long history in matrix analysis and approximation theory, evolving in
parallel with developments in the statistics community. The inverse problem formulation
of PCA, given by (1.6) and (1.7), was originally proposed as low rank approximation
problems (in a much general form) and solved by Schmidt | ], and later rediscovered
by Eckart and Young | ]. Mirsky | | provided a more general result on the best
approximation of matrices under unitarily invariant norms. Therefore, the PCA problem
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solution via SVD is also referred to as the matriz approximation lemma or Eckart- Young-
Mirsky theorem.

Regularized and constrained PCA variations have been extensively studied in the litera-
ture, as generalized low rank models, especially in recent years due to their wide applica-
tions in machine learning and data analysis. Interested readers may refer to the monograph
by Udell et al. | ] for a comprehensive review, as well as the references listed in
chapter 8.

Convex optimization

Convex optimization is a mature research area with a solid theoretical foundation and
effective numerical methods. The book by Boyd and Vandenberghe | ] is a classic
reference in this field. Some other references can be found in chapter 2.

Convex analysis, the mathematics of convex sets, functions, and optimization problems,
is a well developed subfield of mathematics, and serves as the theoretical foundation of
convex optimization. Basic references of these topics can be found in | 1, [ 1,

[ J, [HLOT], [ J, and [BLOG].

Solution methods of convex optimization problems, i.e., algorithms for solving convex

optimization problems, include interior-point methods | , , |, subgradient
methods | , , , ], bundle methods [ |, cutting-plane meth-
ods | , , ], and the ellipsoid method [ , ]. For large-scale
convex optimization problems, operator splitting methods | , ], such as prozimal
methods | ] and the alternating direction method of multipliers | ], often works

quite efficiently in practice.

Many softwares, or specifically, domain specific languages, have been developed for speci-
fying convex optimization problems in a natural, human-readable way, which allow auto-
matic verification of the convexity of an optimization problem specified by the user, and
then transform it into standard forms that can be directly handled by numerical solvers.
Such modeling framework of convex optimization problems exists for many programming
languages, include YALMIP | ] and CVX | ] for MATLAB, Convex.jl | ]
for Julia, CVXPY [ , ] for Python, and CVXR | ] for R.

Nonlinear optimization

There are many good materials on local optimization methods for nonlinear optimization,
including Nocedal and Wright [ |, Luenberger and Ye [ |, Bertsekas | ], and
Gill et al. | ]. References for some speficic methods, such as alternate convex search,
convex-concave procedure, and sequential convex approximation, can be found in chapter 3.

Many textbooks provide useful material on global optimization methods, such as | I,
[ 11 1,1 1,1 I, [ ], and | ]. In particular, convex optimization
has been used for finding bounds of nonconvex problems, some examples can be found
in the books above on global optimization, the book by Ben-Tal and Nemirovski | ,
§4.3], and the review paper by Nesterov et al. [ ]

Similar to convex optimization, several domain specific languages have been developed
for specifying and solving nonlinear optimization problems, such as AMPL | 1,
GAMS | ], JuMP [ ], CasADi [ ], and Pyomo | ].
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Notation

Generalized inequalities can be formally defined via (proper) convezr cones (see §2.1.2,
page 25). In particular, the componentwise inequality on R"™ are defined with respect to
the nonnegative orthant R (example 2.1), and the matrix inequality on S™ are defined
with respect to the positive semidefinite cone S% (§2.1.3, page 30). We refer interested
readers to [ , §2.4, §2.6, and §3.6], as well as to the references listed at the end of
those chapters, for formal definitions and more discussions about generalized inequalities
and their properties.

Our notation is mostly adapted from the books | ] and [ ] by Boyd and Van-
denberghe, which has (if not yet by the time when they were published) become more or
less standard in optimization and related fields. Some related concepts, such as effective
domain and extended-value extension of functions, which are directly used here without
definition, can be found in | , §4] and | , §3.1.2].
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Chapter 2

Convex optimization

Convex sets

Affine sets

Lines and line segments

Let z1,z5 € R™ and x1 # z5. Points of the form
y =0z + (1 —-0)x (2.1)

with 6 € R form a line passing through z; and z5. In particular, if the parameter
6 = 1, we have y = x1, and § = 0 corresponds to y = zo. If 6 € [0, 1], then the set
of points y, given by

form the (closed) line segment between x1 and xs.
We can interpret lines and line segments by expressing (2.1) as

y=xo+0(xz1 — x2),

which shows that y is obtained by starting at the base point x5 and moving in the
direction of the vector £ — x5 (which points from x5 to x;) scaled by the number
f. Thus, the parameter 6 can be interpreted as the fraction of the way from x5 to
x1 where y lies. If § < 0, then y lies on the line that extends beyond x5 in the
direction away from x;. As 6 increases from 0 to 1, the point y moves from x5 to
x1. If 6 > 1, then y lies on the line that extends beyond z; in the direction away
from x5. This interpretation of lines and line segments is illustrated in figure 2.1.

Affine sets

A set C C R" is affine if the line through any two distinct points in C lies in C,
i.e., for all 1,25 € C and 0 € R, we have

Oxq + (1 — 0)I2 eC.
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Figure 2.1 The line passing through x1 and z2 described by (2.1) with pa-
rameter § € R. The line segment between x1 and x2, which corresponds to
6 €10, 1], is shown thicker.

In other words, an affine set contains the linear combination of any two of its points,
provided the coefficients of the linear combination sum to one.

This definition (or property) of affine sets can be extended to more than two
points. An affine combination of points x1,...,xr € R" is a linear combination of
the form

Orx1 + - + Oz

where the coefficients 8 € R* satisfy
170 =0, + - 4+0, =1.

According to the previous definition of affine sets, it can be easily shown by induction
that an affine set contains every affine combination its points, i.e., if C' is an affine
set, then for all z1,...,z; € C and 0 € R* with 170 = 1, we have

bhzy + -+ Oy € C.

Convex sets and cones

Convex sets

A set C is convex if the line segment between any two points in C lies in C, i.e.,
for all 21,22 € C and 6 € [0, 1], we have

Oxq1 + (1 — Q)SEQ eC.

Every affine set is also convex, since the definition of affine sets requires that the
entire line through any two points in the set lies in the set, which therefore includes
the line segment between the two points. Some simple examples of convex and
nonconvex sets in R? are shown in figure 2.2.

Convex combinations

A convex combination of points x1,...,z; € R" is a linear combination of the form

bhry + -+ Oy



2.1 Convex sets

23

N
<
w}

Figure 2.2 Examples of convex and nonconvex sets in R2. Left. The octagon
includes its boundary (shown darker) is a convex set. Middle. The kidney
shaped set is not convex, since a part of the line segment between the two
points in the set shown as dots is not contained in the set. Right. The
diamond with some but not all of its boundary removed is not convex.

where the coefficients 8 € R* satisfy
179=1 and 0>0.

(Recall that 8 = 0 means 6; > 0 for all i = 1,...,k). As with affine sets, it can be
shown that a convex set contains every convex combination of its points, i.e., if C'
is a convex set, then for all z1,...,2, € C and 8 € R* with 176 = 1 and 0 = 0, we
have

0121 + -+ + Oy, € C.

Convex combinations are sometimes interpreted as a weighted average or mizture of
the points x1,...,xs, where the fraction of the point x; is given by the coefficient
0;.

The convez hull of a set C'; which we denote as conv C| is the set of all convex
combinations of the points in C, i.e.,

k kel y
conv(C = ZGixi reC, i=1,...,k
i=1 1"9=1, 6=0

It can be easily shown that the convex hull of any set C is convex, and conv C is
the smallest convex set that contains C, i.e., if B is a convex set with C' C B, then
conv C C B. This is illustrated in figure 2.3.

Convex combinations of infinite points

The properties of convex combinations of finite points in a convex set can be gener-

alized to infinite points, including infinite sums, integrals, and in the most general

form, probability distributions. To describe this, let C' C R"™ be a convex set.
Suppose z1,Za,... € C and 601,05, ... € R satisfy

> 0;=1 and 6;>0,i=12,...,
=1
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Figure 2.3 The convex hull of two sets in R?. Left. The convex hull (heptagon
including its boundary, shown shaded) of a set of twenty points (shown as
dots). Right. The convex hull of the kidney shaped set in figure 2.2 is shown
as the shaded set.

then we have
o0
Z 011'1 c C
i=1

if the series converges.
More generally, let p: R™ — R be a function satisfying

/ p(x)de=1 and p(z) >0 forall z € C,
C

then we have

/Cp(x):c dr e C

if the integral exists.
In the most general form, let z € R™ be a random vector with

prob(z € C) =1,

then we have
ExeC

if the expectation exists. This includes, for example, the case of convex combinations
of finite points in the following sense: Let x € {z1,...,2;} be a discrete random
vector with

prob(z =x;)=0;, i=1,... k.

Since the probabilities of all possible outcomes of x must sum to one, the vector
0 € R” satisfies 1760 = 1 and ¢ > 0. Then, we have

Exz=0x+ 4 0rxg,

which is a convex combination of the k points 1, ...,z as defined above.
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Figure 2.4 Examples of convex (left) and nonconvex (right) cones in R2.

Cones

A set C is called a cone if for all x € C and 6 > 0, we have
Oz € C.

By this definition, a cone should include the origin, since for any x € C, we have
0-x=0€C. A set Cisa convex cone if for all x1,z9 € C and 601,05 > 0, we have

0121 + 0329 € C.

Some examples of convex and nonconvex cones in R? are shown in figure 2.4.
A conic combination of points x1,...,7; € R" is a linear combination of the
form
Orx1 + - + Oz,

where the coefficients 6 € RF satisfy
0~ 0.
If C is a convex cone, then for all 21, ...,z € C and § € R* with 6 = 0, we have
Oz + -+ Oz € C.
Similar to convex combinations, this property of conic combinations can be gener-

alized to infinite points.

Examples

We start with some simple examples of convex sets:

o The empty set @, a singleton {zo}, and the entire Euclidean space R" are all
affine subsets of R", which are hence convex.

o A line segment between two different points in R" is a convex set, but is not
affine.
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e A line in R" is an affine set and hence convex. In particular, if a line passes
through the origin, then it is a convex cone.

o A ray in R", which has the form {zo + v | § > 0} with v # 0, is convex. If
the ray starts from the origin, i.e., o = 0, then it is a convex cone.

e Let C C R" be a convex cone. A translated cone of C, given by xz¢ + C with
o € R", is a convex set, but is not a cone unless z¢ = 0.

o A subspace of R" is an affine set and a convex cone, and hence also convex.

Solution set of linear equations

Let A € R™*™ and b € R™. The solution set of a system of linear equations, given
by

C={xeR"| Ax = b},
is an affine set in R". To show this, we use the definition of affine sets. Let

1,22 € C be two different points, i.e., Ax; = b and Azs = b. Then, for any § € R,
we have

A((9$1 + (1 — 9)3?2) = 0Axi + (1 — 9)14.%‘2
= 0b+(1-0)b
= b
which shows that the affine combination 6z + (1 — 0)z2 also lies in C.

The converse is also true (although we will not show this): Every affine set can
be expressed as the solution set of a system of linear equations.

Hyperplanes and halfspaces

Consider the solution set of a linear equation of the form
C={zeR"|a"2 =0},

where a € R™, a # 0, and b € R. The set C'is called a hyperplane in R™. According
to the previous example, hyperplanes are affine sets and hence convex. To interpret
hyperplanes geometrically, we can express C' as

{o]a” (@ - wo) = 0} = o +a*, (2.2)
where z is any point in C, i.e., any point that satisfies a”2zg = b, and
at ={veR"|a'v=0}

denotes the orthogonal complement of a, i.e., the set of all vectors that are or-
thogonal to a. The expression (2.2) shows that a hyperplane consists of an offset
2 plus all vectors orthogonal to a. The vector a is called a normal vector of the
hyperplane, and the constant b determines the offset of the hyperplane from the
origin. This geometric interpretation of hyperplanes is illustrated in figure 2.5.
Roughly speaking, a hyperplane divides the Euclidean space R" into two halfs-
paces, by replacing the equality in the definition of hyperplanes to an inequality. A
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Figure 2.5 A hyperplane in R? corresponding to the linear equation a”x = b.
The point z¢ lies in the hyperplane, and the vector a is a normal vector of
the hyperplane. For any point = in the hyperplane, the vector  — 2o (shown
as the thicker arrow) is orthogonal to a.

(closed) halfspace associated with a hyperplane C = {x € R" | aTz = b} (a # 0) is
given by
D={zecR"|a"z <b},

which is the solution set of one linear inequality. Halfspaces are convex sets, but
not affine. To show this, we use the definition of convex sets. Let x1,22 € D be
two different points in the halfspace, i.e., aTz1 < b and aTxo < b. Then, for any
6 € [0, 1], we have

a0z, + (1 —0)as) = 0aTxy + (1 —0)aTxy
< Ob+(1-0)
= b7

which shows that the line segment between x; and x5 lies in D. Geometrically, we
can interprete halfspaces by expressing D in a similar form as in (2.2):

{z|a"(x — x0) <0} =20+ {v | aTv <0},

where zq is any point in the hyperplane C'. This expression shows that a halfspace
consists of an offset xg plus all vectors that form an nonacute angle with the normal
vector a. This interpretation is illustrated in figure 2.6.

Polyhedra

A polyhedron is the intersection of a finite number of halfspaces and hyperplanes,
which can be expressed as a set of the form

P{IGR”

We can express (2.3) more compactly as

P={zecR"| Az =<b, Czx=d}, (2.4)
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Figure 2.6 Two halfspaces associated with the hyperplane {z | a”2 = b} in
R?. The halfspace determined by a” 2 < b (shown shaded) includes all points
x1 where the vector 1 — ¢ makes a nonacute angle with the normal vector
a. The other halfspace determined by aTx > b includes all points 2 where
the vector z2 — xp makes a nonobtuse angle with the normal vector a.

where
T T
ay 1
A= ¢ | eR™" and C=| : | eRP".
T T
ar, (o

Using similar arguments as for affine sets and halfspaces, we can easily show that
polyhedra are convex sets. Figure 2.7 shows an example of a polyhedron defined as
the intersection of five halfspaces in R2.

Example 2.1 The nonnegative orthant is the set of points with nonnegative entries,

which is written as
R} ={zeR" |z > 0}.

The nonnegative orthant is a polyhedron.

Similarly, we denote the set of points with positive entries as
R, ={reR" |z > 0},

which is the interior of the nonnegative orthant R’.

Simplexes

Simplexes are a special class of polyhedra. Let xg,z1,...,7; € R™ be k+1 affinely
independent points, which means the vectors x1 — xg, ...,z — ¢ are linearly inde-
pendent. The k-dimensional simplex C' defined by these points is their convex hull,
given by

C = conv{zg,z1,..., 2} = {foxo + brz1 + -+ Opxy |00, 170 =1}
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Figure 2.7 The polyhedron P C R? is the intersection of five halfspaces with
normal vector ai,...,as.

As the definition suggests, simplexes are convex sets. Some basic examples of sim-
plexes includes: A 0-dimensional simplex is a singleton, a 1-dimensional simplex is
a line segment between two points, a 2-dimensional simplex is a triangle including
its interior defined by three points, and a 3-dimensional simplex is a tetrahedron
including its interior defined by four points.

Example 2.2 The unit simplex in R™ is the n-dimensional simplex defined by the
zero vector and the standard basis vectors in R", i.e., the convex hull of the set
{0,e1,...,en} C R™, which can be expressed as

{xeR"|z>0, 1Tz < 1}.

Figure 2.8 (left) shows the unit simplex in R?.

Example 2.3 The probability simplez in R™ is the (n — 1)-dimensional simplex defined
by the standard basis vectors in R™, which can be expressed as

convier,...,en} ={z €R" |z >0, 17z =1}. (2.5)

Geometrically, the probability simplex (2.5) corresponds to the face of the unit sim-
plex in R" that is not parallel to the coordinate planes. Vectors in the probability
simplex (2.5) correspond to probability distributions on a set with n elements, with
x; interpreted as the probability of the ith element.

Figure 2.8 (right) shows the probability simplex in R3.

Norm balls

Let | - || be a norm on R" (see §A.3.2). A norm ball associated with the norm | - ||
is the set

B={zeR"| |z -] <r},
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Figure 2.8 The unit simplex (left) and the probability simplex (right) in R3.
The vertices of both simplexes are shown as dots, and the edges are shown
thicker.

where 7 > 0 is the radius and zo € R" is the center. Norm balls are convex sets: If
x1,T2 € B, d.e., ||x1 — o] <7 and ||x2 — o] < 7, then, for any 6 € [0, 1], we have

[0(z1 — x0) + (1 — 0)(z2 — x0)|

||0£L’1 + (1 — 9)%2 — x0||

< Oz — ol + (1 = 0)[lz2 — 20|
< Or+(1-0)r
= r

)

where the first inequality is from the triangle inequality and the positive homo-
geneity of norms. Figure 2.9 shows some examples of norm balls centered at the
origin with radius one in R? for different norms (which are sometimes called the
unit balls).

Example 2.4 A FEuclidean ball (or just ball) in R™ has the form
B(zo,r) = {z € R" | ||lz — zo||, <7}
— (e R" | (2 — 20)"(w — m0) <2},
where r > 0 is the radius and zo € R" is the center. The norm |- ||, is the Fuclidean
norm, i.e., ||ully, = (uTu)l/Z. The ball B(zo,r) consists of all points in R™ whose
(Euclidean) distance from the center zg is at most 7.

Euclidean balls are sometimes represented in the form
B(zo,r) = {xo +ru | [Jull, < 1}.

Figure 2.9 (middle) shows the Euclidean ball centered at the origin with radius one
(i.e., the unit Euclidean ball) in R?.

Positive semidefinite cones

The set of n x n symmetric positive semidefinite matrices, which we denote as S’/ ,
is a convex cone: If X1, X, € S} and 6;,6, > 0, then for any z € R", we have

ZT(91X1 + GQXQ)Z = 912’TX12 + GQZTXQZ Z 0,
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Figure 2.9 Examples of the unit norm balls in R? for the norms: || - ||, (left),
Iy (middle), and || .||, (right). Each ball intersects the axes at (0, 1),
(1,0), (0,-1), and (—1,0).

where the inequality follows from the definition of positive semidefiniteness. This
shows that the conic combination 81 X7 4 65 X5 is also a symmetric positive semidef-
inite matrix.

Similar results hold for the set of symmetric positive definite matrices S,
which is the interior of S'/.

Example 2.5 Positive semidefinite cone in S?. Consider symmetric positive semidefi-
nite matrices in S? of the form

X:{m y]esi, (2.6)
Yy z

then we have
x>0, z2>0, a:zZyZ.

We can therefore plot the boundary of the cone S7 in R? by transforming X into the
vector (z,y, z), which is shown in figure 2.10.

Algebra of convex sets

This section describes some useful algebraic operations that preserve convexity of
sets. These operations, together with the examples described in §2.1.3, form a cal-
culus of convex sets that is useful for determining convexity of sets, or constructing
new convex sets from others.

Intersection

Convexity of sets is preserved under intersection: If C; and Cs are convex sets, then
so is their intersection C; NC5. This property can be generalized to the intersection
of an arbitrary (possibly infinite) number of convex sets: If {C;},.; is a collection
of convex sets indexed by Z, then their intersection [);.; C; is also convex. The
same property holds for affine sets and convex cones.
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Figure 2.10 Boundary of the positive semidefinite cone Si with points rep-
resented in coordinate (r,y,z) € R* given by (2.6).

Since convexity of sets is preserved under intersection, we can easily see that,
for example, polyhedra are convex sets, since they are defined as the intersection of
a finite number of halfspaces and hyperplanes, which are all convex.

Example 2.6 Let X € S" be a symmetric matrix. Recall that the matrix X is positive
semidefinite if for all z € R™ (z # 0), we have

2TXz>0. (2.7)

Note that for each fixed z € R"™ (z # 0), the term 27 Xz is linear in X, and hence,
the set of matrices X € S™ that satisfy (2.7), i.e.,

{Xes"|z"Xz >0},
defines a halfspace in S™. Therefore, the positive semidefinite cone S’ can be ex-
pressed as the intersection of the halfspaces
St=(|{xes"|:"xz>0},
z#0

which is hence convex.

Example 2.7 The unit Euclidean ball in R? can be expressed as the intersection of
infinitely many halfspaces as

B= ﬂ {z € R* | z1 cost + zasint < 1},
te[0,27)

and is hence convex. Geometrically, the boundary of each halfspace in the intersec-
tion corresponds to a line tangent to the unit Euclidean ball. This is illustrated in
figure 2.11.
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Figure 2.11 The unit Euclidean ball B C R? (white area in the middle) can
be expressed as the intersection of infinitely many halfspaces. The boundary
of 48 of these halfspaces are shown in lines.

In fact, such property can be generalized to any convex sets: Every (closed) convex
set can be expressed as the intersection of (usually infinite) halfspaces that contain it;
see exercise 2.5.

Cartesian product

The Cartesian product of convex sets is convex: If C C R™ and D C R" are convex
sets, then their Cartesian product

CxD:{(ﬂU,nyEC, yeD}ng—HL

is convex. To show this, let (z1,y1), (z2,y2) € C x D be two different points, where
x1,x9 € C'and y1,y2 € D. According to the convexity of C' and D, for any 6 € [0, 1],
we have

Or1+ (1 —=0)zo € C and Oy + (1 —0)y2 € D.

Hence, for any 6 € [0, 1], we have

G(xl,yl) + (1 - 9)($2,y2) = (9331 + (1 — 9).’]&‘27 Hyl + (1 — H)yg) e(CxD,

which shows that C' x D is convex.

Affine transformation

An affine transformation is defined as a linear mapping plus a constant, i.e., a
function f: R"™ — R™ is affine if it has the form

f(x) = Az +,
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where A € R™*™ and b € R™.
Suppose C' C R" is a convex set. If f: R™ — R™ is an affine function, then the
image of C' under f, given by

(@) ={f(z) [z C} CR™,

is convex. Similarly, if h: R — R" is affine, then the inverse image of C' under h,
given by
h~HC) = {z € R* | h(z) € C},

is convex.
With this property, we can show that many basic set operations are convexity
preserving, e.g.,

o Scaling and translation. If C' C R™ is convex, then for any A € R and v € R",
the set
AMH+v={ z+v|zeC}

is convex.
o Addition. If C1,Cy C R" are convex, then so is their sum
Ci1+Cy = {931 “+ X2 |931 c Cl, To € OQ}

To see this, we can express C; + Cy as the image of the Cartesian product
C1 x Co (which is convex) under the affine function f: R"*"™ — R" given by

f(.’l?l,mg) =21+ Zs.

Example 2.8 Solution set of linear (matriz) inequality. Consider the solution set of a

system of linear inequalities:
{r e R" | Az < b} (2.8)

where A € R™*™ and b € R"™. Using the definition of convex sets, it can be easily
verified that the set given by (2.8) is convex. Another way to see this is to express
(2.8) as the inverse image of the nonnegative orthant R (which is a convex cone)
under the affine function f: R™ — R™ given by f(z) = b — Axz:

{z| Az b} ={z|b— Az =0} ={=z| f(z) e R} }.

This idea can be generalized to the solution set of a linear matrixz inequality in x € R"™:
{z € R" | Ax) < B, (2.9)

where A(z) is defined as
Alx) =21A1 4+ -+ znAn
and Ai,...,An, B € S™. To see that the set given by (2.9) is convex, let f: R™ — S™
be the affine function given by f(z) = B — A(x). Then, we can express (2.9) as
{z | A() 2 B} ={z | B— A(z) = 0} = {z | f(z) € S}'},

which is the inverse image of the positive semidefinite cone S under the affine func-
tion f.
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Example 2.9 An ellipsoid in R" is the set with the form
E={zeR"|(x—z0)" P "(x—mo) <1}, (2.10)

where g € R" is the center and P € S’ . Ellipsoids are convex sets, which can be
seen by express (2.10) as

{z e R | [P 2(@ —a0), < 1,

which is the inverse image of the unit ball {x € R" | ||z||, < 1} under the affine
function f(z) = P~Y2(z — xo).

Another commonly used representation of ellipsoids is
£ = {wo + Au| Jull, < 1},

where A € R™*" is nonsingular, which is the image of the unit ball {u € R" | |Ju||, <
1} under the affine function f(u) = zo + Au (and hence convex).

Convex functions

Definition

There are several equivalent definitions of convex functions. Here we present two
of the most commonly used ones.

Epigraph
Recall that the graph of a function f: R™ — R is the set
{(z, f(z)) | z € dom f} C R" ™.
Similarly, the epigraph of f is a subset of R""!, defined as
epif = {(z,t) e R"™ | f(z) <t, = € dom f}.

This definition is illustrated in figure 2.12.

Example 2.10 The epigraph of affine functions are halfspaces: Let f: R™ — R be an
affine function given by f(x) = a”x + b, where a € R™ (a # 0) and b € R. Then, its
epigraph is expressed as

epif={(z,t) e R"™" |a"z+b<t}

:{[f]eR"“ [ —a” 1]“

which is a halfspace in R,
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epi f

Figure 2.12 The epigraph of a function f: R — R (shown shaded) consists
of all points (z,t) lying on or above the graph of f (lower boundary, shown
thicker).

Epigraph allows us to define convex functions via convex sets: A function
f:R™ = R is said to be convez if its epigraph epi f is a convex set in R"*!,
and we say f is concave if —f is convex, i.e., if its hypograph

hypo f = {(z.t) € R"" | f(z) > ¢, = € dom f}

is a convex set. An affine (and therefore, linear) function has both convex epigraph
and hypograph, and is hence both convex and concave.

Jensen’s inequality

An equivalent (under some technical conditions) definition of convex functions is
given by the following inequality: A function f: R™ — R is convex if dom f is a
convex set, and for all 2,y € dom f and 6 € [0, 1], we have

f(0z+ (1= 0)y) < 0f(x) + (1 —0)f(y). (2.11)

If strict inequality holds in (2.11) for all z # y and 6 € (0,1), then f is said to
be strictly convex. The condition (2.11) is sometimes called Jensen’s inequality.
Geometrically, it means that the line segment between the points (z, f(z)) and
(y, f(y)) on the graph of f lies above the graph. This interpretation is illustrated
in figure 2.13.

Jensen’s inequality (2.11) can be generalized to more than two points: If a
function f is convex, then for any points z1,...,z; € dom f and # € R* with
1T0=1and 0 = 0, we have

fOrxr+ -+ Opxy) <O f(z1)+ -+ 0 f(zr).

Jensen’s inequality also extends to infinite sums, integrals, and expected values. For
example, suppose S C dom f, and let p: S — R be a function satisfying

/p(x) dr=1 and p(xz)>0forall z €S,
s
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(v, f(y))
(z, f(x))

Figure 2.13 Graph of a convex function. The line segment between any two
points on the graph lies above the graph.

f ( JXCE dx) < [ porfo) d,

if all integrals exist. In the most general case, suppose x is a random variable with
prob(z € dom f) = 1, then we have

f(Ex) <Ef(z),

if all expectations exist. To recover the basic inequality (2.11) from the general
form above, we may take the random variable = € {x1,22} C dom f with

then we have

prob(zx =x;) =60 and prob(z=x2)=1-196
for some 6 € [0, 1], then we have

f(Ez) = f(0z1+ (1 - 0)22) <E f(z) = 0f (1) + (1 - 0)f(22).

Basic properties

Sublevel sets

The a-sublevel set of a function f: R™ — R is the set
Co={xedomf| f(x) <a}.

If f is a convex function, then its sublevel sets are convex sets for any a € R. To
see this, let x1, x4 € C,, be two different points, then for any 6 € [0, 1], we have

fOzy + (1 —0)xe) <Of(x1)+ (1 —0)f(z2) <Oa+ (1 —0)a=q,

where the first inequality is from Jensen’s inequality (2.11) and the second in-
equalities follow from the definition of C,. This shows that the line segment
Ox1 + (1 — 0)xs € Cy, and hence C,, is convex.

Remark 2.1 Note that the converse of the above property regarding sublevel sets of
convex functions is not true: A function can have all its sublevel sets convex, but not
be a convex function. For example, the sublevel sets of the function f(z) = logx can
be expressed as the interval (0,e®] for any o € R, which are all convex sets, but f is
not a convex function.
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conv f

Figure 2.14 Convex envelope of the nonconvex function f is shown thicker.
The epigraph of conv f is the convex hull of the epigraph of f (shown
shaded).

Convex envelope

Recall that the convex hull of a set is the smallest convex set that contains it. We can
also define an analogous concept for functions. First, note that the idea of epigraph
provides an option to construct convex functions from convex sets: Suppose F' is a
convex set in R™™!, then the function f: R™ — R defined by

flx)=inf{t e R | (z,t) € F} (2.12)

is a convex function with epigraph epif = F. Let g: R" — R be a (possibly
nonconvex) function, then the function f: R™ — R obtained from the operation
(2.12) with

F =convepig
is called the convex envelope of g, which we denote as convg and is the largest
convex function that is a global underestimator of g, i.e.,

h is convex
h(z) < g(z) forall z € domg [~

f(x) = sup {h(x)

The idea of convex envelope is illustrated in figure 2.14.

Example 2.11 Some important convex envelopes. The cardinality function of a vector
xz € R", denoted as card z, is defined as the number of nonzero entries in . For
scalar z € R, we have

0, z=0

1, =z#0.

It is easily seen that the cardinality function is not convex. The convex envelope of
the cardinality function on the interval [—1, 1] is the absolute value function |z|. This
idea is illustrated in figure 2.15.

cardx = {
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(=1,1) card (1,1)

Figure 2.15 The cardinality function card z on the interval [—1, 1]. Its graph
is shown as the thinner line and the dots; its epigraph is shown shaded. Its
convex envelope (on the interval [—1,1]) is the ¢1-norm ||z||, = |z| (shown
thicker).

This property the absolute value function can be generalized to the ¢;-norm of vectors
in R™: The convex envelope of the cardinality function on the unit fo-norm ball
{z € R" | ||z||, < 1}, where ||z||,, = max{|z1],...,|2zn|}, is the {1-norm ||z||, =
EAE )

We have similar results for matrices: The rank function of a matrix X € R™*",
denoted as rank X, corresponds to the number of nonzero singular values of X. The
convex envelope of the rank function on the unit spectral norm ball {X € R™*" |
[IX]|, <1}, where || X ||, = 0max(X), %.e., the maximum singular value, is the nuclear
norm | X||, = Y, 0i(X), where 0;(X) are the singular values of X (see §A.3.2,
page 354).

First-order conditions

If a function f is differentiable, then f is convex if and only if dom f is convex and
for all z,y € dom f, we have

fy) = f@) + V@) (y - ). (2.13)

In other words, the first-order Taylor approximation of a differentiable convex func-
tion f at any point * € dom f is a global underestimator of f. This property
is illustrated in figure 2.16. The converse is also true: If the first-order Taylor
approximation of a differentiable function f at any point © € dom f is a global
underestimator of f, then f is convex.

The first-order condition (2.13) can be used to define strict convexity: If strict
inequality holds in (2.13) for all z,y € dom f and x # y, then f is strictly convex.
The converse is also true.

Similarly, we have the following first-order condition for concave functions: A
differentiable function f is concave if and only if dom f is convex and for all z,y €
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Figure 2.16 The first-order Taylor approximation of a convex function f at
any point € dom f is a global underestimator of f.

dom f, we have

fy) < @) + V@) (y— o). (2.14)

Example 2.12 Affine functions. The first-order condition can be used to verify the
convexity of affine functions: Let f: R™ — R be an affine function given by f(x) =
a”x +b (a #0). Then, for any z,y € R™, we have

f)=dy+b=a"z+b+a" (y—2)=f(2)+ Vf(@) (y—2),

where Vf(z) = a. This shows that affine functions satisfy the first-order conditions
(2.13) and (2.14) with equality, and are hence both convex and concave.

Second-order conditions

If a function f is twice differentiable, then f is convex if and only if dom f is convex
and for all x € dom f, we have

V2 f(z) =0, (2.15)

i.e., the Hessian of f at every point in its domain is positive semidefinite. If f is
defined on R, then the condition (2.15) reduces to f”/(x) > 0 for all z € dom f. Ge-
ometrically, this means that the graph of f has nonnegative (i.e., upward) curvature
at every point in its domain.

The second-order condition (2.15) can also be used to define strict convexity: If
a function f satisfies V2f(z) = 0 for all z € dom f, then f is strictly convex. Note
that different from the first-order condition, the converse is not true: For example,
the function f(x) = 2 is strictly convex, but its second derivative at x = 0 is zero.

For concave functions, we have the following second-order condition: A twice
differentiable function f is concave if and only if dom f is convex and for all = €
dom f, we have

V2if (z) = 0.

Example 2.13 Quadratic functions. Let f: R™ — R be a quadratic function given by

fla)=(1/2)a" Pz + ¢ @+,
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where P € 8", ¢ € R", and r € R. Then, we have V>f(x) = P for all x € R™.
Therefore, according to the second-order condition (2.15), the function f is convex if
and only if P > 0, and is concave if and only if P < 0.
For quadratic functions, the second-order condition is, in fact, the necessary and
sufficient condition for strict convexity: The function f is strictly convex if and only
if P > 0, and is strictly concave if and only if P < 0.

Examples

In the text above we have already seen that affine (and linear) functions are both
convex and concave, and quadratic functions are convex (concave) if their Hessian
are positive (negative) semidefinite. Now we present more important examples of
convex and concave functions (whose convexity might not be obvious).

Real-valued functions

The convexity of the following functions on R follows directly from the Jensen’s
inequality (2.11) or the second-order condition (2.15):

Powers. The function f(xz) = 2P is convex on R4 if p < 0 or p > 1, and is
concave on R if 0 < p <1, which can be easily verified from the sign of its
second-derivative f”(z) = p(p — 1)aP~2 forall x € R, .

Ezxponential. The function f(z) = e* is convex on R since [ (z) = e* > 0 for
all z € R.

Logarithm. The function f(x) = logz is concave on Ry since f”(x) =
—1/x?2 <0forallz € Ryy.

Negative entropy. The function f(x) = xlogx is convex on R, since f"(z) =
1/z>0forallz € Ry.

Vector-valued functions

We also have the following examples on R™:

Norms. Every norm || -|| on R" is convex: For any z,y € R" and 0 € [0, 1],
we have

10 + (1 = O)yl| < ([0 + [[(1 = O)yll = Oll=]| + (1 = O)lyll,

where the first inequality is from the triangle inequality and the second equal-
ity is from the homogeneity of norms.

Max function. The function f(x) = max{zy,...,z,} is convex on R": For
any z,y € R" and 0 € [0, 1], we have

max(0z; + (1 — 0)y;) < fmaxz; + (1 — 0) maxy;,
where the left-hand side equals to f(6z 4+ (1 — 0)y) and the right-hand side

equals to 6f(z) 4+ (1 — ) f(y). The graph of the max function on R? is shown
in figure 2.17.
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Figure 2.17 Graph of the max function f(z,y) = max{z,y} on R

Figure 2.18 Graph of the log-sum-exp function f(z,y) = log(e” 4 €¥) on R
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Y —10 x

Figure 2.19 Graph of f(z,y) = ¥*/x on R4 x R.

e Log-sum-exp. The function f(z) =log> ., expa; is convex on R" (which is
not obvious, see §B.1). This function is often used as a smooth (i.e., differen-
tiable) approximation to the max function (figure 2.18).

e Quadratic-over-linear. The function f(x,y) = y*/x is convex on Ry, x R =
{(z,y) € R? | z > 0}. In fact, it is the boundary of the positive semidefinite
cone 8% (figure 2.19). (See also example 2.5.) To show this, note that for any
(z,y) € Ryt x R, we have

T
2y x| 2|y y
sz(a?,y)—xg[xy 2 1—$3lxllx] = 0.

o Log-determinant. The function f(X) = logdet X is concave on the positive
definite cone S/ |, which can be interpreted as an analogous of the logarithm
function for positive scalars, but for positive definite matrices.

e Relative entropy. The relative entropy between two positive vectors x,y €
R’ | is given by

fla,y) = wilog(wi/y:),
=1

which is convex on R}, x R | ; see exercise 2.14.

o Kullback-Leibler divergence. The Kullback-Leibler (KL) divergence between
two positive vectors x,y € R/l | is given by

n

Dia(x,y) = Y _(xilog(wi/yi) — i + i), (2.16)
i=1
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which is convex in (z,y). The KL divergence satisfies Dy (z,y) > 0, and
Dy (z,y) = 0if and only if © = y, and so can be used as a measure of deviation
between two positive vectors. Note that when both = and y are probability
distributions (i.e., z,y > 0 and 172 = 17y = 1), the KL divergence is the
same as the relative entropy.
Probability distributions
The logarithm of many probability density functions are concave, for example:
o Multivariate normal distribution:
1 1 Ta1
@) = e oxp (50 - )5 - ).
(2m)" det 2 2

where € R" is the mean and ¥ € S| is the covariance matrix.

o Uniform distribution:

f(m):{ /o, zeC

0, otherwise,

where C C R" is a convex set and « > 0 is its volume. The logarithm of f is
then given by
—loga, ze€C

log f(z) = {

—00, otherwise,
which is concave.
The logarithm of some cumulative distribution functions (on R) are also concave:

o Gaussian cumulative distribution function:

1 ¢ 2
O(x) = \/727/ e t/2 at.

e Logistic cumulative distribution function:

1
Flr) = ——.
(z) l1+e
A function (or distribution) whose logarithm is concave is often called a log-concave
function; see also exercise 2.11.

2.4 Functional operations

Similar to convex sets, many basic operations on functions preserve convexity. These
operations, together with the examples presented in §2.3.3, allows us to easily de-
termine the convexity of functions, or construct new convex functions from the
others.
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xlogzx + ylogy
|
[aw)
o

Figure 2.20 Graph of the negative entropy function f(z,y) = xlogz +ylogy
defined on R? .

2.4.1 Nonnegative weighted sums

We can easily verify that if fi,..., fx are convex functions and wy, ..., wy > 0, then

the function
f=wifi+- +wpfr,

is also convex. This suggests that the set of convex functions is, in fact, a convex

cone.

Example 2.14 Negative entropy. The negative entropy function on R’ | is defined as:

flz) = Z x;log x;,
i=1

which is convex since it is the sum of the convex functions z;logz; (z; € R4+4) for
i=1,...,n. Graph of the negative entropy function on R? . is shown in figure 2.20.

Again, this property generalizes to infinite sums and integrals. For example, if
f(z,y) is convex in x for each fixed y € S, and w(y) > 0 for all y € S, then the

function

o(z) = /S w()f (@, y) dy

is convex in z (provided the integral exists).

2.4.2 Pointwise maximum

Suppose fi,..., fr are convex functions, then the function

f(z) = max{fi(x), ..., fr(2)}
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with dom f = ﬂle dom f; is also convex. To see this, let 1,22 € dom f be two
different points, then for any 6 € [0, 1], we have

fOzi+ (1 =0)z2) = max fi(fx:+(1-0)zs)
< max, (0fi(z1) + (1 = 0) fi(x2))
<

0 max fi(w1)+(1—0) max fi(ws)

= 0f(x1) + (1 —0)f(xz),

where the first inequality follows from the convexity of each f;. We can also show
this property using epigraphs: The epigraph of f can be expressed as the intersection
of the epigraphs of f; fori=1,..., k:

k
epif = ﬂ epi f;.

i=1

Since the intersection of convex sets is also convex, epi f is a convex set, and hence
f is a convex function.

Similarly, for concave functions, the pointwise minimum of a set of concave
functions is concave. Note that affine functions are both convex and concave, so
the pointwise maximum of a set of affine functions is convex and the pointwise
minimum of a set of affine functions is concave.

The pointwise maximum property generalizes to an infinite set of convex func-
tions: Suppose {fi};c; is a collection of convex functions indexed by the (possibly
infinite) set Z, then the function

f(x) = sup fi(x)

ieT
with
dom f = {xe ndomfl-

€L

(o)<
i€T

is also convex. It follows directly from the fact that epi f can be expressed as the
intersection of the epigraphs of f; for all ¢ € Z, which are all convex sets.

Example 2.15 Piecewise linear functions. A function f: R™ — R with the form

flw) = max (afz+bi),
where a; € R™ (a; # 0) and b; € R, is called a piecewise linear function (or really,
piecewise affine; although the first name is more commonly used). A piecewise linear
function is convex as it is the pointwise maximum of the affine functions a,-T:r + b;
over i = 1,...,k. The epigraph of a piecewise linear function is a polyhedron, since
it is the intersection of the halfspaces defined by the affine functions. Example of a
piecewise linear function on R is shown in figure 2.21.
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f epi f

Figure 2.21 A piecewise linear function (shown thicker) from the maximum
of five affine functions on R. The epigraph of the piecewise linear function
(shown shaded) is the intersection of the epigraphs of the five affine functions.

The converse (with slight extension) is also true: Any convex function f: R® — R
can be expressed as the pointwise supremum of all its affine underestimators (which
are potentially infinite), i.e.,

f(z) =sup{a’z+b|a"y+b< f(y) forally € R"}

(see exercise 2.8).

Example 2.16 Sum of k largest entries. Consider the function f: R™ — R given by

k
flx) = Z Ty,
i=1

where k < n and z[;; denotes the ith largest entry of z, i.e.,
Ty 2 T 2 2 Tl

The function f is convex, since it can be expressed as the pointwise maximum of all
possible sums of k different entries of x:

f@) = ap =max{w, + - +zi, | 1<0 < <ip <n}y

i=1

which is the pointwise maximum of a set of linear functions.

Composition with affine function

Let f: R™ — R be a function, and let A € R"*™ and b € R". Then the function
g: R™ — R defined as
g(x) = f(Ax +b)

with domg = {z | Az + b € dom f} has the same convexity as f, i.e., if f is
convex, so is g, and if f is concave, so is g. We can shown this directly via Jensen’s
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24.4

inequality (2.11). Suppose f is convex, and let z1,29 € dom g be two different
points, then for any 6 € [0, 1], we have

g(0x1+ (1 —0)x2) = [f(ABz1+ (1 —0)x2) +0b)
fO(Azy +0) + (1 — 0)(Azs + D))
O0f(Azy +0)+ (1 —0)f(Axy + b)

= Og(z1) + (1 = O)g(z2),

IN

where the inequality follows from the convexity of f.

Example 2.17 Least squares cost. The least squares cost function f: R™ — R given
by

(@) = || Az — b||3
with A € R™*™ and b € R™ is a convex function. To show this, first note that for
all u € R™, we have

VA full; =21 = 0
(I € R™*™ is the identity matrix), which shows that the Euclidean norm squared
function || -||2 is a convex function. Hence, the least squares cost f can be expressed
as the composition of the convex function |- || with the affine function Az — b, and
is therefore convex.

General composition

Given the functions h: R¥ - R and ¢;: R® — R for i = 1,...,k, we consider the
function f: R™ — R defined as the composition

f(:lJ) = h(gl(x)a s ’gk(x))
with

domg;, i=1,....k
domf:{xeR" TEcOmMGiy b= Lhee ey }

(91(x),...,gx(z)) € domh

The function f is convex if dom f is convex, the function A is convex, and one of

the following conditions holds for each i =1,... k:
g; is affine,
h is nondecreasing in its ith argument, and g; is convex, (2.17)

h is nonincreasing in its ¢th argument, and g; is concave.

Similarly, the function f is concave if dom f is convex, the function h is concave,

and one of the following conditions holds for each ¢ = 1,... k:
g; is affine,
h is nondecreasing in its ith argument, and g; is concave, (2.18)

h is nonincreasing in its ¢th argument, and g; is convex.
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The composition rules (2.17) and (2.18) includes, as special cases, the composition
with affine functions described above.

We can show the convexity condition (2.17) for scalar (k = n = 1) and differen-
tiable functions by examining the second derivative of the composition f = hog.
Let h: R — R and ¢g: R — R be twice differentiable functions, and dom h o g is
convex, then we have

F'(@) = 1" (g(x))g'(2)* + k' (g(z))g" ().

Suppose h is convex and nondecreasing, and g is convex, then we have " (g(z)) > 0,
W (g(xz)) > 0 and g"(x) > 0 for all z € dom f. This shows that f”(z) > 0 for all
z € dom f, and hence f is convex. Now suppose h is convex and nonincreasing,
and g is concave, then we have h”(g(z)) > 0, h'(g(z)) < 0 and ¢”(x) < 0 for all
z € dom f. This again shows that f”(z) > 0 for all x € dom f, and hence f is
convex.

Convexity of many important functions on R can be shown using these compo-
sition rules.

Example 2.18 Scalar composition.

e The function f(z) = |z|? is convex if p > 1, since the function h(u) = u” is
convex and nondecreasing on R4 for p > 1, and the function g(z) = |z| is
nonnegative and convex.

e The function f(x) = 1/g(x) is convex if g is concave and positive, since the

function h(u) = 1/u is convex and nonincreasing on R4 ;.
e The function f(z) = expg(z) is convex if g is convex, since the exponential
function is convex and nondecreasing.

e The function f(x) = logg(z) is concave if g is concave and positive, since the
logarithm function is concave and nondecreasing on R .

Similarly, we can use the composition rules to show the convexity of many functions
on R"™.

Example 2.19 Vector composition.

1/p
e The function f(z) = (Ele gl(x)p) with p > 1 is convex if g1,...,gx is

1/p
convex and nonnegative, since h(u) = (Zle uf) on R% is convex and non-
decreasing in u; if p > 1. (In fact, it is the £p,-norm of the nonnegative vector

u € RE; see example A.1.)

e The function f(x) = log Zle exp gi(x) is convex if gi1,...,gx are convex, since
the log-sum-exp function h(u) = log Zle expu; on R* is convex and nonde-
creasing in u;.

e Suppose ¢g1,...,9r: R" — R are convex functions, then the sum of r largest
entries (r < k) of the vector (gi(x),...,gk(z)) is convex, since the sum of r
largest entries of a vector u € RF, given by h(u) = 22:1 ufy), is convex and
nondecreasing in each argument.
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2.5

2.5.1

Convex optimization problems

Optimization problems

A mathematical optimization problem, or just problem, is denoted as

minimize  fo(z)
subject to  fi(x) <0, i=1,...,m (2.19)
hi(x)zoa i:17"'7p7

where x € R" is the optimization variable, or decision variable, or just variable,
and fo: R™ — R is the objective function or cost function. The inequalities f;(x) <
0,7 = 1,...,m, are the inequality constraints, and fi,..., fm: R" — R are the
inequality constraint functions. The equalities h;(x) = 0, i = 1,...,p, are the
equality constraints, and hi, ..., h,: R™ — R are the equality constraint functions.
The goal of an optimization problem in the form (2.19) is to find an € R" that
minimizes fo(x) which satisfies the conditions f;(z) < 0 for all ¢« = 1,...,m and
hi(z)=0foralli=1,...,p.

The problem (2.19) is called a constrained optimization problem if m > 0 or
p > 0. If m = p = 0, then the problem (2.19) is called an unconstrained optimization
problem.

The feasible set of the problem (2.19) is defined as

m P () <0,i=1,...
D={zyc mdomfiﬂﬂdomhi filz) < ’Z, A
=0 i=1 hi(x) =0, i=1,....p

A point x € D is called a feasible point of the problem (2.19). The problem (2.19)
is feasible if its feasible set D is nonempty, and is otherwise infeasible.

The problem (2.19) is sometimes referred to as a minimization problem. An
optimization problem that seeks to maximize some objective function is denoted as

maximize fo(x)
subject to  fi(z) <0, i=1,...,m (2.20)
hi(fL')ZO, iZl,...,p,

and is called a mazimization problem. A maximization problem can be converted
to a minimization problem by minimizing — fy.
A problem of the form

find z
subject to  fi(z) >0, i=1,...,m (2.21)
hi(x) =0, ¢=1,...,p,

is called a feasibility problem, where the goal is to examine whether there exists a
point = that satisfies all the constraints, and if so, to find one.
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Optimal value and points

The optimal value of the problem (2.19) is defined as

z e dom f; N(,_, dom h;
hi(x)zo, i=1,...,p

Following from the standard convention, we have p* = oo if the problem is infeasible
(since the infimum of an empty set is c0), and p* = —o0¢ if the problem is unbounded
below (that is, for any M € R, there exists a feasible point « such that fo(z) < M).
All these terms can be defined similarly for maximization problems the the form
(2.20).

A point z* € D is called an optimal point (or solution) of the problem (2.19) if
fo(z*) = p*. If there exists at least one optimal point to the problem (2.19), then
we say the optimal value is attained or achieved.

Example 2.20 Optimal value and points. Consider some unconstrained (minimization)
problems with objective fo: R - R and dom f = R, :

e Let fo(z) = 1/z, then the optimal value is p* = 0, but it is not achieved since
there is no feasible point € R4 such that fo(z) = 0.

e Let fo(x) = —logx, then the optimal value is p* = —oo, which means the
problem is unbounded below.

e Let fo(x) = zlogz, then the optimal value is p* = —1/e, which is achieved at
the (unique) optimal point z* = 1/e.

A feasible point x € D is locally optimal if there exists some € > 0 such that
fo(z) = nf{fo(2) | z €D, |z -z, <€}

Roughly speaking, a locally optimal point is one that has the lowest objective value
among all feasible points in its neighborhood. To distinguish between ‘optimal’ and
‘locally optimal’, the former is sometimes referred to as globally optimal.

Equivalent problems and relaxations

It is sometimes useful to transform an optimization problem into another one that
is easier to analyze or solve. If from an optimal point of one problem, we can easily
find an optimal point for another problem, and vice versa, then we say that the two
problems are equivalent. Some basic operations that lead to equivalent problems
include change of variables, scaling and translating the objective, etc. The follow-
ing examples introduce two other useful transformations that lead to equivalent
problems, which are not directly obvious.

Example 2.21 Slack variables. We can transform the inequality constraints of an
optimization problem into equality constraints by introducing additional variables.
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Noticing that in the problem (2.19), the conditions f;(x) < 0 are satisfied if and only
if there exists some s € R™ and s > 0 such that f;(z) + s; = 0, we can transform the
problem (2.19) into

minimize  fo(z)

subject to s > ;) (2.22)

hi(x) =0, i=1,...,p,

where the variables are now x € R™ and s € R™. The new variable s; is called
the slack variable associated with the inequality constraint f;(z) < 0. It is easy
to see that the problems (2.19) and (2.22) are equivalent: If (z*,s*) is an optimal
point of the problem (2.22), then z* is an optimal point of the problem (2.19), since
fi(z*) = —sj < 0 for all ¢ = 1,...,m; conversely, if * is an optimal point of the
problem (2.19), then (z*,s*) with sj = —fi(z*) for i = 1,...,m is an optimal point
of the problem (2.22).

Example 2.22 Epigraph form problems. The equivalent epigraph form of the optimiza-
tion problem (2.19) is given by

minimize ¢

subject to  fo(z) —t <0
filx) <0, i=1,....m
hi(x) =0, i=1,...,p,

(2.23)

where the variables are z € R™ and t € R. It is easily seen that if (x*,¢*) is an optimal
point of (2.23), which means the inequality fo(z*) < t* must hold with equality, then
*

2* is an optimal point of the problem (2.19); if z* is an optimal point of (2.19), then
(z*,t*) with t* = fo(z*) is an optimal point of (2.23).

Geometrically, the epigraph form problem (2.23) can be interpreted as an optimization
problem in the ‘graph space’ (z,t), i.e., we want to find a point (z,t) € epi fo with
the smallest t among all other points in epi fo, subject to some constraints on x. This
interpretation is illustrated in figure 2.22.

If two optimization problems have the same objective function fy, but different
feasible sets Dy and D5 such that D; C Do, then we say that the second problem is
a relazation, or a relaxed problem, of the first one. It is easy to see that the optimal
value of a relaxed problem provides a lower bound for the optimal value of the
original problem in minimization problems, and an upper bound in maximization
problems. (The idea of relaxations will be discussed in much more detail in §6.5.)

Example 2.23 Integer programming. Consider the optimization problem

minimize  fo(x1,...,Zm)
subject to  x1,...,xm € {0,1}" (2.24)
cardz; =1, i=1,...,m
with variables z1,...,z, € R". The problem (2.24) is sometimes called a integer

program since the variables z; are constrained to take values in the discrete set {0,1}".
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epi fo

Figure 2.22 Geometric interpretation of the epigraph form problem (2.23).
The goal is to find a point (z,t) in the epigraph of fo (the shaded region)
with the smallest ¢ among all other points in the epigraph.

We can interpret the constraints in (2.24) as requiring that z; € {e1,...,e,} for
i =1,...,m, where e; is the ith standard basis vector in R". In other words, the
problem (2.24) consists in selecting a group of points z1, ..., 2z, from the vertices of
the probability simplex in R", such that fo(x1,..., %) is minimized. The problem
(2.24) is in general very difficult to solve directly since we need to evaluate all n™
combinations of the possible values of x1,...,z,. In practice, we often consider a
relaxation of the problem (2.24) given by

minimize  fo(x1,...,Zm)
subject to  z1,...,Zm =0 (2.25)
1Tz, =1, i=1,...,m,

where the constraints now require that x; lies in the probability simplex in R™ for
i =1,...,m. It is easy to see that the feasible set of the relaxed problem (2.25)
contains that of the original problem (2.24), since all vertices of a probability simplex
also belong to the simplex.

We can interpret the problems (2.24) and (2.25) in the context of clustering: Suppose
we have m data points that we want to assign to n different clusters, and the cost
function fo measures some notion of total clustering error. The problem (2.24) consists
in assigning each data point a label to a single cluster, such that the total clustering
error is minimized. The relaxed problem (2.25), on the other hand, tries to assign each
data point a probability distribution over all clusters that leads to the least expected
total clustering error.

Specifying an optimization problem

For an optimization problem in the form (2.19), there is still the technical question
of how to specify the objective and constraint functions. Most commonly, these
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2.5.2

functions are expressed analytically, i.e., consist of a number of arithmetic oper-
ations that involves the variables x and some parameters. For example, suppose
the objective is some quadratic function in the form fy(x) = 27 Pz + ¢Tz + r with
PeS" ¢geR"™and r € R. Then, to specify this objective, we need to provide the
values of the coefficients P, g and r. We call all such coefficients required to specify
an optimization problem the problem parameters or problem data.

Remark 2.2 Note that in the context of model fitting, we should carefully distinguish
what exactly the word ‘parameter’ refers to: The model parameters are the variables
to be optimized over in the fitting process, while the problem parameters are the
coefficients that define the optimization problem itself. In most cases, it should be
clear from the context or text which type of parameters is being referred to, but to
avoid possible confusion, in this book, we will always use the term problem data when
referring to the coefficients that define an optimization problem.

In the other cases, the objective and constraint functions may not be expressed
analytically, but are given implicitly via some numerical procedure or algorithm,
i.e., via some oracle models. For example, in an oracle model of a function f, we
do not know f explicitly, but can evaluate f(x) (and usually its derivatives V f(z)
and V2f(z)) at any z € dom f, with some cost, e.g., time.

As a matter of practice, there is not huge difference between specifying a prob-
lem via parameterized expressions or some oracle models, since most optimization
algorithms only require the ability to evaluate the objective and constraint func-
tions (and their derivatives) at different points, and do not need to know the explicit
forms of these functions.

Convex optimization

A conver optimization problem (or convex program) is defined as

minimize  fo(x)
subject to  fi(z) <0, i=1,...,m (2.26)
Ax =1

with variable x € R", where fo, f1,..., fm: R" — R are convex, and A € RP*",
b € RP. The problem (2.26) is a special case of the general optimization problem
(2.19), where the objective and inequality constraint functions fo, f1,..., fm are all
convex and the equality constraint functions hq, ..., h, are all affine. It follows im-
mediately from this definition that the feasible set of a convex optimization problem
is a convex set, since it is the intersection of the following convex sets:

e The domains dom f;, i =0, ..., m, of the convex functions fy, f1,--., fm-
o The sublevel sets {z | fi(z) <0} for:=1,...,m.
o The affine sets {z | Az = b}.

Hence, roughly speaking, a convex optimization problem consists in minimizing a
convex function over a convex set.



2.5 Convex optimization problems

55

Note that the convex minimization problem (2.26) can always be transformed
into the equivalent concave maximization problem:

maximize —fo(x)
subject to  fi(x) <0, i=1,...,m (2.27)
Ax = b,

where the objective function is now concave, and vice versa. Hence, in general,
when talking about convex optimization problems, we refer to problems in both the
convex minimization form (2.26) and the concave maximization form (2.27).

Optimal points

One of the most important properties of convex optimization problems is that any
locally optimal point is also globally optimal. To see this, let D be the feasible set
of the problem (2.26), and let = € D be a locally optimal point of (2.26) with some
€ > 0, then we have

fo(z) = inf{fo(2) | z €D, [lz =z, < €} (2.28)

Suppose there exists some point y € D such that fo(y) < fo(z), i.e., the point z
is not globally optimal, then we have |y — x|, > ¢, since otherwise it contradicts
(2.28). Noticing that the feasible set D is convex, we have for any 6 € (0,1),

z=0y+(1—-0)x €D.

Choosing
€

0= —-——
2||y—x||2

then z € D and ||z — z||, = €/2 < ¢, and hence by (2.28), we have fo(x) < fo(2).
However, from the convexity of fy, we have

fo(z) < (1 =0)fo(x) +0fo(y) < folx),

€ (0,1),

which is a contradiction. Therefore, the point  must be globally optimal.

Optimality conditions

When the convex optimization problem (2.26) has differentiable objective fp, a
necessary and sufficient condition for a feasible point « € D to be optimal is given
by

Vo) (y—x) 20 (2:29)

for all y € D. When V fo(z) # 0, the condition (2.29) has a nice geometric inter-
pretation: The hyperplane with normal vector —V fy(x) supports the feasible set D
at the point z, i.e., the feasible set D lies entirely in the halfspace

{ZGR"

~Vfo(x) 2 < *Vfo(x)Tx} .
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Figure 2.23 Geometric interpretation of the optimality condition (2.29) for
convex optimization problems. The feasible set D is shown shaded, and the
level curves of the objective function fo are shown as dashed lines. At the
optimal point z*, the gradient V fo(z*) defines a hyperplane (the solid line)
that supports the feasible set D.

This interpretation is illustrated in figure 2.23.
If the problem (2.26) is unconstrained, i.e., m = 0 and p = 0, then the optimality
condition (2.29) reduces to
Vfo (.Z‘) = 0,

which is the well known first-order necessary and sufficient optimality condition for
unconstrained convex optimization problems. To show this, first notice that the
feasible set of an unconstrained problem is D = dom f. Suppose z € dom fj is
optimal, then by the optimality condition (2.29), we have V fj (x)T(y —x) > 0 for
any y € dom fy. Choosing y = = — tV fo(x) with some ¢ > 0 sufficiently small such
that y € dom fj, we have

Vo) (y — z) = —t|V fo(z)]5 > 0,

which implies Vfo(z) = 0. Conversely, if Vfo(x) = 0, then for any y € dom fy,
we have Vfo(z)" (y — 2) = 0, which satisfies the optimality condition (2.29) with
equality.

Modeling convex optimization problems

Based on the atomic functions with known convexity and functional operations that
preserve convexity, as introduced in the previous sections, the convexity of a wide
range of convex optimization problems can now be verified following a standard rou-
tine, named constructive convex analysis. Specifically, each objective and constraint
function of a convex optimization problem can be represented as a composition tree
consisting of atomic functions and functional operations. To verify the convexity
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Figure 2.24 Geometric interpretation of an LP in R?. The goal is to find a
point z in the feasible polyhedron D (shown shaded) that minimizes the linear
objective function ¢’ z. The level curves of the objective function, which are
hyperplanes orthogonal to ¢, are shown as dashed lines. The optimal point
2* corresponds to the point in D as far as possible in the direction of —c.

of a convex optimization problem, we can traverse the composition tree of each ob-
jective and constraint function from the leaves to the root, and at each node, check
whether the convexity is preserved according to a series of rules. (See remark 4.4
for a simple example.)

These rules and routine form the disciplined convex programming framework for
modeling convex optimization problems, so that any problem following these rules
can be automatically verified (by a human or some computer software) as being
convex. We refer the interested reader to appendix B for more details about these
ideas.

Examples

Linear programs

When the objective and constraint functions of the convex optimization problem
(2.26) are all affine, the problem is called a linear program (LP), which has the
general form:
minimize ¢’z
subject to Gz < h
Ax =1

with variable z € R", where G € R™*", hc R™, Ac R?*", b€ R? and c € R"
are the problem data. The feasible set of an LP is the intersection of finite halfspaces
and hyperplanes, which is hence a polyhedron. Therefore, we can interpret an LP
geometrically as the problem of minimizing a linear function over a polyhedron.
This is illustrated in figure 2.24.

Example 2.24 Least £1-norm fitting. Suppose we are given the data A € R™*" and
b e R™. We want to find a vector x € R"™ with the smallest ¢1-norm that fits the
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linear system Az = b, which corresponds to the problem

minimize  ||z||,

: (2.30)
subject to Ax =b

with variable z € R". Assuming the matrix A always has full rank, when m > n,
the problem (2.30) is either infeasible or there exists only one feasible point; when
m = n, the only feasible point is 2 = A™'b. The problem (2.30) is interesting only
when m < n, where the equation Az = b is underdetermined, i.e., there are infinitely
many feasible points.

We can transform the problem (2.30) into an equivalent LP by introducing an addi-
tional variable t € R" as
minimize 17t
subject to —t<Xx <Xt
Az =0,
where the variables are now x,t € R™. Another way to transform the problem (2.30)

into an LP is to split x into its positive and negative parts, i.e., let © = x4 —x_ with
z4,x— = 0, then we have

minimize 17z, + 17z
subject to x4+ >0, x_- >0
Alxy —xz-)=Db

with variables z,xz_ € R".

Quadratic programs

The convex optimization problem (2.26) is called a quadratic program (QP) if the
objective function is a convex quadratic function, and the constraint functions are
all affine, which has the general form:

minimize  (1/2)z" Pz +q¢Tz +r
subject to Gx < h (2.31)
Az =b

with variable € R", where P € S, ¢ € R", r € R, G € R™", h ¢ R™,
A € RP*™ and b € RP are the problem data. The feasible set of a QP is also
the intersection of finite halfspaces and hyperplanes, and hence we can interpret a
QP geometrically as the problem of minimizing a convex quadratic function over a
polyhedron. This is illustrated in figure 2.25.

If the inequality constraint functions in (2.31) are convex quadratic instead of

affine, then the problem is called a quadratically constrained quadratic program
(QCQP), which has the general form:

minimize  (1/2)2T Pyx + ¢’z + 1o
subject to  (1/2)aT Pz +q¢lox+r; <0, i=1,...,m (2.32)
Ax = b,
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Figure 2.25 Geometric interpretation of a QP in R2 The goal is to find
a point z in the feasible polyhedron D (shown shaded) that minimizes the
convex quadratic objective function fo(z) = (1/2)x” Px 4 ¢« +r. The level
curves of the objective function, which are (boundaries of) ellipsoids, are
shown as dashed lines. The point z* is optimal, and the arrow shows the
direction of the negative gradient —V fo(z*) = —(Pz* + q).

where Py, Pi1,..., P, €SY, q0,q1,...,qm € R", 70,71, ...,7m € R, A € RP*" and
b € RP. In a QCQP, we minimize a convex quadratic function over a feasible region
that is the intersection of ellipsoids (when Py, ..., P, = 0) and hyperplanes.

Note that QCQPs generalize QPs and LPs: When P, = --- = P, = 0, the
QCQP reduces to a QP, and if additionally Py = 0, the QCQP reduces to an LP.

Example 2.25 Constrained least squares. Suppose we are given the data A € R™*"
and b € R™. The least squares problem is defined as

minimize fo(x) = ||Az — ng

with variable x € R". Least squares problems are (unconstrained) QPs, since the
objective function can be expressed as

fo(z) = 2" AT Az — 20" Az +b"b,

which is a convex quadratic function.

Now suppose we are given some prior information that x should lie within the unit
Euclidean ball, i.e., ||z||, < 1. Then, the corresponding constrained least squares
problem is given by

minimize || Az — b||3

subject to  ||z|, <1,
which is a QCQP. To see this, notice that this problem can be expressed as

minimize 2T AT Az — 26T Az + b7

subject to zTx —1<0,
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which corresponds to the general form QCQP (2.32) with Py = ATA, qo = —2A4T,
ro=b"b, Pr=1,¢ =0,and r; = —1.

Semidefinite programs

An analogous of LPs in the space of symmetric matrices is called a semidefinite
program (SDP), which has the general form:

minimize  tr(CX)
subject to tr(A4;X)=1b;, i=1,....m (2.33)
X >0

with variable X € S™, where C, Ay,..., A € S™ and b € R™ are the problem
data. Noticing that tr(AX) is the standard inner product of S™, which is a linear
function of X for any fixed A € S™ (see §A.3.1), the objective function and equality
constraint functions of (2.33) are all affine. The feasible set of an SDP is then the
intersection of an affine set and the positive semidefinite cone S}, which is a convex
set. Hence, we can interpret an SDP geometrically as the problem of minimizing a
linear function over the positive semidefinite cone intersected with an affine set.
An SDP is sometimes also expressed as:

T

minimize c'x
subject to x1Fy + -+, F, +G =<0 (2.34)
Ax =0,

where € R" is the variable and Fy,..., F,,G € S™, A € RP*™ and b € R? are the
problem data. The inequality constraints are now linear matrix inequalities. It is
easy to see from (2.34) that SDPs generalize LPs: When all matrices Fy, ..., F,,G
are diagonal, the linear matrix inequality reduces to a set of n linear inequalities,
and hence the SDP reduces to an LP.

Example 2.26 Smallest eigenvalue of a symmetric matriz. Recall that the smallest
eigenvalue Amin(A4) of a symmetric matrix A € S™ can be expressed as

. 2 Az
Anin ) = ST

(see §A.2.1). To find Amin(A), we can solve the following SDP:

maximize t

, (2.35)
subject to A —tI >0

with variables ¢t € R. Let t* be the optimal value (which is also the optimal point)
of this problem, then we have Amin(A) = t*. To see this, notice that for any feasible
point ¢ of (2.35), we have A — ¢tI > 0, which implies that

2T Az

2Tz

dA-tDHz2>0 = ZAz>t"2 = >t
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for all z € R™ and z # 0. Hence, we have Amin(A4) > t for all ¢ that is feasible to
(2.35), and in particular, Amin(A) > t*. On the other hand, for all z # 0, we have

T
Min(A) € 22 ATz < 2TAr = 2T (A (A2 2 0,
zTZ

i.e., the matrix A — Amin(A)I is positive semidefinite. Therefore, Amin(A) is a feasible
point of the SDP, and we have t* > Amin(A). Combining the inequalities in both
directions, we conclude that Amin(A) = t*.

Similarly, the optimal value of the problem
minimize ¢
subject to A —tI <0

with variable ¢ € R corresponds to the largest eigenvalue Amax(A) of the symmetric
matrix A € S™.
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Bibliographical notes

The concepts and properties about convex sets, convex functions, and convex optimization
problems presented in this chapter are standard materials in convezr analysis, which is an
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The standard reference for convex optimization is the textbook by Boyd and Vanden-
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theory, algorithms, and applications. Other textbooks on convex optimization include
Ben-Tal and Nemirovski | |, Nesterov | |, Bertsekas [ ], and Kiling-Karzan
and Nemirovski [ ]. The survey article by Vandenberghe and Boyd [ ] provides

a good introduction and extensive bibliographies to SDPs and their applications. See also
the refrences listed in chapter 1.

The ideas of convex relaxation heuristics have been widely used since the early 2000s for
finding an approximate solution to some nonconvex optimization problems. Two specific
examples are the use of the nuclear norm as a convex surrogate for rank minimization and
the ¢1-norm for cardinality minimization. Fazel [ ] showed that the nuclear norm is
the convex envelope of the matrix rank function on the unit spectral norm ball, and as a
special case of this, the vector ¢1-norm is the convex envelope of the cardinality function
on the unit £o-norm ball. Discussions and applications of these heuristics appear also in
Fazel et al. | ], Recht et al. | ], and Chandrasekaran et al. | ]

There are several equivalent statements regarding the general composition rules for convex
functions presented in §2.4.4, which could potentially be more useful in practice; see | ,
§3.2.4] and | , §6.4].

The symbolic modeling of convex optimization problems has been a rather modern and
popular research topic in recent years. The disciplined convex programming (DCP) frame-

work was first introduced by Grant et al. | ] as part of the CVX modeling sys-
tem for MATLAB | ]. These ideas and software were further developed and ex-
tended in subsequent works, including Udell et al. | ], Diamond and Boyd [ 1,
Agrawal et al. | ], and Fu et al. [ ]. See also appendix B as well as the

references therein.

Agrawal et al. ] present a general framework for automatically transforming con-
vex optimization problems expressed in a DCP-compliant way into standard forms that
can be handled by generic numerical solvers, which has been implemented, e.g., in the
open-source software package CVXPY | ]. As a result, nowadays, the only require-
ment for a convex optimization practitioner in most application scenarios is to formulate
their problem as a DCP-compliant convex program, while the rest of the steps (which
are mostly tedious and error prone) can be automatically handled by a computer in the
background.

We do not cover algorithms for solving convex optimization problems, which has been,
over the years, more or less considered as a standard technique in many areas of ap-
plied mathematics and engineering. Interested readers may refer to Nesterov and Ne-
mirovski | ], Bertsimas and Tsitsiklis [ ], Boyd and Vandenberghe [ , part
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II1], Bertsekas [Ber15], Bubeck [Bub15], Nemirovski [Nem24], and the references listed in
chapter 1 for more theoretical and technical details about how different classes of convex
optimization problems can be handled efficiently in practice.

Numerical software packages for solving convex optimization problems are now widely
available, and provide support for various classes of convex optimization problems, in-
cluding LPs, QPs, QCQPs, SDPs, etc. Some popular open-source solvers for convex
optimization problems include ECOS [DCB13, Dom13, Serl5], SCS [OCPB16, ZOB20,
O'D21, OCPB23], GLPK [Mak20], OSQP [SBG20, SNBT18, BGSBI19, SBL20], and
QOCO [CA25] in C, PROX-QP [BET(22] in C++, Clarabel [(:C24, GCG20, CG23] in
Rust, and CVXOPT [ADV04, Vanl0, ADILV11] in Python. There are also some commer-
cial solvers, e.g., Gurobi [Gur26], MOSEK [MOS26], and XPRESS [F1C26]. Just to name
a few.
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Exercises

Convex sets

2.1 Ezpanded and restricted sets. Let S C R"™ be a set, and let || - || be a norm on R".

Sa = {x inf |z —y| < a}
yeSs

as the expansion or extension of S by «. It is the set of all points whose distance to
S is at most «. Show that if S is convex, then S, is also convex.

(b) For any a > 0, we define

(a) For any a > 0, we define

S_oa ={z| B(z,a) C S},
where B(z, «) is the ball of radius « centered at x in the norm || - ||, as the restriction

of S by a. It is the set of all points that are at least a distance of « away from R™\ S.
Show that if S is convex, then S_, is also convex.

2.2 Separating hyperplane theorem. Let C, D C R" be two nonempty disjoint convex sets, i.e.,
CcnD=0.

(a) First assume that the (Euclidean) distance between C' and D, given by
dist(C, D) = inf{|lu — v||, | v € C,v € D},

is positive, and that there exists a pair of points ¢ € C and d € D such that the
distance between the sets is achieved, i.e., ||c — d||, = dist(C, D). Show that there
exists a nonzero vector a € R™ and a scalar b € R such that

aTz <bforalzeC

and
o’z >bforall x € D.

In other words, the affine function a”x — b is nonpositive on C' and nonnegative on
D. (The hyperplane {z | afex = b} is called a separating hyperplane of C and D, or
is said to separate C' and D.)

(b) Now show that that same conclusion in (a) also holds without the assumptions, i.e.,
for any two nonempty disjoint convex sets C' and D, there always exists a separating
hyperplane of C' and D. You may directly use the result proved in (a).

Hint.

i. If C and D are disjoint convex sets, then the set {x —y |z € C,y € D} is also
convex and does not contain the origin.
ii. You might also want to use the results from exercise 2.1.
2.3 Strict separation. If a separating hyperplane of two sets C, D C R"™ satisfies the stronger

consition that a’x < b for all z € C and a”x > b for all z € D, then the hyperplane is
said to strictly separate C' and D.

(a) Let C be a closed convex set and xzo ¢ C. Show that there exists a hyperplane that
strictly separates C' and the point zg.

(b) Give an example of two closed convex sets that are disjoint but cannot be strictly
separated.
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Supporting hyperplane theorem. Suppose C' C R"™ and x¢ is a point in the boundary of
C. If a # 0 staisfies a”z < a”xp for all z € C, then the hyperplane {z | a”z = a¥zo} is
called a supporting hyperplane of C at the point xo. Show that for any convex set C' and
any point zo in the boundary of C, there always exists a supporting hyperplane of C' at
Zo. (This is known as the supporting hyperplane theorem.)

Hint. Use the separating hyperplane theorem from exercise 2.2.

Convex sets as intersections of halfspaces. Show that any closed convex set C' C R" can
be expressed as the intersection of all halfspaces that contain it, i.e.,

C = m{H | H halfspace, S C H}.
Hint. Use the results from exercise 2.3.
Second-order cone. Show that the set
{(z,t) e R"™ | |l]l, < 8}

is a convex cone. What does the set look like in R3? (This set is called the second-order
cone, or quadratic cone. It is also sometimes called the Lorentz cone.)

Algebra of convex sets

Perspective of a set. We define the perspective function P: R"™' — R™ with domain
dom P =R" X R4 as P(z,t) = z/t. Let C C dom P be a set, then the perspective of C
is defined as the image of C' under P, i.e.,

P(C) ={P(x) |z € C} ={2/t| (2,) € C}.
(a) Suppose C is a line segment in dom P, show that P(C) is also a line segment.

(b) Suppose C is a convex set in dom P, show that P(C) is also convex.

(c) Show that if the set C' C R" is convex, then the inverse image of C' under the
perspective function P, given by

PHC) ={(z,t) e R*" |z/t € C, t > 0},

is also convex.

Convex functions

Convex functions as affine envelopes. Show that any convex function f: R™ — R can be
expressed as the pointwise supremum of all affine functions that underestimate f, i.e.,

f(z) =sup{az+b|a"y+b< f(y) for all y € R™}.

Hint. You might want to use the supporting hyperplane theorem from exercise 2.4.

Gibbs’ inequality. Suppose that p,q € R" are two probability distributions over a finite
set {1,...,n}, i.e., satisfy 1"p=1,1T¢=1, and p = 0, ¢ >= 0. Show that we have

sz- log (p‘) >0,
=1 %

with equality if and only if p = q.
Hint. Use Jensen’s inequality and the strict concavity of the logarithm function.
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2.10

2.11

2.12

2.13

2.14

2.15

Affine envelope. Show that the convex envelope of some function f: R"™ — R can be
expressed as the pointwise supremum of all affine functions that underestimate f, i.e.,
conv f(z) =sup{a”z+b|a"y+b< f(y) for all y € R"}.
Hint. Use the result from exercise 2.8.
Log-concave functions. A function f: R™ — R is said to be log-concave if f(x) > 0 for all
x € dom f and log f is a concave function. The log-convex functions are defined similarly.
(a) Show that a function f: R™ — R is log-convex if and only if 1/f is log-concave.

(b) Let f: R™ — R be a function with convex domain and f(z) > 0 for all x € dom f.
Show that f is log-concave if and only if for all z,y € dom f and 6 € [0, 1], we have

f0z+ (1= 0)y) > f(2)° f(y)' .

In other words, the value of f at a convex combination of two points is at least the
geometric mean of the values of f at those two points.

Functional operations

Partial minimization. Let f: R™ x R™ — R be a convex function (in particular, jointly
convex in both variables), and C C R™ is a convex nonempty set. Show that the function
g: R" — R defined as

g(x) = ;ggf(x, Y)

is a convex function, provided g(z) > —oo for all z € R".

Perspective of a function. Let f: R™ — R be a function, then the perspective of f is the
function g: R""! — R defined as

g(z,t) =tf (z/t)
with domain
domg = {(z,t) | z/t € dom f, t > 0}.
(a) Suppose f is a convex function, show that its perspective g is also convex. Specifically,
show that dom g is a convex set and g satisfies the Jensen’s inequality (2.11).

(b) Show the results in (a) using epigraphs.
Hint. You may want to use the results from exercise 2.7.

Relative entropy. Show that the relative entropy function f(z,y) =Y | xilog(wi/y:) is
convex on R}, xR} ,.
Hint. Use the property of the perspective of a function from exercise 2.13.

Infimal convolution. Let f,g: R™ — R be two functions, then the infimal convolution of
f and g is the function h: R™ — R defined as

h(z) = inf{f(y) + g(z —y) |y € R"}, (2.36)
and is sometimes denoted as h = f[0g. We assume that h(x) > —oo and the infimum is
achieved for all x € R".

(a) Show that if f and g are convex functions, then their infimal convolution h = fOg
given by (2.36) is also a convex function.
(b) Show that the epigraph of h = f g given by (2.36) is the Minkowski sum (see §A.1)

of the epigraphs of f and g, i.e.,
epi(f0g) = epif+epig
= {(z,t) = (y,s) + (2,7) | (y,s) € epif, (z,7) € epig}.
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2.16 Second-order cone program. A second-order cone program (SOCP) is defined as
minimize ¢’z
subject to  ||Ajx +bill, <clfa+di, i=1,...,m
Fz =g,
where z € R” is the variable, 4; € RP¥*" b, € RPi, ¢; € R", d; € R, FF € R?”" and
g € R? are the problem data.
(a) Show that an SOCP is a convex optimization problem.
(b) When does an SOCP reduce to an LP or QCQP?

(We will see in the later chapters that, in fact, many convex optimization problems appear
in applications can be formulated as SOCPs.)






3.1

3.1.1

Chapter 3

Sequential convex programming

Problems involving biconvex functions

We start from dealing with a relatively simple case of nonconvex optimization prob-
lems, where the variables can be divided into two blocks, and the objective function
and constraints are convex in each block of variables when the other block is fixed.
Biconvex sets and functions
Biconvex sets
A set B C R"™ x R” is called a biconvez set, if for every fixed § € R”, the set

By ={z € R"|(z,5) € B} CR"
is convex, and for every fixed Z € R", the set

B; = {y e R"| (#,y) € B} CR"

is convex.
Obviously, a biconvex set is not necessarily convex in general. In particular, a
biconvex set does not even have to be connected, as shown by the example

B={(z,y) e R* |2,y <0} U{(z,y) € R* | 2,y > 0},

which is the union of the positive and negative orthants in R?. Examples of some
biconvex sets are shown in figure 3.1, and the set B defined above is shown on the
right.

Example 3.1 Solution set of bilinear equations. Let A € R™ ", ¢ € R™**, and
b,d € R™. The solution set of a system of bilinear equations, given by

B={(z,y) e R" x R" | (Az + b)"(Cy + d) = 0},
is a biconvex set. To see this, for every fixed j € R, we have

By ={z e R"| (Az +b)"(C§ +d) = 0}



70

3 Sequential convex programming

0

|
|
|
|
|
|
|
|
|
,,,,,,,,, T
|
|
|
|
|
|
|
|
|

Figure 3.1 Examples of biconvex sets in R?. The union of the positive and
negative orthants (right) is a biconvex set that is not connected.

={zeR" | (Cj+d)T Az = —(Cj+ d)"b},

which is an affine set in R™, and hence convex. Similarly, for every fixed z € R", we
have

B: = {y e R* | (A + b)T(Cy + d) = 0}
={yeR" | (A2 +b)"Cy = —(Az +b)"d},

which is also an affine set in R¥. According to the definition of biconvex sets, the set
B is therefore biconvex.

One of the most important algebraic operations that preserves biconvexity is
that, similar to convex sets, the intersection of an arbitrary collection of biconvex
sets is still biconvex.

Biconvex functions

A function f: R" x R¥ — R is a biconvex function if dom f is a biconvex set, and
for every fixed §j € R¥, the function

is convex in x, and for every fixed & € R", the function
fi‘:Rk%R7 ny(i‘7y)a

is convex in y. In other words, a biconvex function is the one that is convex in each of
two blocks of variables when the other block is fixed. We can also define biconcave,
biaffine, and bilinear functions similarly, by replacing the property of being convex
for fy and fz by the property of being concave, affine, or linear, respectively.

Example 3.2 Biconvez functions.

o The function f: R® x R" — R given by f(z,y) = x”y is bilinear (and hence
biconvex), since for every fixed § € R™, the function f;(z) = ¢z is linear in z,
and for every fixed & € R™, the function fz(y) = "y is linear in y. Figure 3.2
shows the graph of f when n = 1.
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Figure 3.2 Graph of the bilinear function f(z,y) = zy.

=
S 7/
X 4
NS

= —

SR
LR

==
=
———
=

Figure 3.3 Craph of the biconvex function f(z,y) = 2%y
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Figure 3.4 Sublevel sets of f(z,y) = zy for different o (shown shaded).
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Figure 3.5 Sublevel sets of f(x,y) = 2?y? for different o (shown shaded).

« The function f: R" x R* — R given by f(z,y) = (Az +b)" (Cy + d), where
AeR™"™ CcR™F* and b,d € R™, is biaffine (and hence biconvex).

o The function f: R™*™ x R™** — R"** given by f(X,Y) = XY — A is biaffine.

o The function f: R x R — R given by f(z,y) = 2?y? is biconvex, since for every
fixed § € R, the function f;(x) = §*z? is a convex quadratic in 2, and for every
fixed & € R, the function fz(y) = #%y? is a convex quadratic in y. The graph of
f is shown in figure 3.3.

Similar to convex functions, the sublevel sets of a biconvex function f: R™ x
R" — R, given by

Co ={(z,y) €dom f | f(z,y) < a},

are biconvex sets for all @ € R. Figures 3.4 and 3.5 show the sublevel sets of the bi-
linear function f(x,%y) = xy and the biconvex function f(z,y) = 2%y?, respectively,
for different values of a.

Functional operations

Many operations that preserves convexity can be transferred to biconvex functions:

e Nonnegative weighted sums. Evidently, if f is a biconvex function and w > 0,
then the function wf is biconvex. If f; and fy are both biconvex functions,
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then so is their sum f; + f2. In the general case, if f1,..., f,, are biconvex
functions, and w1, ..., w,, > 0, then the function

f = wlfl + -+ wmfm
is also biconvex.

Pointwise maximum and supremum. If fy,..., f;, are biconvex functions, then
the function

f(x,y) = max{fl(x7y), o vfm(xvy)}

is also biconvex. More generally, if {f;},.; is a family of biconvex functions
indexed by a set Z, then the function

f(z,y) = sup fi(x,y)
i€T
is biconvex.

Composition with a biaffine mapping. Suppose h: R™ — R is convex, and
g: R" x R® — R™ is biaffine, then the function f: R" x R¥ — R, given by
f(z,y) = h(g(z,y)) is biconvex. In particular, if h: R — R is convex, and
AeR™" CeR™* and b,d € R™, then the function f: R" x R¥ — R,
given by

f(a,y) = h((Az +b)" (Cy +d))

is biconvex.

General composition. If h: R — R is convex and nondecreasing, and g: R" x
R"* — R is biconvex, then the function f: R" x RF — R, given by f(z,y) =
h(g(z,y)) is biconvex. This property can be easily extended to multivari-
ate functions h: R™ — R that are, e.g., convex and nondecreasing in each
argument (see §2.4.4).

Example 3.3 Matriz factorization cost. Consider the function f: R™*™ x R™** » R
given by

n k
FOOLY) = XY = Al =D (XY),; — Ay)?,
i=1 j=1
where A € R™** is some given data. We can express f as the composition of the
convex function h: R™* — R, given by h(Z) = || Z||7 = >, Z];:1 Z7;, with the
biaffine function g: R™*™ x R™**¥ — R"** given by g(X,Y) = XY — A. Hence, by
the composition property above, f is biconvex.

onvex optimization problems

We call an optimization problem that involves biconvex functions in the following
general form a biconvex optimization problem (or biconvex program):

minimize  fo(z,y)
subject to  fi(z,y) <0, i=1,...,m (3.1)
0. i
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where z € R™, y € R are the optimization variables. The functions f;: R" xR* —
R, i =0,...,m, are biconvex, and h;: R® x R¥ = R, i = 1,...,p, are biaffine.
The feasible set of (3.1) is given by

m P
D= {(x,y) € ﬂdomfiﬂ ﬂdomhi

=0 i=1

which is a biconvex set. To see this, notice that the domain of the objective and
of each constraint function is biconvex, each of the constraints defines a biconvex
set, and finally the intersection of biconvex sets remains biconvex. Hence, similar
to convex optimization problems, the biconvex problem (3.1) can be interpreted as
minimizing some biconvex objective function fy over a biconvex set.

Optimal value and points

Different from convex optimization problems, in the most general case, very little
can be said about the global or even local optimality properties of biconvex opti-
mization problems. Instead, the notion of partial optimality, which is even weaker
than local optimality, is the most commonly considered criterion of optimality for
biconvex optimization problems. Suppose (z*,3*) € D is a feasible point of (3.1),
then (z*,y*) is a partially optimal point of (3.1) if for all z € Dy«, y € Dy, we have

f0<x*’y*) < fO(:va*) and fO(x*’y*) < f0($*7y),

where

(z,y*) € dom fy

Dy =<zeR"| fi(z,y*) < i=1,....,m ,
hi(z,y*) = i=1,...,p
and
(z*,y) € dom fy

Dy =SyeR"| fia",y) <0, i=1....m
hi(z*, )—O 1=1,...,p

The objective value fo(z*,y*) is called the partial optimal value at the point (z*, y*).

It can be shown that for a differentiable biconvex optimization problem, every
stationary point of fo over D is partially optimal, and vice versa. However, such a
point is not necessarily a local optimum, as stationary points can be saddle points
of the objective function. Despite a weak notion of optimality, partially optimal
points for biconvex problems is still widely used in practice, and turns out to be
good enough for many applications.

Alternate convex search

As a result of the optimality properties regarding biconvex optimization problems
discussed in the last section, ‘solving’ a biconvex optimization problem in practice
usually resolves to finding a stationary point of the objective function over the
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feasible set. In this section, we introduce a heuristic for this purpose based on
alternate convex search (ACS) that is widely considered in practice.

The basic idea of ACS is to transform the biconvex problem into two convex
subproblems, which can then be handled directly by solution methods for convex
optimization. Specifically, for a biconvex optimization problem of the form (3.1),
ACS iterates between solving the following two convex subproblems:

subject to  fi(z,9) <0, i=1,...,m (3.2)
hi(x,g):O, i=1,...7p,

where x € R" is the variable, § € R* is the fixed problem data, and

minimize  fo(Z,y)
subject to  fi(Z,y)

y) <0, i=1,...,m (3.3)
hz(‘i‘ay) 207

t=1,...,p,
where y € R” is the variable, Z € R" is the fixed data. Since the problems (3.2) and

(3.3) are convex, efficient convex minimization methods can be used to solve these
subproblems. The full ACS procedure is summarized in the following algorithm.

Algorithm 3.1 ALTERNATE CONVEX SEARCH.

given a starting point (z(?, y(®) feasible to (3.1).
k=0.
repeat

1. Solve (3.2) with § = y™.

2 = argmin { fo(z,y*))
z€R"

2. Solve (3.3) with & = x*+1),

y" Y = argmin § fo(a* Y y)
yeRF

3. k=k+1.

until stopping criteria is satisfied.

The order of solving the two subproblems (3.2) and (3.3) in each iteration of ACS can
be swapped, i.e., in algorithm 3.1, one may first perform the update of y according
to (3.5), and then update x according to (3.4).

Remark 3.1 Stopping criteria. Let € > 0 be some small threshold. There are several
ways to define a stopping criteria for the ACS iterations.
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One choice is the difference of the objective values of (3.1) with the variable values
obtained between two consecutive iterations is below a certain threshold € > 0, i.e.,
quit when

[fo(@® g™ D) — fo(@®,y ™)) <. (3.6)

As a small variation to (3.6), one may also use the difference between the optimal
values of the problems (3.2) and (3.3) in one iteration as the criterion, i.e., quit when

|fo(a®F, yF Dy — fo(a® D ™) < e (3.7)

In practice, there is not much difference between using (3.6) and (3.7) as the termi-
nation criteria of the ACS procedure, except that using the latter does not require
storing the objective value of (3.1) from the previous iteration.

Other choices include limiting the maximum number of iterations, or stopping when
the changes of the optimization variables are below certain thresholds, e.g., quit when

max{ [z — 2Oz, [ly* Y - yPl2} <.

The stopping criterion may also depend on the special structure of the given biconvex
objective function.

It is not hard to see that (under some technical conditions), if (z®*),y(*)) is
feasible to (3.1), then (x(**1) y(*+1)) after one ACS iteration is also feasible, and
the sequence of objective function values {fo(z*), y(k))};‘;o is monotonically non-
increasing and hence convergent. Furthermore, if the sequence {(x(k),y(k))}zozo
converges to (x*,y*), then (a*,y*) is a stationary point of fy (and hence, is a

partially optimal point of (3.1)).

Remark 3.2 Initialization. Algorithm 3.1 as a heuristic method is sensitive to ini-
tialization, ¢.e., with different initial points (x(o),y(o)) that is feasible, the sequence
{(w(k>, y(k))}:;o generated through the ACS procedure may converge to different sta-
tionary points of fo with (possibly) different function values.

Example 3.4 Nonnegative matriz factorization. We illustrate the ACS procedure
through a simple biconvex optimization example. Consider the following nonnega-
tive matrixz factorization problem:

minimize | XY — A||%,
subject to  X;; >0, i=1,....,m, j=1,...,k (3.8)
Vi, >0, i=1,....k j=1,...,n

with variables X € R™** and Y € R**" where A € R™*" is some given data
matrix. This problem is a biconvex optimization problem, since the objective function
| XY — A% is biconvex, and the constraints are all affine (and of course, biaffine).

We take m = n = 50 and k = 5, and the data matrix A is generated randomly.
Figure 3.6 shows the convergence behavior of the ACS procedure (algorithm 3.1)
applied to the problem (3.8) with 5 different random initializations. We see that the
objective values is always nonincreasing over iterations, and almost all runs converge
within 25 iterations. It is also obvious in this example that the ACS procedure is
initialization sensitive, i.e., starting from different initial values of the variables may
lead to different final convergent points.
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Figure 3.6 Convergence behavior of the ACS procedure applied to the non-
negative matrix factorization problem (3.8) with 5 different random initial-
izations.

Difference-of-convex programming

Another important class of nonconvex optimization problems which can be handled
by convex programming techniques involve objective and constraint functions that
can be expressed as the difference of two convex functions.

Difference-of-convex functions

A difference-of-convexr function h: R™ — R is a function that can be expressed as
the difference of two convex functions, i.e., has the form

hz) = f(z) —g(), (3.9)

where f: R" — R and ¢g: R" — R are both convex functions. Note that any
convex function f is also a difference-of-convex function, since it can be expressed
as f(x) = f(z) — 0. Similarly, any concave function h is also a difference-of-convex
function, since it can be expressed as h(z) = 0 — (—h(z)).

Example 3.5 Difference-of-convex functions. A simple example of difference-of-convex
functions on R is given by h(z) = z* 4 (1/5)z — 22, which can be expressed as the
difference between the two convex functions f(x) = 2* 4+ (1/5)z and g(z) = z*. The
graph of this function is shown in figure 3.7.

An example of difference-of-convex functions on R" is given by the following (possibly
nonconvex) quadratic function:

h(z) =2" Pz +q z+r,
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Figure 3.7 Graph of the difference-of-convex function h(x) = z*+(1/5)x —
(shown solid), along with its convex components f(z) = z* + (1/5)x (shown
dashed) and g(z) = z* (shown dashdotted).

where P € 8", ¢ € R", and r € R. Let P = QAQ” be the eigenvalue decomposition of
P (see §A.2.1), where Q € R™*" is orthogonal, and A = diag(\1, ..., \,) is a diagonal
matrix whose diagonal elements are the eigenvalues of P. We can decompose A as
A=A; — A_, where

A4 = diag(max{A1,0},...,max{\,,0})

and

A_ = diag(max{—X1,0},...,max{—\,,0}).
Let Py = QA+ QT and P = QA_Q", then we have Py, P~ € ST and P, — P_ = P.
Hence, we can express h as

h(z) = 2Pz +q¢ z+r—zT Pz,

which is the difference of two convex quadratic functions f(z) = o Pyx 4+ ¢" 2 +
and g(z) = 27 P_z.

First-order majorization

Consider a difference-of-convex function h: R" — R in the form (3.9). If the convex
function g is differentiable at some point € R", then by the first-order condition
of convexity (2.13), we have

da(w) = g(#) + Vg(#)" (& — &) < g(a)



3.2 Difference-of-convex programming

Figure 3.8 Graph of the first-order majorizer hz(z) = z* + (1/5)x — 2&x + &>
(shown dashed) at the point Z = 0.3 (shown circle) of the difference-of-convex
function h(z) = z* 4 (1/5)x — 2* (shown solid).

for all z € R", where gz: R" — R is the first-order Taylor approximation of g at
the point Z. Define the function hz: R" — R as

ha (@) = f(2) - ga(2) = f(2) - g(F) = Vg(@)" (= — &), (3.10)

then we have
ha(z) > f(x) - g(x) = h(z) (3.11)

for all z € R™, i.e., hy is a global upper bound (or magjorizer) of h. The first-order
majorizer hz is a convex function, since it is the difference between the convex
function f and the affine function §z, and furthermore, notice that at the point Z,
we have

ha (@) = f(2) — g(&) = h(@),

which shows that such a majorization is tight at the point Z.

As an example, consider the difference-of-convex function h(x) = x4+ (1/5)z—2?
on R from example 3.5, where the convex components are given by f(z) = 2* +
(1/5)z and g(z) = x2. The first-order majorization of h in the form (3.10) at the
point Z is given by

ha(x) = 2t + (1/5)z — (&% + 2&(x — 7)) = a* + (1/5)x — 27z + 7°.

The graph of this first-order majorizer hs at the point £ = 0.3 is shown in figure 3.8.



80

3 Sequential convex programming

3.2.2 Difference-of-convex optimization problems

A difference-of-convex programming problem has the following general form:

minimize  fo(x) — go()
subject to  fi(x) —gi(x) <0, i=1,...,m,

(3.12)

where z € R" is the optimization variable, and the functions f;: R” — R and
gi: R" > R fori=0,...,m are all convex.

Note that the standard form difference-of-convex problem (3.12) only involves
inequality constrains, since equality constrains of the form

pi(z) = q(z), i=1,...,k,

where p;: R® — R and ¢;: R® — R are convex functions can be equivalently
expressed in the difference-of-convex form in (3.12) as two inequality constraints

pi(r) —qi(x) <0 and  g;(x) —pi(z) <0

foralli=1,...,k.

When g; are all affine functions, the problem (3.12) reduces to a convex opti-
mization problem and hence can be efficiently solved. In the most general case,
however, difference-of-convex programming problems can be very hard to solve.

Example 3.6 Boolean least squares. Least squares problem with boolean constrains
has the form
minimize || Az — b||

3.13
subject to z; € {0,1}, i=1,...,n, ( )

where z € R™ is the optimization variable, A € R™*™ and b € R™ are given data.
To transform the problem (3.13) into the standard form (3.12), we notice that the
boolean constraints is equivalent to the quadratic equations

zi(1—2,)=0, i=1,...,n,
which can be further expressed as two inequality constraints as

zi(l—2,) <0 and —=xi(l—2,)<0, i=1,...,n

Hence, the boolean least squares problem (3.13) in the standard difference-of-convex
programming form is given by

. 2
minimize  ||Az — b||;
subject to z? —x; <0, i=1,...,n
2 .
v, —z; <0, i=1,...,n,

with variable x € R™. The first set of inequality constrains are the difference between
the convex quadratic z? and the affine function z; and are hence convex, while the
second set of inequality constraints are concave in the difference-of-convex form.
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Example 3.7 Gaussian covariance estimation. Consider a random vector y € R"
from a multivariate Gaussian distribution with mean zero and covariance matrix X =
Eyy”, and X € ST, is positive definite. Suppose we are given a dataset y; € R",
i=1,...,m, which are m independent samples drawn from this distribution, and our
goal is to estimate the covariance matrix X from this dataset. This problem can be
formulated as

minimize logdet X + tr(X 'Y, (3.14)

with variable X (and implicit constraint X > 0), where ¥ = (1/m)> ", Yyl is
the sample covariance matrix (see §4.2.4). This problem is not convex (although a
simple change of variable S = X! transforms it into a convex problem), since the
first term logdet X is concave. However, noticing that the second term tr(X 'Y
is convex (with fixed Y'), so the problem (3.14) can be trivially transformed into the
difference-of-convex form as

minimize tr(X'Y) — (—logdet X),

with variable X.

Convex-concave procedure

Similar to biconvex optimization problems, ‘solving’ a difference-of-convex program-
ming problem in practice usually means finding a stationary point of the objective
function over the feasible set.

A widely used heuristic for this purpose is the convex-concave procedure (CCP).
The basic idea of CCP is to iteratively form the first-order majorization (3.10) to
the objective and inequality constraint functions of the difference-of-convex prob-
lem (3.12) by linearizing g; around the current point, and then solve the resulting
convex optimization problem to update the variable values. Specifically, assume the
problem (3.12) is differentiable, and let & € R" be the current value of the problem
variable, then in the next CCP iteration, we solve the following approximation of
the original problem:

minimize  fo(x) — go,z(x)

3.15
subject to  fi(z) — g z(z) <0, i=1,...,m, (8.15)
where
9iz(x) = gi(7) + Vg (@) (x — 7) (3.16)
for i = 0,...,m is the first-order approximation of g; at the point . The problem

(3.15) is now a convex optimization problem, since the objective and constraint
functions are all the difference between a convex function and an affine function.

Note that if the objective or some of the constraint functions in (3.12) are already
convex, then we can always define the corresponding g; to be the zero function, and
the linearization (3.16) is also zero, so that these functions remain unchanged during
all CCP iterations. In other words, convex components of the original difference-
of-convex problem (3.12) are always preserved in the convex approximation (3.15)
during CCP.
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Interpretation

We can interpret the convex approximation (3.15) as follows: By solving the problem
(3.15) at some Z, we are finding a point that minimizes a global upper bound of the
original objective function, over a convex restriction of the original feasible set.

The first part of this interpretation is clear according to the majorization in-
equality (3.11); to see the second part, notice that for any feasible x € R"™ of (3.15),
i.e., satisfying

we have
fi(x) — gi(x) < fi(x) — §iz(x) <O

for all i = 1,...,m. In other words, any feasible point of (3.15) must be feasible to
the original problem (3.12).

Example 3.8 Convex restrictions in CCP. Consider the following (nonconvex) con-
straint:
llzll, > 1 (3.17)

in the variable x € R". Geometrically, this constraint defines the set of points outside
the unit ball centered at the origin. Figure 3.9 shows the constraint (3.17) in R?
where the corresponding feasible set is shown shaded.

We can rewrite the nonconvex inequality constraint (3.17) in the difference-of-convex
form as
0—(llzll, = 1) <0, (3.18)

where the two convex components are given by f(z) = 0 and g(z) = ||z||, — 1. Now
suppose we are at some point & € R" with [|Z||, > 1, and let

:i'T

111

93 (@) = g(2) + V(@) (& — &) = (|2ll, - 1) + (z —2)

be the first-order approximation of g at the point Z. Then the first-order majorization
in the form (3.10) of the left-hand side of (3.18) at the point & is given by

i’ i’
f@) = ga(@) =12l — 7= (2 = 8) = 1 = ——=,
P (1%l
so in the next CCP iteration, the convex restriction f(z) — gz(z) < 0 of the original
nonconvex constraint (3.18) is given by
~T

x
" o> 1. (3.19)
12l

Geometrically, (1/||Z||,)#7 = = 1 defines a tangent hyperplane of the unit ball at the
point Z/||Z||,, and hence the convex inequality constraint (3.19) defines the halfspace
opposite to the unit ball with respect to this hyperplane. The dotted region in fig-
ure 3.9 shows the corresponding feasible set of (3.19) in R? with & = (3,1). Tt is clear
in the figure that the feasible set defined by this convex restriction is a subset of the
original feasible set in (3.17).
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Figure 3.9 Convez restrictions in CCP. The shaded region shows the feasible
set of the nonconvex constraint ||z||, > 1 in R?. In each CCP iteration, this
constraint is replaced by a convex restriction (1/|Z||,)Z” = > 1 at the current
point Z. The dotted region shows an example of the corresponding restricted
feasible set with & = (3,1).

Algorithm

The full algorithm of CCP is summarized as follows.

Algorithm 3.2 CONVEX-CONCAVE PROCEDURE.
given a starting point (9 feasible to (3.12).
k=0.
repeat
1. Convezify. Form (3.16) with & = z® fori=0,...,m.
A T .
9100 (@) = gi(@™) + Vgi(e™) (@ —2™), i=0,...,m.

2. Solve the convex approzimation (5.15).

a* = argmin {fo(@) = Go,o00 (@) | fi(@) = G o0 (2) <O, i =1,...,m}.
TER™

3. k=k+1.

until stopping criteria is satisfied.

One reasonable choice of stopping criteria is to terminate the CCP iterations
when the change of objective values between two consecutive iterations is below
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some small threshold ¢ > 0, 4.e., quit when

|(fo(z* ) = go(z 1)) = (fo(2®) — go(a™))| < e.

Some other options including stopping when the change of variable values is below
some threshold, i.e., quit when

||$(k+1) _ x(’“)||2 <e,

or simply limiting the maximum number of CCP iterations. Also note that, again,
as a heuristic method, algorithm 3.2 is sensitive to initialization.

It can be shown (under some technical conditions) that the sequence of points
{x(k)};io obtained from algorithm 3.2 is always feasible to the original problem
(3.12), and that the sequence of objective values { fo(x(®)) — go(x(k))}zozo is mono-
tonically nonincreasing (see exercise 3.2). Furthermore, if the sequence {x(k)}zozo
converges to some point x*, then z* is a stationary point (which, note that, need
not be a local minimum) of the objective function of (3.12) over the corresponding
feasible set.

Numerical examples

In this section we illustrate the basic idea and properties of CCP with some numer-
ical examples.

Minimizing a difference-of-convex function

We first consider an unconstrained minimization problem of the difference-of-convex
function h: R — R given by

minimize h(z) = f(z) — g(x) = 2* + (1/5)x — 22, (3.20)

where the convex components are given by f(x) = 2* + (1/5)z and g(x) = 22. In
each CCP iteration, we minimize over its first-order majorizer hz: R — R at the
current point Z obtained from linearizing g(z) = 22 according to (3.16), i.e.,

~

minimize hz(z) = f(x) — §z(z) = 2* + (1/5)z — 272 + 72

Figures 3.10 and 3.11 show two example runs of CCP (the initial 4 iterations)
on the problem (3.20), starting from different initial points, i.e., z(® = —0.2 and
z(© = 0.2, respectively. It is clear from the figures that the first-order majorizers hs
(shown dashed) at different CCP iterations are always a convex global upper bound
of the original objective function h (shown solid), and are tight at the current point
(shown circle). In both cases, the sequence of optimal points (shown in stars) from
minimizing these majorizers at each CCP iteration leads to a sequence of objective
values that is monotonically nonincreasing, but from different initial points, the
CCP iterations converge to different stationary points of the original objective h.
In particular, when starting from z(®) = —0.2, the final convergent point is the
global minimum of h, while starting from z(®) = 0.2 leads to a locally optimal
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Figure 3.10 First 4 CCP iterations for the problem (3.20) starting from z© =
—0.2. The original objective function h and its first-order majorizers at each
CCP iteration are shown solid and dashed, respectively. The current point at
each CCP iteration is shown circle, and the optimal point of each majorizer
(evaluated at the original objective h) is shown star. The final convergent

point is the global minimum of h.
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Iteration 1 Iteration 2

0.5 ————— :

Figure 3.11 First 4 CCP iterations for the problem (3.20) starting from z© =
0.2. The original objective function h and its first-order majorizers at each
CCP iteration are shown solid and dashed, respectively. The current point at
each CCP iteration is shown circle, and the optimal point of each majorizer
(evaluated at the original objective h) is shown star. The final convergent
point is locally optimal but not globally optimal.
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but not globally optimal convergent point. This observation shows that the final
convergent point of CCP is indeed dependent on the initialization.

In this specific example of the difference-of-convex problem (3.20), the CCP
iterations do converge to some local minimum as shown in figures 3.10 and 3.11,
but this is not always the case in general. For example, consider minimizing the
difference-of-convex function h(z) = z* — 22 on R. If the initial point is chosen to
be z(®) = 0, then the CCP iterations will converge immediately after one step to
the stationary point z* = 0, which is actually a local maximum of h.

Closest point outside unit ball

As another example, consider the problem of finding the closest point to a given
point ¢ € R"™ within the unit Euclidean ball centered at the origin, from the outside
of the unit ball, 7.e.,

minimize ||z — ||, (3.21)
subject to ||z, > 1, .

where z € R" is the optimization variable. Although the objective of (3.21) is
convex, the constraint ||z]|, > 1 is not, but nevertheless can be expressed in the
difference-of-convex form as 0 — (||z||, — 1) < 0. Thus, in each CCP iteration, we
solve the following convex approximation of (3.21):

minimize ||z — c||,
subject to  (1/]|Z]y)3Tz > 1,

where Z is the current point (see example 3.8).

Figure 3.12 shows an example run of CCP (the initial 4 iterations) on the prob-
lem (3.21) in R? with ¢ = (—0.4,0.6) (shown cross), starting from the initial point
(9 = (1.9,1.5). Geometrically, the CCP iterations iteratively generate a sequence
of convex restrictions of the original feasible set (which is a halfspace defined by a
tangent hyperplane of the unit ball, shown as the dotted area), and find a point
within this convex restriction that is closest to the target point c. It is observed
from the figure that after 4 CCP iterations, the current point z(*) is already very
close to the optimal point of the original problem (3.21).

Figure 3.13 shows the objective values of (3.21) at each CCP iteration with
different initial points. The curve corresponds to the initial point in figure 3.12 is
shown thicker. Although different initial points lead to different convergence paths,
in all cases the CCP iterations successfully find the global optimum of the problem
(3.21).

General nonlinear optimization

In this section we consider the most general form of nonlinear programming prob-
lems, and introduce the generic sequential convex approximation (SCA) heuristic for
approximately solving them. The ACS and CCP heuristic introduced previously can
be viewed as special cases of SCA applied to biconvex optimization problems and
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Figure 3.12 First 4 CCP iterations for the problem (3.21) in R? with ¢ =
(—0.4,0.6) (shown cross), starting from the initial point z(© = (1.9,1.5).
The feasible set of (3.21) is the region outside the unit ball (shown shaded).
The dotted region corresponds to the convex restriction of the feasible set
for each CCP iteration.
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0 1 2 3 4 5 6
CCP iteration

Figure 3.13 Objective values of the problem (3.21) at each CCP iteration
with different initial points. The curve corresponding to the initial point in
figure 3.12 is shown thicker. The dashed line shows the (globally) optimal
objective value of (3.21).

difference-of-convex programming problems, respectively. The SCA method is ap-
plicable to a much broader class of problems, but it is in general computationally
more expensive and involves more technical issues which might vary wildly across
different applications, so implementing a SCA algorithm in practice are more or less
a combination of both art and technology. Here we only focus on the basic ideas
of SCA, and leave (some generally appeared) associated technical issues to §C.3 in
the appendix.

Sequential convex approximation

Suppose we are given the following optimization problem:

minimize  fo(z)
subject to  fi(z) <0, i=1,...,m (3.22)
hi(x)=0, i=1,...,p,

where z € R" is the optimization variable, and the functions f;: R” — R for
1 =0,...,m are possibly nonconvex and h;: R" — R for : = 1,...,p are possibly
nonaffine.

The basic idea of SCA is to iteratively form a convex approximation of the
functions f;, i = 0,...,m, and an affine approximation of the equality constraint
functions h;, i = 1,...,p, over some trust region T C R" around the current point,
and then solve the resulting convex optimization problem to update the variable
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values. (Therefore, SCA is sometimes referred to as the trust region methods.)
Specifically, let Z € R"™ be the current value of the problem variable, then in the
next SCA iteration, we solve the following approximation of the original problem:

minimize  fo z(x)
subject to fm( )<0, i=1,...,m

, (3.23)
hw:( y=0, i=1,...,p
x € Txz,
where fi@: R" — R for ¢ = 0,...,m are the convex approximations of f; and
hiz: R" — R for i =1,...,p are the affine approximations of h;, over the current

trust region 7 z. The additional trust region constraint in (3.23) can be interpreted
as a restriction on the next point enforcing it not to be too far away from the current
point &, so that the convex and affine approximations fl s and h; i, are more likely to
be close to the original functions f; and h;, respectively. Typically, the trust region
z 1s chosen as a convex set containing the current point Z, so that the problem
(3.23) is a convex optimization problem and hence can be efficiently solved.
In general, the trust region 7z is defined as either a Euclidean ball with center
Z and radius p > 0, i.e.,

Te={z e R" [ |lz—[]2 < p},
or a box centered at Z, i.e.,
5;:{$€Rn | |l’i—i‘i‘ < pi, i=1,...,n},

where p € R’ is a vector of positive scalars that defines the size of the trust
region for each component of z. In the second case, if x; appears only in the convex
objective, convex inequality constraints, and affine equality constraints, then we can
set p = oo for that component, so that no trust region is imposed on it.

Convexification methods

We now present some widely used methods for forming convex and affine approxi-
mations of some general nonconvex functions f; and h; in (3.22).

Taylor expansions

Probably the first idea appeared in mind when talking about forming convex ap-
proximations of some functions is to use their Taylor expansions around the current
point.

In particular, suppose we are given a twice differentiable function f: R" — R,
then an affine approximation of f at some point £ € R" is given by the first-order
Taylor expansion:

fa(@) = £(2) + VI(@)" (z - 7). (3:24)
An example of this idea in R is illustrated in figure 3.14.

A convex approximation of f at Z can be obtained from the second-order Tay-
lor expansion by taking only the positive semidefinite part of its Hessian V2 f(%).



3.3 General nonlinear optimization

91

| . .
—-1.5 —0.75 0 0.75 1.5

Figure 3.14 An affine approximation in the form (3.24) of the nonconvex
function f(z) = x* + (1/2)z — (3/2)2” at the point # = 0 (shown circle). The
boundary of a trust region around Z is shown dashed.

Figure 3.15 A convex approximation in the form (3.25) of the nonconvex
function f(z) = z* + (1/2)x — (3/2)x? at the point & = 1 (shown circle).
The approximation fj is a convex quadratic function, and is very close to f
within a small trust region around # (whose boundary is shown dashed).
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Specifically, let V2 f(#) = QAQT be the eigenvalue decomposition of V2 f(#), where
Q is orthogonal and A = diag(Xy,...,\,) is a diagonal matrix whose diagonal ele-
ments are the eigenvalues of V2f(#). The matrix H, = QA QT with

Ay = diag(max{A1,0},...,max{\,,0})

is therefore the positive semidefinite part of V2f(%). The (second-order) convex
approximation of f at & is then given by

Jo(@) = f(@) + V(@) (- 2) + (1/2)(x — &) Hy (z — 7). (3.25)

Notice that the convex approximation f;« of the function f obtained from the second-
order Taylor expansion (3.25) are typically convex quadratic functions, so SCA
with such convexification methods are also called sequential quadratic programming.
Figure 3.15 shows an example of the approximation (3.25) in R.

Convex and affine approximations established from Taylor expansions are some-
times called local models, since if the trust region is restricted to be small around
the current point Z, then the difference between the original function f and its
approximation fi within this region could be very small. On the other hand, if the
trust region is large, then the approximation fi might deviate significantly from
the original function f within this region. These properties are also shown in the
figures 3.14 and 3.15. From these ideas it is hence clear that the size of the trust
region 7z in (3.23) should not be too large when local convexification methods are
used, since otherwise such local approximations might be very inaccurate.

Particle methods

A modern approach of forming convex and affine approximations of general noncon-
vex functions is to use particle methods, which require essentially no assumptions
on the original functions except that they can be evaluated at given points.

Suppose we would like to obtain some convex or affine approximation to the
function f: R™ — R around the point Z, the basic idea of particle methods is
to sample a set of points z1,...,2zx € Tz within the trust region and evaluate f
at these points to obtain y; = f(z;) for i = 1,..., K, so that we have a set of
particles (z;,y;), © = 1,..., K. These particles may be sampled randomly within
the trust region, or generated from some deterministic scheme, such as using a
grid, or from taking the extreme points of the trust region. Then convex and affine
approximations of f over the trust region 7; can be formed by fitting a convex
or an affine function to these particles, using convex optimization. (The ideas of
fitting and approximation will be presented more formally in §4.1.)

The advantages of particle methods include that they allow for general nondiffer-
entiable functions, or functions for which evaluating derivatives is very challenging.
More importantly, particle methods give regional models that are accurate over the
whole trust region 7; (assuming enough coverage of 7 in the evaluated points
21,...,2K ), rather than only locally around the current point Z. In other words,
accuracy of the convex approximation obtained from particle methods is not sen-
sitive to the size of the trust region 7Tz, so larger trust regions can be used in
SCA with particle methods. On the other hand, particle methods typically have
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extraordinary sampling and function evaluation requirements, since in general the
number of particles required to cover the trust region 7z grows exponentially with
the dimension of the variables n.

Some examples illustrate these ideas.

Example 3.9 Fitting affine and convexr quadratic approximations. Suppose we would
like to form an affine approximation of the function f: R®™ — R around the point
Z € R"™ over the trust region Tz, and let (z;,y:) = (24, f(2:)) for i = 1,..., K be the
set of particles sampled within 7z. An affine approximation of f at & in the form

fo()=a"(x—2)+b
can be obtained by solving the following least squares problem:

minimize Zfil (a®(zi — %) +b— yi)2

with variables a € R™ and b € R.

Figure 3.16 shows an example in R. The function
f=2"+1/2)z - (3/2)a° (3.26)

is sampled to generate 10 particles (shown cross) within the trust region 7z = {x |
|z| < 0.5} around the point # = 0. The fitted affine approximation f; of the function
f according to these particles is shown thicker. The dashdotted line plots the first-
order Taylor expansion of f at £ = 0 for comparison. It is clear from the figure that
although the local model from Taylor expansion is very accurate around the current
point Z, the regional model from particle fitting on average aligns better with the
original function f over the whole trust region.

Similar idea can be used to fit convex quadratic approximations of f. Consider a
convex quadratic function of the form

f}(:c) = (1/2)($7E)TP(:L'71’) +qT(xf§:) +r, (3.27)

where P € S, ¢ € R"™, and r € R are the parameters to be determined. A convex
approximation of f in the form (3.27) at Z can then be obtained by solving

minimize 1 ((1/2)(z — &)TP(zi — &) + ¢%(zi — %) + 7 —y:)°
subject to P >0

with variables P € S", ¢ € R™, and r € R, which is a constrained least squares
problem (and hence convex).

Figure 3.17 shows an example in R. We consider again the function f given by (3.26)
and sample 20 particles (shown cross) within the trust region 7z = {z | |z — 1] < 0.5}
around the point £ = 1. It is observed in the figure that the fitted convex quadratic
approximation (3.27) on these particles in general provides a good regional model of
the function f over the whole trust region, while the local model from Taylor expansion
(shown dashdotted) deviates significantly from f when getting close to the boundary

Example 3.10 Fitting convex envelopes. Suppose we are given a function f: R" - R
and some sampled particles (zi,y:), ¢ = 1,..., K, within some trust region 7, where
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Figure 3.16 An affine approximation of the function (3.26) at the point £ = 0
obtained from fitting to 10 particles (shown cross) in 7z = {z | |z| < 0.5}.
The approximation f; from particle fitting is shown thicker. The first-order
Taylor expansion of f at & = 0 is shown dashdotted for reference.

Figure 3.17 A convex quadratic approximation of the function (3.26) at £ = 1
from fitting to 20 particles (shown cross) in Tz = {z | |x — 1] < 0.5}. The
approximation fi from particle fitting is shown thicker. The second-order
Taylor expansion of f at & = 1 is shown dashdotted.
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yi = f(z) forall i =1,..., K. To form a convex approximation of f based on these
particles, we may consider fitting a convex lower bound that is as close to the particles
as possible, which is in effect approximately taking the conver envelope (see page 38)
of the function f over 7. There are many ways to do this; here we present one simple
approach.

Consider a piecewise affine function h: R™ — R of the form
h(z) = max{hi +g{ (x —z)|i=1,..., K}, (3.28)

where g; € R" and h; € R fori =1,..., K are the parameters to be determined. The
function h is clearly convex as it is the pointwise maximum of a set of affine functions.
To make h a lower bound of f over the particles (z;,¥:), i = 1,..., K, it has to satisfy

yi > h(zi) = max{h; + g (zi - 2) | i =1,..., K}
for all i = 1,..., K, which is equivalent to
Yi > by +g; (20 — 25)

for all i,j = 1,..., K. Noticing that when evaluating the ith piece of the function h
at x = z;, we have
hi+gi (zi = 2i) = ha,

so the value of h at the point z; is at least h;, i.e.,
h(z;) = max{h; +gf(zi —zi)|j=1,....,K} > h,.

Therefore, to make h as close to the particles as possible from below, in the sense of
maximizing the sum of the values of h at all particles, 7.e., maximizing Zfil h(z:),
we can equivalently maximize the sum of h; for i = 1,..., K. Putting these together,
to fit a convex approximation of f in the form (3.28) we can solve the following
optimization problem:

. K
maximize Zi:l h;

3.29
subject to  y; > hj +g; (zi —2;), 4, j=1,...,K (3.29)

with variables g; € R" and h; € R for i = 1,..., K, which is simply a linear program.

Figure 3.18 shows an example to illustrate this approach’s performance, where the
target function f: R — R is given by (3.26). Each subplot shows the convex envelope
approximation of f obtained from solving (3.29) on different numbers of particles
(shown cross) sampled with equal spacing from the trust region 7 = {z | |z| < 1.5}.
It is clear from the figure that the fitted piecewise affine functions in the form (3.28)
are always a convex lower bound of the particles, and as the number of particles
increases, the fitted convex envelope approximation gets closer to the actual convex
envelope of f over the trust region 7.

3.3.3 Numerical example

As a basic numerical example of SCA applications, we consider the following non-
convex quadratic program:

minimize  f(x) = (1/2)2T Pz + ¢Tz

. (3.30)
subject to  |lz]|, <1
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Figure 3.18 Convex envelope approximations of the function (3.26) over the
trust region 7 = {z | |z| < 1.5} obtained from solving (3.29) on different
numbers of particles (shown cross). The target function f is shown solid and
the convex approximation is shown dashed.
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Figure 3.19 Convergence behavior of SCA applied to the nonconvex quadratic
program (3.30) from 10 different initial points.

with variable z € R", where the matrix P € S™ is symmetric but possibly indefinite.
In this case, we may write the second-order Taylor expansion (3.25) of the objective
function f at the current point T as

fal@) = @) + (Pi+ )" (v = &) + (1/2)(x — &) Py (z - &),

where Py is the projection of P onto the positive semidefinite cone S. Therefore,
in each SCA iteration, we solve the following convex quadratic approximation of
the original problem (3.30):

minimize  f(Z) + (PE+q)" (x — &) + (1/2)(x — &) Py (x — &)
subject to |z| <1, z€Ts,

where x € R" is the variable and % is the current point. The trust region 7 ; is
chosen as the box
Ti={zeR"[|lz - Z[ <p}

with some p > 0.

We try to solve an instance of the problem (3.30) with n = 20 via SCA, where the
matrix P and the vector ¢ generated randomly. The SCA procedure is initialized
from 10 different random points with |z|| ., < 1, and the trust region size is set
to p = 0.2 for all iterations. Figure 3.19 shows the objective values at each SCA
iteration for all 10 initial points.

There are several observations from the results. Firstly, the SCA procedure from
most of the 10 initial points converges within 30 iterations. On the other hand, the
final point returned by SCA is substantially influenced by the initial points, and
some initialization can lead to very poor final objective values. Most importantly,
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although some initial points lead to quite small final objective values, it is never clear
whether these points have solved the original problem (3.30) or not, and we also
have no information about how far they are from the global optimum. We should
also note that in this specific example, the objective values at all SCA iterates are
nonincreasing, which is not necessarily true in general SCA applications, especially
when the original problem involves many nonconvex constraints.
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The first notice of biconvexity structure in the context of mathematical programming can
be traced back to Falk et al. | ] in the 1960s. Most results on the analysis of biconvex
sets can be found in the papers of Aumann and Hart | ] and Goh et al. | ]
Properties of biconvex functions that are most relevant to optimization problems can be
found in Goh et al. | ] and Gorski et al. | ]

Biconvex problems appears in various application domains; see [ ] and [ ] for
a survey and references. Toker and Ozbay [ | showed that solving bilinear matrix
inequalities is NP-hard. Some useful properties of partial optimality conditions (.e., con-
ditions for stationary points) of biconvex problems can be found in [ , ]. The
necessary conditions for a partially optimal point of a biconvex problem being a local
optimum are discussed in [ ], but in general, no stronger results can be obtained.

ACS methods are a special case of block relazation methods (which is also known as block
coordinate descent methods); see | , , ]. A survey on ACS methods for
biconvex problems can be found in [ ]. Gorski et al. | ] showed that under
weak assumptions all solution points generated by ACS form a compact connected set and
that each of these points is a stationary point of the objective function. However, there is
currently no better convergence results regarding local or global optimality properties.

The idea of ACS can be readily extended to multiconver optimization problems, which
involve functions that are convex in each of more than two blocks of variables when the
other blocks are fixed; see | ].

The broad class of difference-of-convex functions includes all twice continuously differen-
tiable functions [ ], so the difference-of-convex programming problems (3.12) is very
general. Many problems that are widely believed to be very hard, e.g., the traveling
salesman problem, can be represented in the form of the boolean least squares problem
(3.13) [ ].

Difference-of-convex problems have been studied for several decades; some early works
include | , , ]. Early researches on this topic mainly focus on solving
difference-of-convex problems globally, where most of the algorithms rely on branch-and-
bound or cutting-plane methods as in | ]. Good overviews for solving difference-of-
convex problems globally can be found in | , ].

The CCP heuristic for attempting to solve difference-of-convex problems was first proposed

geometrically by Yuille and Rangarajan | ], but without inequality constraints. The
ideas of considering CCP as a sequence of convex approximations of the original prob-
lem and adding inequality constraints were later discussed by Smola et al. | ]. A
more recent overview of CCP and its applications is presented by Lipp and Boyd | ]
Sriperumbudur and Lanckriet [ ] discussed the convergence properties of CCP.

Throughout the discussions on difference-of-convex problems and the CCP heuristic in
this chapter, we have assumed that the involved functions are differentiable. In fact, CCP
can also be applied to nondifferentiable problems, by replacing the gradients in (3.16) with
subgradients; see, e.g., | ] and [ ] for more details. Extensions of CCP to handle
generalized inequality constraints, as well as its combination with cutting-plane methods
for large-scale difference-of-convex problems which involve a large number of variables and
constraints, are presented in | .

ACS and CCP are sometimes considered as special cases of the majorization-minimization
(MM) algorithm [ ], in which a minimization problem is approximated by an easier
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to solve upper bound created around the current point (i.e., majorization) and then mini-
mized. The most famous example of MM is the expectation-mazimization (EM) algorithm,
which was introduced in | ]. Although MM can be first traced back to the 1970s in
[ |, the term majorization-minimization was not coined until several decades later in
[ ]. Many MM extensions have been developed over the years and more discussions
on these algorithms can be found in [ , , ].

Sequential convex approximation methods are most widely known under the name sequen-
tial quadratic programming, while it is, strictly speaking, a subset of SCA methods that
use convex quadratic approximations via Taylor expansion. Sequential quadratic program-
ming was first proposed by Wilson | ] in the 1960s for solving nonlinear programming
problems, and its convergence properties were later shown by Robinson | ]. There are
numerous references on SCA methods and related subtopics, and most of which are clas-
sical optimization textbooks, e.g., Boggs and Tolle [ ], Conn et al. | ], Nocedal
and Wright | ], Gill and Wong | ], and Bertsekas [ .

A useful extension of SCA methods was originally introduced by Griewank [ ] in
an unpublished technical note, which was later rediscovered independently by Nesterov
and Polyak | ], and Weiser et al. | ]. They consider applying SCA to some
unconstrained nonlinear program, where in each iteration, a cubic regularization in the
form (p/3)||z — Z||3 on the variable z is added as an additional regularization term to
the quadratically approximated objective. This regularized SCA method was shown to
have some favorable convergence properties, and the ideas were later unified and extended
into a coherent and numerically efficient algorithmic framework by Cartis et al. | ,
.

Another convexification method that can be applied in SCA involves convex composite
functions; see [ , , , , , ] for more details. For general
convex function fitting and interpolation via particle methods, see [ , §6.5].
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Exercises

Difference-of-convex decomposition. Suppose f: R™ — R is twice differentiable, and there
exists some constant M > 0 such that

V2 f(z) = —MI

for all z € R"™. Show that f can be expressed as the difference of two convex functions.

Convergence of convex-concave procedure. Show that the sequence of points {x““)}zio ob-
tained from the CCP iterations (algorithm 3.2) is always feasible to the original difference-
of-convex problem (3.12), and that the corresponding sequence of objective values, given
by {fo(z®) — go(az(k))}:;m is monotonically nonincreasing.
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Chapter 4

Objectives

Approximation

Residuals

Consider a set of m (possibly nonlinear) equations in n variables € R", given by
fz(l‘)zbz, i=1,...,m,

where f;: R" — R are scalar-valued functions, and b € R™ is a given vector. By
defining f: R" — R™ as f(z) = (fi(z),..., fm(z)), we can write the equations
more compactly as

f(z) =0 (4.1)

Many machine learning problems can be expressed as the problem of trying to find a
solution to a system of linear or nonlinear equations in this form, where the function
f is determined by the model structure with parameters x, and the vector b is the
observed data, i.e., the target model output.

For most cases in practice, however, we cannot find an x that satisfies all equa-
tions in (4.1) simultaneously, and we have to resort to approximation, i.e., to find
an z that approximately satisfies the equations. To quantify how well some z € R"
satisfy the equations, we can define the residual r € R™ for this = as

r=f(x) —b,

which measures how far we are from satisfying the equations exactly. The goal of
approximation is to find an = that leads to the ‘smallest’ residual r, whose size can
be measured in various ways, depends on the application scenario (as we will see in
the next sections).

Example 4.1 Linear models. A linear model corresponds to the case where the function
f in (4.1) is linear, i.e., has the form
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for some given matrix A € R™*"™. The matrix A is often referred to as the feature
matriz, where each row of A corresponds to the features of one data point. In this
case, the system of equations we would like to solve becomes

Az = b, (4.2)
and the residual for some x € R" is given by

r=Ax —b.

The linear system (4.2) is solvable, i.e., there exists some € R™ such that r = 0,
only when b € R(A), i.e., the vector b can be expressed as a linear combination of the
columns of A.
Example 4.2 Matriz factorization. In matrix factorization problems, we are given a
matrix B € R™*", and we would like to find two matrices X € R™** and Y € R**"
such that

XY =B. (4.3)
To formulate this as a system of equations in the form of (4.1), we can let the variable
z = (X,Y), and define the function f as

F(X,Y) = XY,
and the residual R € R™*" is given by
R=XY - B.

Note that here the function f is bilinear in the variables X and Y.
The solvability of the matrix equation depends on the choice of the inner dimension
k. In particular, the system (4.3) is solvable only when k& > rank B.
If either the matrix X or the matrix Y is fixed, then the system of equations (4.3)
becomes a linear system of equations in the other variable. In particular, it can be
expressed in the form of (4.2) by vectorizing the variable matrix and the residual
matrix, and then defining the feature matrix accordingly.

4.1.2 Norm approximation

When the size of some residual r € R™ is measured using a norm || - ||, we have the
norm approxrimation problem of the form

minimize ||r]] = ||f(z) — b]| (4.4)

with variable z € R"™. Obviously, the optimal value 7* of the problem (4.4) satisfies
r* = 0 if and only if the system of equations (4.1) is solvable, and in this case, any
x that solves (4.4) also solves (4.1). When the optimal value r* > 0, a solution of
the norm approximation problem (4.4) is sometimes called an approximate solution
of the system of equations f(z) = b, in the norm || - ||.
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Linear norm approximation

When the function f in (4.4) is linear, i.e., has the form f(x) = Az with some given
matrix A € R™*", we have the linear norm approximation problem, given by

minimize |[[Az — b|| (4.5)

where z € R" is the variable and 4 € R™*", b € R™ are problem data.

The linear norm approximation problem (4.5) is a convex optimization problem
for any choice of the norm | -||, and hence can be solved efficiently. In particular,
there is always at least one solution.

If b € R(A), then the optimal value of the problem is zero. It is more interesting
and useful in practice when b ¢ R(A), in which case the optimal value is strictly
positive, and by solving (4.5), we are looking for an approximate solution of the
linear system of equations Az = b, in the norm || - ||.

We can assume without loss of generality that the matrix A has full rank with
rank A = n, i.e., the columns of A are linearly independent, and hence m > n.
When m = n, the solution of (4.5) is simply A~1b, so we can further assume that
m > n.

Remark 4.1 The linear norm approximation problem (4.5) can be interpreted from

various perspectives:

Approzimation interpretation. Let ai,...,an, € R™ denote the columns of the matrix
A, then for some z € R", the vector Az can be expressed as a linear combination of
these columns, i.e.,

Az = z101 + 2202+ + Tnan.

Thus, by solving the problem (4.5), we are looking for a linear combination of the
columns of A that best approximates the vector b, with deviation measured by the

norm | -||. In this context, the linear norm approximation problem is also called a
regression problem, and the vectors a1, ..., a, are called the regressors.
Model fitting interpretation. Let at,...,aL denote the rows of A, then the residual

vector r = Ax — b can be expressed componentwise as

~T .
ri =a; r — by, i=1,...,m.

We can interpret each row a; as the feature vector of the ith data point, and the
linear function !z as the model output for this data point, with model parameter .
The residual r; then measures the deviation of the model output from the observed
response b; for the ith data point, i.e., the model prediction error. Hence, by solving
the problem (4.5), we are looking for a model parameter x that leads to the smallest
cumulative prediction error for all data points, measured by the norm || - ||.

Geometric interpretation. Notice that the range of A is defined as
R(A) ={Az |z € R"},

so the linear norm approximation problem (4.5) is equivalent to

minimize ||z — b||
subject to z € R(A)
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with variable z € R™. This problem can be interpreted as finding the point in the
subspace R(A) that is closest to the point b with distance measured by the norm || - ||,
i.e., finding the projection of the point b onto the subspace R(A), in the norm || - ||.

Estimation interpretation. Assume that the response b € R™ is generated from a
(noisy) linear measurement model with some parameter z € R™ (to be estimated),
given by

b=Ax +r,
where the vector » € R™ is some noise or measurement error that is unknown. Assum-
ing that smaller values of the noise r (measured by the norm || -||) is more plausible

than larger values, by solving the problem (4.5), we are looking for the most plausi-
ble estimation of the parameter x (which results in the smallest measurement noise).
(Note that —r should have been used in the linear measurement model so that the
notation is consistent with the previous definition of the residual, but negating the
sign here does not affect the interpretation since we have ||u|| = ||—ul| for any norm
|- || and w € R™.) This interpretation will be discussed more formally in §4.2.1.

Example 4.3 Least squares approximation. A special case of the linear norm approx-
imation problem (4.5) is when the norm ||-| is chosen as the Euclidean norm or
£2-norm, which is defined for any vector u € R™ as

T )1/2 1/2

lully = (@)™ = (@i + -+ up)

By choosing this norm and squaring the objective, we can equivalently write the
problem (4.5) as

minimize ||[Az —b||2 =14+ + 72, (4.6)
where the objective is now the sum of squared residuals. The problem (4.6) is called
the (linear) least squares approximation problem.

To solve the problem, we can rewrite the objective as
Az — b2 = 2" AT Az — 20" Az + b,

which is a convex quadratic function in . Hence, the solution can be found by setting
the gradient of the objective to zero:

V||Az — b||3 = 24T Az — 24" b = 0,
which gives the so-called normal equations
AT Az = A"b.

The normal equations is always solvable and since we have assumed that the matrix
A has full rank with rank A = n, the least squares problem (4.6) has the unique
analytical solution given by

z* = (ATA) AT,
Geometrically, least squares approximation corresponds to finding the point Az* in
the subspace R(A) that is closest to the point b in terms of Euclidean distance, i.e.,
finding the Euclidean projection of the point b onto the subspace R(A). Hence, the
optimal point z* must satisfy that the residual »* = Ax* — b is orthogonal to the
subspace R(A), i.e.,

(A —b)"Az =0
for all z € R™, which is equivalent to the normal equations. This idea is illustrated
in figure 4.1.
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R(A)

Figure 4.1 Geometric interpretation of least squares approximation. The
point Az* € R(A) is the projection of the point b onto the subspace R(A),
and the residual r* = Ax™ — b is orthogonal to the subspace.

Least absolute residuals approximation

When ¢;-norm is used in the norm approximation problem (4.4), we have the ¢;-
norm or least absolute residuals approximation problem, given by

minimize ||f(z) — bl = |r1| + |r2| + - + [rmls (4.7)

where the objective is the sum of absolute residuals.
If the function f is linear, the problem (4.7) becomes

minimize ||Az — bl = Y0, |alz — b,

where al are the rows of the matrix A € R™*", and can be cast as an equivalent

linear program by introducing an auxiliary variable ¢ € R™, expressed as

minimize 17t =+#; +ta+ -+t
subject to —t X Ax —b =<t

with variables x € R"™ and t € R™.

Least square residuals approximation

When /lo-norm is used in the norm approximation problem (4.4), it is common in
practice to square the objective, which leads to an equivalent formulation, given by

minimize ||f(x) — b||§ =r?4r34+- 412, (4.8)

where the objective is the sum of squared residuals, and is therefore called the least
square residuals (or simply least squares) approximation problem. (This problem is
sometimes also called the (squared) ¢o-norm approzimation problem.)

If the function f is linear, the problem (4.8) becomes the least squares approx-
imation problem (4.6), where an analytical solution exists (as discussed in exam-
ple 4.3).
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Least maximum residuals approximation

When {.-norm is used in the norm approximation problem (4.4), we have the
Loo-norm or least mazimum residuals approximation problem, given by

minimize || f(z) — bl = max{|ri],...,|rm|}, (4.9)

where the objective is the maximum of the absolute residual. The problem (4.9)
is also known as the minimax approximation problem, or Chebyshev approzimation
problem.

If the function f is linear, the problem (4.9) becomes

minimize ||Az — b||_ = max;—1,__m |alz — by,

and similar to the least absolute residuals approximation problem (4.7), it can be
cast as an equivalent linear program by introducing an auxiliary variable ¢ € R,
given by

minimize ¢

subject to —t1 <X Az — b <1,

with variables x € R"™ and t € R.

Weighted norm approximation

Let W € R™*™ be a nonsingular matrix, and suppose |- || is a norm on R™. It
can be shown that the function defined as

[l = [[Wull

for all w € R™ is also a norm on R™, and is called a weighted norm. By using
a weighted norm in the norm approximation problem (4.4), we have the weighted
norm approxrimation problem, given by

minimize |f(2) - blly = |W(/ () - b)| (4.10)

with variable © € R"™. The matrix W is sometimes called the weighting matriz and
is often chosen to be diagonal, so that it adds different weights to each component
of the residual r = f(z) —b. When W = T is the identity matrix, the problem (4.10)
reduces to the standard norm approximation problem (4.4).

If the function f is linear with f(z) = Az, the weighted norm approximation
problem (4.10) can be interpreted as first transforming the problem data A and b
using the weighting matrix W, i.e., let A = WA and b = Wb, and then solving the
standard norm approximation problem

minimize || Az — b||

with variable x € R".
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Matrix norm approximation

The idea of norm approximation can be extended to the case where the residual is
given by a matrix. As a basic example, consider the matrix factorization equation
(4.3) with data B € R™*", where the residual for some X € R™** and Y € R**"
is given by the matrix

R=XY - B.
Suppose, for example, that we want to measure the size of the residual R using the
Frobenius norm, which is defined for any matrix U € R™*" as

1/2
m

Ul = (ee@ ) = (S0

i=1 j=1

then (by squaring the objective) we have the least squares matriz factorization
problem, given by
minimize ||R|% = | XY — B|> (4.11)

with variables X € R™** and Y € R**", where the objective is the sum of the
squares of all entries in the residual matrix R. The problem (4.11) is also known as
the problem of principal component analysis, since when k < rank B, a solution of
the problem gives the best rank-k approximation of the matrix B, in terms of the
least squares deviation.

Notice that the Frobenius norm of some matrix can be interpreted as the Eu-
clidean norm of the vector from vectorizing the matrix, according to some rule, e.g.,
by stacking the columns vertically. Hence, the problem (4.11) can be expressed as
a standard least squares approximation problem (4.8) by transforming residual ma-
trix R € R™*™ into a vector r € R™", and then define the objective as the size of
the resulting residual vector measured by the (squared) Euclidean norm.

The problem (4.11) is not convex (indeed, since the residual is a bilinear function
of X and Y'), but analytical solution exists via the singular value decomposition (see
§1.2.2). Although analytical solutions do not generally exist when other matrix
norms are used instead of the Frobenius norm in the problem (4.11), one can often
find a good approximate solution via alternate convex optimization (see §3.1.3).

Penalty function approximation

The idea of norm approximation can be generalized by measuring the size of the
residual via some penalty functions. Specifically, suppose we want to (possibly
approximately) solve the system of equations f;(z) = b;, ¢ = 1,...,m, and let
¢: R — R be a scalar-valued penalty function, then the size of the residual r € R™,
where, recalling that, r; = f;(x) — b;, is measured as the total penalty

P(re) + -+ + o(rm),

i.e., the sum of the penalties assessed for each component of the residual. Different x
leads to different residual r, and hence different total penalties. The approximation
problem with such a size measure is then written as

minimize @(r1) + -+ ¢(rm) = Doy S(filx) — b;) (4.12)
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with variable z € R"™, and is called the penalty function approzimation problem.
The problem (4.12) is sometimes written in a constrained form as

min.imize S (i) (4.13)
subject to r = f(z) — b,
where the variables are x € R™ and » € R™, and the function f: R" — R™ is
given by f(x) = (fi(z),..., fm(z)). Obviously, the problems (4.12) and (4.13) are
equivalent, by eliminating the auxiliary variable r in the constrained form.

In the most general case, the function ¢ is chosen to be nonnegative, and to
satisfy ¢(0) = 0. In many cases, it is also chosen to be symmetric. When the
function f is linear, and if ¢ is convex, then the problem (4.12) is a convex op-
timization problem (since a convex function composed with any affine function is
convex). However, none of these properties about the penalty function is strictly
necessary and we will not require them in the following analysis.

Penalty function interpretation of norms

Many norm approximation problems presented above can be interpreted as special
cases of penalty function approximation. As a basic example, the norm approxima-
tion problem with ¢;-norm, i.e., the least absolute residuals problem (4.7), can be
interpreted as a penalty function approximation problem with the absolute value
penalty function, given by

¢(u) = [ul,

for all u € R. As another example, the least square residuals problem (4.8) can be
interpreted as a penalty function approximation problem with the quadratic penalty
function (or least squares penalty function), given by

o(u) = u’.

This idea can be generalized to any £,-norm approzimation problem with p €
[1,00), where the ¢,-norm objective for residual » € R™ is given by

1
||THp = (Ir1]? + |ro|” + -+ + [rm]?) /P

Similar to the fo-norm case, by raising the objective to the power of p, we can
equivalently write the £,-norm approximation problem as

minimize || f(z) — bHZ =P + |2’ + -+ |rwl?,

which can be interpreted as a penalty function approximation problem with the
absolute value penalty function raised to the power of p, defined as

$(u) = |uf”

for any u € R.
As a more complex example, consider the norm approximation problem with
the £oo-norm, which corresponds to the least maximum residuals problem (4.9).
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This norm approximation problem can be interpreted as a penalty function approx-
imation problem with the Chebyshev penalty function, which is defined for some
residual r € R™ as

(Wi):{ il |rs = max{[r],. ... ||} (414)

0, otherwise.

Note that unlike the previous examples, the Chebyshev penalty function is not
applied to each entry of the residual vector independently, but instead depends on
all components of the residual.

Remark 4.2 It is often seen in the literature that the absolute value penalty ¢(u) = |ul,
quadratic penalty ¢(u) = u?, and Chebyshev penalty given by (4.14) are called the £; -
norm penalty, £2-norm penalty, and £~ -norm penalty functions, respectively, since the
corresponding penalty function approximation problem is equivalent to the respective
{p-norm approximation problems with p = 1, 2, and co. (The quadratic penalty
is called the least squares penalty for the same reason.) In the most general case,
the penalty function ¢(u) = |u|” for p € [1,00) is often called the £,-norm penalty.
However, we should be careful about these names, since these penalty functions are
not actually the £p-norms by themselves.

Some other penalty functions

There are many parameterized penalty functions that are very useful in practice,
which can be roughly considered as some kind of variations of the penalty functions
based on vector norms as discussed previously.

The deadzone-linear penalty function with parameter o > 0 is defined as

¢(U) — { |U‘ -, ‘u| >« (415)

0, otherwise,

for any u € R. This penalty function does not penalize small residuals with absolute
value less than or equal to «, and penalizes large residuals linearly. When o = 0,
the deadzone-linear penalty function reduces to the absolute value penalty function
¢(u) = |ul.

The log-barrier penalty function with parameter o > 0 is defined as

2 2
b(u) = { a?log(l — (u/a)”), |u| < a. (4.16)
0, otherwise,

for any u € R. The log-barrier penalty is very close to the quadratic function ¢(u) =
u? for small residuals, but penalizes large residuals more heavily, and becomes
infinite when the absolute residual is larger than the threshold .

The deadzone-linear and log-barrier penalty functions are shown in figure 4.2
with comparison to the quadratic penalty. Notice that the log-barrier penalty is
very close to the quadratic function for small residuals.
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Figure 4.2 Graph of the quadratic penalty ¢(u) = u? (shown dashed), the
deadzone-linear penalty with parameter o = 0.25, and the log-barrier penalty
with parameter a = 1.

Selection of penalty functions

It is easy to see that for any fixed penalty function, scaling it by some positive con-
stant does not change the solution of the resulting penalty function approximation
problem (4.12), since this is equivalent to scaling the objective by the same con-
stant. However, we might want to carefully select the shape of a penalty function
¢: R — R for different applications, which plays an important role in determining
the solution characteristics.

Roughly speaking, penalty function ¢ represents our irritation towards residuals
of different sizes. If ¢(u) is very small (or even zero) for small u, then we care very
little (or not at all) by small residuals, and hence would like to accept them. If
¢(u) grows quickly as u increases, then we are very irritated by large residuals, and
would like to avoid them as much as possible. If ¢(u) becomes even infinite for
some u, e.g., outside some interval as in (4.16), it means that these residuals are
completely unacceptable. This simple interpretation gives insight into the solution
characteristics of a penalty function approximation problem, as well as guidelines
for choosing or designing a penalty function.

As a basic example, consider the penalty functions ¢;(u) = |u| and ¢9(u) = u?,
corresponding to the ¢1-norm and the (squared) fo-norm approximation problems,
respectively. For u = 1, both penalty functions give the same penalty value of 1.
For small u values, we have ¢1(u) > ¢2(u), so the absolute value penalty function
penalizes small residuals more heavily than the quadratic penalty function, and
hence tends to reduce small residuals to zero more effectively. For large u values,
however, we have ¢1(u) < ¢2(u), so the quadratic penalty function puts much more
emphasis on reducing large residuals. Put together, we can expect that solution
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of the f1-norm approximation problems tends to have lots of zero residuals, but
might also have some residuals with large absolute values, compared to the £o-norm
approximation solution. On the other hand, solution of the f5-norm approximation
problems tends to have fewer large residuals compared to the ¢1-norm approximation
solution, but most residuals might be nonzero.

Numerical example

We compare the solution characteristics between various penalty functions via a
simple numerical example, to further illustrate the discussion above. Consider the
linear approximation problem with data A € R'*3% and b € R'%’, where the
entries of A and b are chosen randomly. We compare the optimal residual r* =
Ax* — b obtained by solving five different penalty function approximation problems,
with the following penalty functions:

o Absolute value penalty ¢(u) = |u|, corresponding to the ¢;-norm approxima-
tion problem.

2

e Quadratic penalty ¢(u) = u?, corresponding to the least squares approxima-

tion problem.

o Chebyshev penalty given by (4.14), corresponding to the £.-norm approxi-
mation problem.

o Deadzone-linear penalty (4.15) with parameter oz = 0.5.

o log-barrier penalty (4.16) with parameter v = 1.

Note that the first two penalty functions are special cases of the penalty function
é(u) = |u|” with p =1 and p = 2, respectively. Figure 4.3 shows the histogram of
the optimal residual amplitudes obtained from the five different penalty function
approximation problems, shown in the order listed above from top to bottom.
From the graphs of the penalty functions, we notice the following characteristics:

o The absolute value penalty penalizes small residuals most heavily, but only
puts relatively small penalty for large residuals.

e The quadratic penalty penalizes only puts very small penalty for small resid-
uals, but puts strong penalty for large residuals.

e The deadzone-linear penalty function does not penalize small residuals with
absolute value less than 0.5, and penalizes large residuals very much like the
absolute value penalty.

e The log-barrier penalty function penalizes small residuals very similarly to the
quadratic penalty, but the penalty grows very quickly as the residual increases,
and becomes infinite for residuals with absolute value larger than 1.

For the Chebyshev penalty, it only penalizes the largest absolute residual, in the
same way as the absolute value penalty, and all other residuals are not active in the
total penalty calculation.

These properties are reflected in the distribution of the optimal residual ampli-
tudes shown in figure 4.3:
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Figure 4.3 Histogram of the optimal residual amplitudes from five different
penalty function approximation problems. The (scaled) penalty functions are
shown as solid lines (except for the Chebyshev penalty) in the corresponding
plots for reference. The quadratic penalty function is also shown dashed in
the log-barrier plot.
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e Most residuals obtained from the ¢;-norm approximation are either zero or
very close to zero, but there are also many large residuals.

e The quadratic penalty function approximation solution has relatively few large
residuals, but most residuals have moderate magnitude.

e For the Chebyshev penalty function approximation solution, most of the resid-
ual amplitudes are concentrated at the maximum absolute residual amplitude
value, i.e., at the two ends of the residual range, where all other residuals are
bounded in between.

e The residuals obtained with the deadzone-linear penalty function aggregate
at the two ends of the deadzone interval, i.e., at £0.5, and most residual
amplitudes are within the deadzone, where no penalty is assessed. This result
is similar to the Chebyshev penalty approximation solution, except that there
still exist some residual amplitudes outside the deadzone interval.

e The log-barrier penalty function results in residuals that are all within the
threshold of 1, but otherwise similar to the quadratic penalty function solu-
tion, where most residuals have moderate magnitude.

Remark 4.3 Sparse approximation. We have seen in the previous example that the
f1-norm approximation solution tends to have many zero residual amplitudes. In
other words, the optimal residual vector obtained from the ¢;-norm approximation
problem is often sparse, i.e., many of its entries are zero, which indicates that many
of the equations f;(z) = b; are satisfied exactly by the solution. Hence, the ¢1-norm
approximation problem is sometimes called the sparse approximation problem, and
the ¢1-norm (or the absolute value penalty) is said to induce sparsity.

Synthetic penalty functions

According to the previous idea, we can design various penalty functions with differ-
ent shapes to achieve different solution characteristics. Here we present some basic
examples.

Quantile penalty function

The quantile penalty function with parameter a € (0,1) is defined as

¢(u) = max{ou, (« — )u}

| (1-a)lul, otherwise,

for any u € R. The quantile penalty function can be considered as a ‘tilted’” absolute
value penalty, since it adds linear penalty to the residual, but with different scales
for the positive and negative components. When « = 0.5, the quantile penalty
function reduces to the absolute value penalty function ¢(u) = |u| (scaled by 1/2).
Figure 4.4 shows the graph of the quantile penalty function with different a values.
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Figure 4.4 Graph of the quantile penalty function with parameters a = 0.5
(shown solid), a = 0.2 (shown dashdotted), and a = 0.8 (shown dashed).

We can evaluate the solution characteristics of this penalty function. For exam-
ple, consider the quantile penalty function (4.17) with o = 0.5 (i.e., the absolute
value penalty function) and o« = 0.8. According to figure 4.4, when o = 0.5,
the penalty function penalizes residuals with the same absolute value equally, so
the solution tends to balance the number of positive and negative residuals. In
other words, it balances the number of overestimation and underestimation. When
a = 0.8, the penalty function penalizes positive residuals more heavily than negative
residuals (given that they have the same absolute value), so the solution tends to
have more negative residuals than positive ones, i.e., tends to underestimate more
often than overestimate.

Example 4.4 Quantile regression. Given the data A € R™*™ and b € R™, the linear
approximation problem
minimize 221 o(rs)

subject to r = Ax — b,

with variable z € R™ and r € R™, where ¢ is given by the quantile penalty function
(4.17), is sometimes called the quantile regression. The name follows from the fact
that the optimal residual of the problem satisfies that approximately a-fraction of the
entries are negative, and (1 — «a)-fraction of the entries are positive, i.e., the a-quantile
of the residual amplitudes distribution is zero. This aligns well with our expectation
about the solution characteristics of the quantile penalty function.

We illustrate this idea via a simple numerical example. Consider the linear approxi-
mation problem with data A € R®%°%3% and b € R®%°, where the entries of A and b
are chosen randomly. We solve the quantile regression problem with o = 0.5, 0.8, and
0.2, respectively. Figure 4.5 shows the histogram of the optimal residual amplitudes.
When a = 0.5, the residual amplitudes are roughly symmetrically distributed around
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Figure 4.6 Graph of the Huber penalty function with parameter M = 1,
shown in solid line. The dashed lines show the extended quadratic part of
the penalty function, towards the linear region.

zero, which is similar to the results seen in the ¢1-norm approximation solution (fig-
ure 4.3, top). For the other two cases, the residual amplitudes distribution skews to
the negative side when o = 0.8, and to the positive side when o = 0.2. Specifically,
when a = 0.8, approximately 80% of the residuals are negative, and when o = 0.2,
approximately 20% of the residuals are negative, while the majority of the residuals
are still zero in both cases.

Huber penalty function

The Huber penalty function (or robust least squares penalty) with parameter M > 0
is defined as
ul < M

u?,
o) = { M(2|u| — M), otherwise, (4.18)

for any v € R, which penalizes small residuals quadratically as in the least square
residuals problem (4.8), but switches to a linear penalty for large residuals. This
penalty function hence combines the properties from both the quadratic penalty
and the absolute value penalty. Figure 4.6 shows the graph of the Huber penalty
function with parameter M = 1.

The Huber penalty function is often used in approximation problems with out-
liers in the data, whose residual values f;(z) — b; are significantly larger than the
others for any x values. Approximation problems with quadratic penalty function
tend to be heavily influenced by outliers, since the quadratic penalty increases very
quickly as the residual values grow larger. By using the Huber penalty function
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instead, we retain the behavior for small residuals as in the quadratic penalty, while
the influence of the outliers can be significantly reduced, since the penalty now
grows only linearly for large residuals.

Example 4.5 Robust regression. Given the data A € R™*™ and b € R"™, the linear
approximation problem

minimize " ¢(rs)

subject to r = Ax — b,

with variable x € R™ and r € R™, where ¢ is given by the Huber penalty function
(4.18), is sometimes called the robust regression. This name follows from the property
that it is less sensitive to outliers in the data compared to the standard least squares
problem.

The following numerical example illustrates this idea. Suppose we are given a dataset
of m = 110 points (¢;, i), ¢ = 1,...,m, on a 2-dimensional plane, shown as circles
in figure 4.7. It is easily seen that this dataset can be affinely approximated as
y; &~ x1t; + T2, except for several outliers that are far away from the main cluster of
points, at the upper left and lower right corners of the plot. To find such an affine
approximation, we consider the problem

minimize " ¢(rs)

subject to ri =x1ti +x2 —Yi, t=1,...,m,

with variable z € R? and 7 € R™, under both the least squares penalty ¢(u) = u? and
the Huber penalty (4.18) with parameter M = 1. The dashed line in figure 4.7 shows
the least squares approximation result, which is heavily influenced by the outliers. The
solid line shows the robust regression result using the Huber penalty function, which
fits the main cluster of points much better by reducing the penalty values assigned to
the outliers.

Reverse Huber penalty function

We can also swap the roles of the quadratic and linear parts in the Huber penalty
function (4.18) to obtain the reverse Huber penalty function (or the BerHu penalty),
which is defined as

Jul, lul < M
Pu) =19 .
u?/(2M) + M/2, otherwise,

for any u € R, where M > 0 is a parameter. This penalty function penalizes small
residuals linearly, but switches to a quadratic penalty for large residuals. Figure 4.8
shows the graph of the reverse Huber penalty function with parameter M = 1.

The reverse Huber penalty function is often used in applications where we want
to strongly penalize large residuals, as in the quadratic penalty function, while still
retaining some sparsity in the optimal residual vector, as induced by the absolute
value penalty function.
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Figure 4.7 Robust regression. Plot of the dataset (ti,vy:), i = 1,...,110,
shown as circles. The dashed line shows the least squares approximation
result, while the solid line shows the robust regression result using the Huber
penalty function with parameter M = 1.

Figure 4.8 Graph of the reverse Huber penalty function with parameter M =
1, shown in solid line. The dashed lines show the extended linear part of the
penalty function, towards the quadratic region.
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Figure 4.9 Graph of the truncated quadratic penalty function for M = 1.

Truncated penalty functions

Another option of dealing with outliers is to truncate, or clip a penalty function
beyond some threshold. For example, a quadratic penalty function can be clipped

as
u?,  |ul <M

_ ) = 4.19

o (u) { M?, otherwise, ( )

where M > 0 is a parameter, and its graph is shown in figure 4.9. This idea can be
readily generalized to other penalty functions as well.

The truncated quadratic penalty function (4.19) behaves exactly the same as
least squares for small residuals, but assesses a constant penalty for residuals larger
than M. Hence, it is expected to be even more robust to outliers compared to the
Huber penalty function. Unfortunately, such a truncated penalty function is not
convex, and the resulting approximation problem becomes a hard combinatorial
optimization problem in general.

A special case of the truncated penalty function is when a penalty function is
constant for all nonzero residuals, i.e.,

¢<u>={0’ e

M, otherwise,

where M > 0 is some constant. When M = 1, this penalty function agrees with
the cardinality function, which, when defined on R, returns 0 if the input is zero,
and 1 otherwise, and when defined on R™, returns the number of nonzero entries
in the input vector.

Using the cardinality penalty function in an approximation problem consists in
minimizing the number of nonzero residuals, i.e., encouraging sparsity in the op-
timal residual vector. We may notice that this property is similar to the absolute
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4.2

4.2.1

value penalty function. In fact, these two penalty functions are closely related,
in the sense that the latter is the convexr envelope of the former, i.e., the largest
convex function that is less than or equal to the cardinality penalty function every-
where (see example 2.11, page 38). Therefore, in practice, to avoid solving a hard
combinatorial optimization problem, the £;-norm approximation problem is often
used as a surrogate, or heuristic, for the cardinality penalty function approximation
problem, and turns out to work quite well in many applications.

Maximum likelihood estimation

Consider a family of probability distributions on R™, given by
{pz: R™" = R4 |z € R"},

where each distribution p, is parameterized or indexed by z € R"™. Suppose the
data or observation y € R™ is assumed to be a random variable, then for each
fixed z € R", the value p,(y) represents the probability (density) of observing y
under the parameter x. Conversely, for fixed data y € R™, the value p,(y) is called
the likelihood of the parameter x € R", given the observation y. Therefore, with
a slight abuse of notation, the function p, is often called the likelihood function of
the parameter v € R".

It is generally more convenient to work with the logarithm of the likelihood
function, which is called the log-likelihood function, denoted as [: R"™ — R, with

I(x) = log p.(y),

for all x € R™. A wide range of machine learning problems related to statistical
estimation can be formulated as finding a parameter x that has the maximum like-
lihood (or log-likelihood) under the observed data y, which is called the mazimum
likelihood estimation (MLE) problem, given by

maximize [(z) = logp.(y), (4.20)

where, note that, the variable is x € R" and the data is y € R™.

The MLE problem (4.20) is a convex optimization problem (or specifically, a
concave maximization problem) if the log-likelihood function [ is concave in x, for
each fixed data y. It is sometimes conceptually useful to write the problem (4.20)
as an equivalent minimization problem by negating the objective, as

minimize —I(z) = —logp.(y),

where the objective —I: R™ — R is called the negative log-likelihood function.

Linear approximation

Suppose we are given a dataset (a;,y;), 4 = 1,...,m, generated from a linear mea-
surement model
yi = alx + v, (4.21)
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where € R" is an unknown parameter vector to be estimated, a; € R" are known
measurement vectors, y; € R are observed responses, and v; € R are the measure-
ment noise. Assuming that the noise v; are independent and identically distributed
(i.e., IID) for i = 1,...,m, drawn from some distribution with probability density
function p: R — R, then the likelihood of z given the observed response y € R™
for all samples is

so the log-likelihood function is
I(x) =logpa(y) = > _logp(yi — a] z).
i=1

With this function /, the MLE problem (4.20) becomes
maximize [(z) =Y ", logp(y; —alz) (4.22)

with variable z € R".

Gaussian noise

Suppose the noise v; in the linear measurement model (4.21) are IID and drawn
from a Gaussian distribution A/(0,0?) with mean zero and variance o2, where the
probability density function is given by

1 2
(u) = exp [ ———
P V2mo? 202 )’

T
for any u € R. Let A = [ ai o G } € R™*", the corresponding log-
likelihood function is then

I(x) =) logp(y; — a] z)
i=1

m

,—alx)’
Z (;log(QmTQ) — 7(% 202’ ) )

i=1

m 2 1 2
Y log(2mo”) — T‘_Q”A‘x —yll5-

Noticing that the first term —(m/2)log(27o?) is constant so can be removed from
the objective without influencing the solution, and then by scaling the objective
with 202, the problem (4.22) reduces to

maximize —|Ax — y\lg

with variable z € R"™, which is exactly the least squares approximation problem
(4.8) with linear f.

In other words, the least squares approximation problem can be interpreted
under a statistical framework as the MLE problem of a linear measurement model
(4.21) with IID Gaussian noise.
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Laplacian noise

If the noise v; follow a Laplace distribution with mean zero and scale parameter
b > 0, i.e., with probability density function

for any u € R, then the corresponding log-likelihood function is

I(x) =Y logp(y; — a] z)
i=1

m

> (— log(2b) — |y—baTI|>

i=1

1
= —mlog(2b) — 5”Ax =yl

where af ..., al are the rows of A € R™*". Similarly, by removing the constant

r'm

term and scaling the objective, the MLE problem (4.22) with this log-likelihood
function reduces to
maximize —||Az —yl,

with variable x € R", which is the ¢;-norm approximation problem (4.7) when the
function f is linear.
Uniform noise

When the noise v; are from a uniform distribution over the interval [—b,b] for some
b > 0, i.e., with probability density function

p(u) :{ 1/(2b), |ul <

0, otherwise,

for any v € R. By defining log0 = —oo, the corresponding log-likelihood function
is expressed as

% —mlog(2b), [[Az -yl <b
z) = 1 i —alr) = oo
(=) ; ogp(y: — a; ) { —00, otherwise,

where A € R™*" is defined as before. Hence, any x € R that satisfies the
constraint ||Az — y||,, < b maximizes this log-likelihood, and is hence a solution to
the MLE problem (4.22) with uniform noise.

MLE interpretation of penalty function approximation

In the most geneal case, by negating the objective, the MLE problem of some
linear measurement model given by (4.22) can be interpreted as a penalty function
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approximation problem in the form (4.12), with linear (or really, affine) residuals
r; = al'x — y; and penalty function

¢(u) = —logp(u),

for any u € R. (Assuming that the density p is symmetric, i.e., p(u) = p(—u) for
allu € R.)
Conversely, any linear penalty function approximation problem in the form

minimize 37", ¢(y; — al x)

with variable z € R"™ and penalty function ¢: R — R can be interpreted as the
MLE problem (4.22) with noise density

_ o)
[ exp(=6(2)) dz-

With this observation, we can interpret the solution characteristics of different
penalty function approximation problems from a statistical perspective, by exam-
ining the corresponding noise distributions. For example, if some penalty function
¢ penalizes large residuals heavily, then the corresponding noise distribution (4.23)
has very small tails, i.e., large noise values are very unlikely to occur. Therefore,
solution of the MLE problem (4.22) under this noise distribution tends to avoid
large residuals.

As a specific example, figure 4.10 shows the density functions of a Gaussian
distribution with mean zero and variance o? = 1, and a Laplace distribution with
mean zero and scale parameter b = 1/4/2 (so that both distributions have the same
variance). We have seen in the previous examples that the corresponding penalty
functions for these two distributions are the quadratic penalty and the absolute value
penalty, respectively. The Gaussian distribution has much smaller tails compared
to the Laplace distribution, indicating that large noise values are much less likely to
occur under the Gaussian distribution. On the other hand, the Laplace distribution
has shaper heads around zero, compared to the Gaussian distribution, indicating
that the noise values are more concentrated around zero. As a result, solution of
the MLE problem (4.22) under the Gaussian noise tends to avoid large residuals,
while solution under the Laplace noise tends to have many residuals equal or very
close to zero, which aligns well with our previous observations about the solution
characteristics of the two corresponding penalty functions in §4.1.3.

p(u) (4.23)

Probabilistic classification

Suppose we are given a dataset (a;,v;), ¢ = 1,...,m, where a; € R" are the ith
sample feature and y; € {0,1} are the corresponding binary class label, generated
according to the logistic model:

prob(y; = 1) = p;, prob(y; = 0) =1 —p;,
where p; € [0,1] is given by
exp(alz)

= 4.24
1 +exp(al'z) (4.24)

i
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Figure 4.10 Density function of a Gaussian distribution with mean zero and
variance o2 = 1, and a Laplace distribution with mean zero and scale pa-
rameter b = 1/+/2.

with some unknown parameter x € R" to be estimated. In practice, the feature
vector a; often has the form
d.
a; = ‘e R",
1

where @; € R"! is the actual feature vector, which is also called the explanatory
variable, and the last constant entry is added to include an intercept or bias term
in the model.

Logistic models are widely used to model the probability of binary events in
various applications, such as medical diagnosis, spam email detection, credit risk
assessment, etc. For example, in medical diagnosis, the feature vector may represent
a series of the medical test results of a patient, and the label indicates whether the
patient has a certain disease or not. In spam email detection, the feature vector
may represent various characteristics of an email, such as the presence of certain
keywords or the sender’s address, and the label indicates whether the email is spam
or not. Fitting a logistic model to some dataset aims to classify the samples into
two classes based on their features, in the sense of estimating the probability of each
class given the features.

The problem of estimating the parameter x with data (a;,y;), i = 1,...,m,
observed from a logistic model is called the logistic regression. To formulate it as
an MLE problem, we can assume without loss of generality that for this (or the
equivalently permuted) dataset, there exists some k € {1,...,m} such that

o i=10k
TN 0 imkt1,.m
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Then likelihood of z given the label y € R™ for all samples is expressed as
k m
y) = Hpi H (1 —pi),
i=1  i=k+1

where p; € [0,1] is given by the logistic model (4.24). The corresponding log-
likelihood function is

Zlogpﬂr Z log(1 — p;)

1=k+1
exp(a; x) 1
lo log| ———
Z . (1 +exp<a?a:>) ; > (1 +exp(al x>>
k m
= Z (af z — log(1 + exp(a] z))) — Z log(1 4 exp(al'z))
i=1 i=k+1

= (via] z —log(1 + exp(a] x))) .
=1

The MLE problem formulation for logistic regression is hence given by
maximize [(z)=Y"", (y;al z —log(1 + exp(a] z))) (4.25)

with variable € R™. The problem (4.25) is a convex optimization problem since
[ is concave in x (which is not obvious).

Remark 4.4 Converzity of logistic regression. To show the convexity of the logistic
regression problem (4.25), we need to show that the log-likelihood function

x) = Z (yiaiTac —log(1 + exp(aiTm)))

is concave in . We may use the following facts of convex functions from §2.3:

(a) The sum of any number of concave functions is concave.
(b) Affine (and hence, linear) functions are both convex and concave.

(¢) The log-sum-exp function

k
= log Z exp U;
i=1

is convex in u € RF.

(d) The composition of a convex function with an affine function is convex.

According to (a), we only need to show that each term in the summation is concave.
The first term y;al ¢ is linear in z, hence concave by (b). The second term log(1 +
exp(al x)) can be expressed as

log(1 + exp(a; x)) = log (exp(0) + exp(a; 7)) ,
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Figure 4.11 Logistic regression. Plot of the dataset (as:,y:), ¢ = 1,...,80,
with a; = (¢i,1), shown as circles. The solid curve shows the probability
prob(y = 1) for different values of the explanatory variable ¢, according to
the logistic model with parameter estimated from the dataset.

which can be seen as the composition of the log-sum-exp function and the affine
function x ~ (0,al ). Hence, by (c) and (d), this term is convex in z. Since the
negative of a convex function is concave, we conclude that each term in the summation
is concave, and hence [ is concave in x.

Example 4.6 Logistic regression. Consider a dataset of m = 80 points (as,y:), ¢ =
1,...,m, where a; = (t;;1) € R? and y; € {0,1} are generated from a logistic
model with some unknown parameter z € R2. Figure 4.11 plots this dataset on
a 2-dimensional plane, where each sample is shown as a circle. Intuitively, we can see
that it is more likely for a sample to have label y = 1 when its explanatory variable
t > 5, and vice versa. Besides, when ¢ < 0 or ¢ > 10, it is very likely that the
corresponding samples are labeled as 0 or 1, respectively.

For some explanatory variable value ¢, the solid curve in figure 4.11 shows the proba-
bility
*t *
Drob(y — 1) — St £ 33)
1+ exp(ait + x3)

where z* € R? is the solution of the logistic regression problem (4.25) with this
dataset. This curve represents the estimated probability of a sample being labeled
as 1 under the logistic model with parameter x*, which aligns well with our previous
observations about the dataset.

The idea of logistic regression can be generalized to the multiclass case, where

the label may take values in {1,..., K} with K > 2; see exercise 4.4.
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4.2.3 Counting problems

Consider a dataset (a;,y;), ¢ = 1,...,m, where a; € R™ are the ith sample fea-
ture and y; € Z are the corresponding nonnegative integer valued count labels,
generated according to the Poisson model:

Af exp(=\)

prob(y, = k) = ~-"0

for all k € Z,, where the mean value A; > 0 is modeled as
log\; = alx

with some unknown parameter x € R™ to be estimated.

Poisson models are widely used to model count data in various applications,
such as the number of customer arrivals at a store, the number of emails received
in an hour, the number of accidents occurring at a traffic intersection, etc. Fitting
a Poisson model to some dataset aims to estimate the relationship between the
features and the mean count values.

The problem of estimating the parameter x with data (a;,y:), i = 1,...,m,
observed from a Poisson model is called the Poisson regression. To formulate it as
an MLE problem, notice that the likelihood of model parameter = given the label
y € R™ for all samples is expressed as

S
Miexp(=\;
pely) = ] 02,
i=1 Yi:
where \; = exp(alz) according to the Poisson model. The corresponding log-

likelihood function is then expressed as

[(z)

> (yilog \i — Ai — log(u:!))
i=1

3

(Z/iainF - eXp(asz) - 10g(yi!)) .

=1

Since the last term log(y;!) is constant for all ¢ = 1,...,m, it can be removed from
the objective without influencing the solution, so the MLE problem formulation for
Poisson regression is given by

maximize [(z) =Y 7", (yia] z — exp(al z)) (4.26)

with variable z € R". Similar to logistic regression, the Poisson regression problem
(4.26) is also a convex optimization problem.

Figure 4.12 shows an example of Poisson regression. The dataset (a;,y;), i =
1,...,m, has m = 500 samples, where a; = (t;,1) € R? and y; € Z_ are generated
from a Poisson model with some unknown parameter z € R2.
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Figure 4.12 Poisson regression. Plot of the dataset (as;,v:), ¢ = 1,...,500,
with a; = (¢;,1), shown as circles. The solid curve shows the mean count
value A = exp(xit + x3) for different values of the explanatory variable ¢,
according to the Poisson model with parameter z* € R? estimated from the
dataset.

Gaussian covariance estimation

Consider a random vector y € R™ from a multivariate Gaussian distribution with
mean zero and covariance matrix X = Eyy”, and X € S’ is positive definite.
Suppose we are given a dataset y; € R", ¢ = 1,...,m, which are m independent
samples drawn from this distribution, and our goal is to estimate the covariance
matrix X from this dataset.

Recall that the probability density function of a multivariate Gaussian distribu-
tion with mean zero and covariance matrix X is given by

n _ 1 _
px (u) = (27) /Q(detX) 12 exp (—2UTX 1u)

for any u € R", so the log-likelihood of X given the dataset y; € R", i =1,...,m,
is expressed as

I(X) = Z og px (i)

Z (—log 2m) — §logdetX - §y I'x- y,)

= ——10g(27r) - flogdetX - *ZyZTX Yi
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:—10g(27r)—logdetX—tI‘< 12%%) )

where the last equality follows from the property that

ZyTX yi = Ztr(yiTXflyi) =tr (i leiyl-T) =tr <X1 iyw?) .
i=1 i=1

i=1

We now change the variable from X to its inverse S = X!, which is also positive
definite since we have assumed that X € S” . Let

1 m
== vyl
m-
i=1

be the sample covariance matrix of the dataset (and hence Y € S is positive
semidefinite), then we have

I(S) = —% log(27) + % logdet S — %tr(SY).
By removing the constant term and scaling the objective, the MLE problem for
estimating the covariance matrix X from the dataset y; € R", i = 1,...,m, is
given by

maximize logdet S — tr(SY)

) (4.27)
subject to S >0

with variable S. (The constraint S > 0 is actually implicitly included in the domain
of the log-determinant function logdet: S’ , — R; we write it explicitly here for
clarity.) This problem is a convex optimization problem since the log-determinant
function is concave on S’ | and tr(SY) is linear in S for fixed Y.

The Gaussian covariance estimation problem (4.27) can be solved analytically.
The gradient of the objective function is given by

V(logdet S —tr(SY)) =S~ —
If Y € S, then setting the gradient to zero gives the unique optimal point
S* _ Y—l

so the estimated covariance matrix is
1 m
X*=(5%)"" =— Z al

which is simply the sample covariance matrix of the dataset (and aligns well with
our intuition). If Y € S but is not positive definite, then the problem (4.27) is
unbounded above; see exercise 4.5.
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4.3

Nonparametric distribution estimation

We consider the problem of estimating a distribution for some discrete random
variable Z € {1,...,n} with n possible outcomes. Suppose z € R" with z; =
prob(Z = i) for all ¢ = 1,...,n is the probability distribution of Z, then it is
obvious that z must satisfy the constraints

ixizl and x; >0

i=1
foralli=1,...,n, i.e., z lies in the probability simplex
{reR" x>0, 172 =1}.

Conversely, any point in the probability simplex in R" defines a valid (and unique)
probability distribution for the discrete random variable Z € {1,...,n}. Therefore,
the nonparametric distribution estimation problem for a discrete random variable
with n possible outcomes can be expressed as

mln.lmlze f(x) . (4.28)

subject to x>0, 1'z=1,
where the variable z € R" is the probability distribution to be estimated, and
f: R™ — R is some objective function that quantifies the goodness of the estimated
distribution. Since the inequality and equality constraints are both affine, this is a
convex optimization problem if f is convex.

We now introduce several examples of the basic nonparametric distribution es-
timation problem (4.28) with different choices of the objective function f. Some of
these examples may look trivial and not so useful, but we will see later that they
appear as important building blocks to represent more complex models.

Maximum entropy estimation

The mazimum entropy distribution of the random variable Z € {1,...,n} (under
no prior information) is defined as the solution of the problem

minimize Y., z;log;

] 7 (4.29)

subject to x>0, 1'x=1

with variable z € R". Since the negative entropy function Y ., x;logz; is convex

in x, this is a convex optimization problem. The unique optimal point of this
problem is given by z* € R" with

1
for all ¢ = 1,...,n, which is the uniform distribution over the n possible outcomes

(see exercise 4.6).
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The maximum entropy estimation problem (4.29) is more interesting when there
are some prior information about x presented as additional constraints, in which case
the maximum entropy distribution z* corresponds to the most equivocal or most
random distribution, among those consistent with the prior information. When
there is no prior information, as in (4.29), the uniform distribution is indeed the
most random one.

Minimum KL-divergence estimation

Suppose we are given some prior distribution ¢ € R" for the random variable
Z € {1,...,n}, where ¢; = prob(Z = i) for all i = 1,...,n. We may want to
estimate a distribution z € R"™ that is as close as possible to this prior distribution
q, which corresponds to minimizing the KL-divergence between x and g, i.e.,

minimize Dy (z,q) = Y i, xilog(z;/q;)

4.30
subject to x = 0, 17z =1 ( )

with variable z € R™ (¢f. (2.16) on page 43). By Gibbs’ inequality (see exercise 2.9),
it is easily seen that the solution of the problem (4.30) is given by * = q. When the
prior distribution is uniform, é.e., ¢; = 1/n for all i = 1,...,n, the KL-divergence
Dy (z, q) reduces to the negative entropy function plus a constant, so the problem
(4.30) reduces to the maximum entropy estimation problem (4.29). Indeed, in this
case, the minimum KL-divergence solution is the uniform distribution.

Maximum likelihood estimation

Suppose we are given a dataset z; € {1,...,n}, ¢ = 1,...,m, which are m inde-
pendent samples drawn from some unknown distribution of the discrete random
variable Z. The log-likelihood of a distribution z € R™ given this dataset has the

form . .
l(z) = longZi = Zlogzzm
i=1 i=1

where z,, is the probability of outcome z; under distribution x. The convexity of
this log-likelihood [ can be seen from the fact that it is a sum of logarithm functions
precomposed with affine functions of x, which is hence concave. The corresponding
estimation problem is given by

minimize —I(z) = —>_ 1", logz,,

4.31
subject to x>0, 1Tz=1 ( )

with variable z € R".

The problem (4.31) has an analytical solution. Let ¢ € R™ be the count vector of
the dataset, where for each i = 1,...,n, the ith entry ¢; is the number of occurrences
of outcome ¢ in the dataset, so that ¢; + -+ - 4+ ¢, = m. Then the objective of (4.31)
can be equivalently replaced by

1 n n
—l(z) =—— E cilogz; = — E p; log 2,
m
i=1 i=1
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where p = ¢/m € R". Then, by Gibbs’ inequality, the unique optimal point of
(4.31) is given by
N c
rr=p=—,
m

which is simply the empirical distribution of Z according to the dataset.

Bounding problems

We can compute upper or lower bounds on some probability values of interest, or
the expected value of some function of the discrete random variable Z, by solving
nonparametric distribution estimation problems with appropriate objective func-
tions. For example, to compute an lower bound on the probability prob(Z € S)
for some subset S C {1,...,n}, we can solve the problem

minimize ), g ¥
subject to x>0, 1Tz =1

with variable x € R™. As another example, to compute an lower bound on the sum
of k largest probabilities of Z, we can solve the problem

minimize Zle [
subject to x>0, 1Tz =1

with variable x € R", where xp;; > 23y > --- > 1z}, are the entries of z sorted
in nonincreasing order. These problems are both convex since their objectives are
linear and piecewise linear functions of x, respectively; (see example 2.16). Finally,
suppose the random variable Z takes values in {cy,...,c,} for some given numbers
¢; € R. To compute a lower bound on the expected value of some function g: R —
R of Z, we can solve the problem

minimize >, g(¢;)z;
subject to z =0, 17z =1

with variable z € R". Here we take Z to be scalar valued, but the formulation can
be readily generalized to vector valued random variables.

Mixture models

One important application of nonparametric distribution estimation is to fit mizture
models or hierarchical models. Here we introduce a basic example about fitting a
mixture of linear models to some dataset.

Suppose we have a dataset (a;,y;), i = 1,...,m, where a; € R" are the ith
sample feature and y; € R are the corresponding observed response values. We
want to fit a mixture of K linear regression models to this dataset, where each
linear model has its own parameter x, € R" for k =1,..., K. Let z; € {z € RK |
2+0,172 = 1} be the probability distribution over the K linear models for the ith
sample (to be estimated), where the kth entry of z; corresponds to the probability
of the ith sample being generated from the kth linear model. These probability
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distributions z1, ..., z,, are called the hidden or latent factors under the context of
mixture models, since they are not directly observed from the dataset but need to
be estimated together with the model parameters. Let r; € R be the residual
vector for the ¢th sample, where the kth entry of r; is given by

T
Tik = Q5 Tk — Yis

which is the residual of the ith sample under the kth linear model. Then the inverse
problem of this mixture of linear models consists in minimizing the total expected
residual over all samples, i.e.,
minimize > .-, zl'r;
subject to i = alxy —y;, 2z =0, 172, =1
i=1,....m, k=1,....K,

. K
where the variables are z1,...,2x € R"™ and z1,...,2, € R" (and r,...,1 €
R™ is auxiliary). This problem is a biconvex optimization problem, since it is
convex in x1,...,Tx when zi,..., 2, are fixed, and vice versa.

We will see more details about mixture models and latent factor estimation
problems in chapter 8.

Discrimination
Suppose we are given a dataset consisting of two groups of points {x1,..., 2z}
and {y1,...,yn} in R". A discrimination problem aims at finding a function

f: R™ — R such that
f(z;)) >0foralli=1,.... M

and
fly;)<Oforalli=1,...,N,

or in other words, the 0-level set {z | f(x) = 0} of the function f separates or
classifies the two groups of points. Any function f that satisfies these conditions is
called a discrimination function or discriminator for the two groups of points.

If we restrict f to be an affine function of the form

fx)=a"z -0

for some a € R™ and b € R, then the discrimination problem reduces to finding a
hyperplane {z | a’x — b = 0} that separates the two groups of points, and is hence
called a linear discrimination problem. This can be formulated as the feasibility
problem
find (a,b)
subject to a’z; —b>0, i=1,...,M (4.32)
aly; —b<0, i=1,...,N,

with variables a € R"™ and b € R. Noticing that the strict inequality constraints
are homogeneous in (a,b), i.e., if some (a, b) satisfies the constraints, then so does
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(1)

Figure 4.13 Linear discrimination. Two groups of points in R? shown in
open and filled circles, and the 0-level set of a linear discrimination function
(shown in solid line) separating them.

t(a,b) for any t > 0, the linear discrimination problem (4.32) can be equivalently

written as
find (a,b)
subject to a’Tx; —b>1, i=1,...,M
aly; —b< -1, i=1,...,N
(see exercise 4.7), which is a linear feasibility problem. Figure 4.13 shows a sim-
ple example of two groups of points in R? and a linear discrimination function

separating them.
If the function f is quadratic, i.e., has the form

fz)=aTPzx+q¢Tx+r

for some P € S", g € R", and r € R, then the discrimination problem is called
a quadratic discrimination. The corresponding feasibility problem formulation is
given by

find (P,q,r)

subject to ! Pz; +q'z;+r >0, i=1,....M (4.33)

yI' Py +qTyi+7r<0, i=1,...,N,

which is also a linear feasibility problem (in the variables P € S™, ¢ € R", and
r € R). Similar to the linear discrimination problem, the strict inequalities in
(4.33) is also homogeneous in (P, q,r), so the problem is equal to

find (P,q,7)
subject to I Pz; +qfz;+r>1, i=1,....M
y Py +qTyi+r< -1, i=1,...,N.
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Figure 4.14 Quadratic discrimination. Two groups of points in R? shown
in open and filled circles, and the 0-level set of a quadratic discrimination
function (shown in solid ellipsoid) separating them.

For a feasible point (P,q,r) to the problem (4.33), the separating surface {z |
2T Pz + qTx +r = 0} is a quadratic surface. In particular, if P = 0, then this
quadratic surface is an ellipsoid; an example is shown in figure 4.14. Therefore,
solving the quadratic discrimination problem (4.33) aims at finding a quadratic
surface, possibly an ellipsoid, that separates the two groups of points.
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Bibliographical notes

The relationship between the log-barrier penalty function (4.16) and the quadratic penalty
can be quantified. Specifically, for some residual r € R™ with ||r|| _ < ¢, the total penalty
> #(ri) is bounded below by |Ir||l3 and bounded above by (o(||7[|)/ll7I12)]7]13; see

, exercise 6.1]. Some applications of this penalty function in robust control (under
the name central Hoo-norm) can be found in [ ]

The original idea of quantile penalty function and quantile regression dates back to the
1760s from Boscovich | ]. The book by Koenker | | provides a systematic review
and discussion on this topic.

The Huber penalty function (4.18) and the idea of robust regression was originally intro-

duced by Huber [ , ] in the statistics literature around 1960s, who has also
analyzed the robustness properties of approximation problems with different penalty func-
tions; see | |. Lambert-Lacroix and Zwald | ] provides some useful material on

the reverse Huber penalty function and its applications.

There exist various smoothed versions of the truncated quadratic penalty function given
by (4.19), such as Welsch/Leclerc penalty | , |, Geman-McClure penalty | 1,
Cauchy/Lorentzian penalty | ], etc. These and many other similar penalty functions
can be represented in a unified form; see [ ].

Maximum likelihood estimation is a fundamental statistical estimation method that dates
back to the early 20th century from the works of Fisher [ , ]. More recent
material on this method can be found in many textbooks on statistics, machine learning,
and pattern recognition, such as | I, [ I, | I, [ I, | 1, | 1,

[ ], and [ ]

Some discussion on logistic regression can be found in | , §4.4]. Poisson regression
is discussed in | ] and | ]. For more details about the Gaussian covariance
estimation problem (4.27), see [ ] and [ , page 355].

The concept of entropy in information theory and communication was initially introduced
by Shannon | ]. The principle of maximum entropy for estimating probability dis-
tributions was proposed by Jaynes | ]. More recent discussions on this topic can be
found in many textbooks on information theory, e.g., | ] and | ], as well as those
on statistics and machine learning listed above.

Mixture models and the problem of mixture decomposition can be traced back to the
1840s [ ], while Pearson [ ], which addresses the problem of decomposing and
identifying a mixture of Gaussian distributions, is commonly considered as the first work
in fitting mixture models and latent factor estimation. See also the bibliographical notes
of chapter 8 for more references on these topics.

In the most general case, the discrimination problems discussed in §4.4 involve determining
whether a system of linear inequalities and equalities is feasible. Some theoretical results
are discussed under the name of theorems of the alternative; see | , §5.8]. A famous
example of theorems of the alternative is the Farkas’ lemma | ], which is the best
known theorem of alternatives for systems of linear inequalities and equalities. Farkas’
lemma can be varied to many further theorems of the alternative by simple modifications;
see, e.g., | , chapter 2], [ ,§24], | ], and | ]. See also the bibliographical
notes of chapter 7 for more references on the practical aspects of linear discrimination.
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Exercises

Approximation

Huber penalty as infimal convolution. Show that the Huber penalty function ¢: R — R
defined in (4.18) can be expressed as the infimal convolution (see exercise 2.15) of the
quadratic penalty and the (scaled) absolute value penalty, i.e.,

o(u) = (s> + 2M|u — s|)

inf
s€ER
for all u € R, where M > 0 is the parameter of the Huber penalty function.

Representative singleton of a set of points. We consider a special approximation problem
given by

minimize Y " ||z — w2, (4.34)
where the variable is p € R", and the problem data are z1,...,x» € R™. This problem
aims at finding a single point p that best represents the dataset {z1,...,Zm}, in the sense

that the sum of squared Euclidean distances from the points to the representative point
4 is minimized. Express the optimal point p* of this problem in terms of the dataset
T1,...,%Tm. What does this optimal point mean geometrically? What is the corresponding
optimal value?

Weighted representative singleton of a set of points. Consider the weighted version of the
problem (4.34):

minimize Y " wil|z; — w3,
where w € R are given weights. Express the optimal point p* of this problem in terms
of the dataset x1,..., 2, and the weights w1, ..., wn. How should a data point z; with
weight w; = 0 be interpreted in this problem?

Maximum likelihood estimation

Multiclass logistic regression. The multiclass logistic model with the number of classes K
has the following form: Let A € R¥*" be the feature matrix for one sample, where each
row of A corresponds to the feature values contributing to one of the K classes. The class
label is denoted as y € {e1,...,ex} € R¥, which is one-hot (or standard basis vector)
encoded, where e;, € R¥ has 1 in the kth entry and 0 elsewhere. The probability of the
class label y taking value ey for all k = 1,..., K with feature A is given by

exp 2k

prob(y =e) = =, z = Ax,
S, e
where z € R™ is the model parameter.
(a) Suppose we are given a dataset (Ai,yi), i = 1,...,m, generated from a multiclass

logistic model with some unknown parameter x € R™. Formulate the MLE problem
for estimating the parameter = with this dataset.

(b) Show that the multiclass logistic regression problem formulated in (a) is convex.
Hint. Use the facts listed in remark 4.4.

Suppose we are given a dataset yi,...,ym € R" observed from a multivariate Gaussian

distribution. Consider the Gaussian covariance estimation problem

maximize logdetS — tr(SY)
subject to S >0
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4.6

4.7

with variable S, and the problem data Y € ST given by Y = 1/m Z:il yiy? is the sample
covariance matrix of the dataset. Show that this problem is unbounded above if Y is not
positive definite.

Hint.

o IfY € S% is not positive definite, then there exists some nonzero vector v € R™ such
that uTYu = 0.

o Matriz determinant lemma. For all u,v € R"™,

det(I +uv™) =1+ v"w.

Nonparametric distribution estimation

Mazimum entropy distribution. Show that the optimal value of the maximum entropy
estimation problem
minimize Z:;l x; log x;
subject to x = 0, 17z =1
with variable x € R" is —logn and is achieved at 2* = (1/n)1.
Hint. Use Gibbs’ inequality (see exercise 2.9).

Discrimination

Alternative formulation of strict linear discrimination. Suppose we are given two groups
of points {x1,...,zm} and {y1,...,y~} in R™. Show that the linear discrimination con-
ditions

a'zi—b>0, i=1,...,M, and a"y;—b<0, i=1,...,N,

in the variables a € R™ and b € R is feasible if and only if the weak inequalities
atz;i—b>1, i=1,...,M, and a y;—b<-1, i=1,...,N,

in a and b is feasible.
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Chapter 5

Regularization functions

Multiobjective optimization

Problems with vector-valued objective

So far we have always assumed that the objective function in an optimization prob-
lem is scalar-valued. We now extend our discussion to problems with vector-valued
objective, i.e., multiobjective (or multicriterion) optimization problems, defined as

subject to  f;(x) i=1,...,m (5.1)

minimize  fo(z) = (Fi(z),..., Fx(z))
<0,
hi(x) =0, i=1,...,p,

where € R" is the optimization variable, and fo: R" — R” is the vector-valued
objective function, with F;: R" — R being the ith component function of fo,
for i = 1,...,k. The (scalar-valued) functions f;: R" — R, i = 1,...,m, and
hi: R® — R, ¢ = 1,...,p, are the inequality and equality constraint functions,
respectively. The problem (5.1) is sometimes called a vector optimization problem,
to distinguish it from the case when fj is scalar-valued (which is called a scalar
optimization problem, in contrast).

We can interpret the components F;: R™ — R, i = 1,...,k, of the vector-
valued objective fy as the k different scalar objectives that we want to minimize
simultaneously over the variable x, and we refer to F; as the ith objective of the
problem (5.1).

We can extend the definition of convex optimization problems to vector opti-
mization as well. The problem (5.1) is called a convexr multiobjective optimization
problem, if for all z,y € dom fy and 6 € [0, 1], we have

fo(0z + (1 = 0)y) = 0fo(x) + (1 -0)fo(y), (5.2)
and the inequality constraint functions f; are convex for all ¢ = 1,...,m, and the
equality constraint functions h; are affine for all = 1,...,p. In other words, the
condition (5.2) requires that for all i = 1,..., k, we have

Fi(0x + (1= 0)y) < 0F;(x) + (1 - 0)Fi(y),
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i.e., the ith component F; of the objective function fj is convex.

Interpretation

For scalar optimization problems with objective fo: R" — R, the meaning of ‘min-
imize fo(x) over the variable z’ is clear: Suppose we have two feasible points
and y, then when we compare their corresponding objective values fo(z) and fo(y),
there could only be three possible relations, fo(z) < fo(y), fo(z) > fo(y), or both, if
they are equal. When the first case happens, we can say that the point z is ‘better
than or equal to’ the point y with respect to the objective fj, so the goal of scalar
optimization can be interpreted as finding a point x such that fo(x) < fo(y) for all
feasible points y.

However, for vector optimization problems with objective fo: R" — Rk7 we
need to carefully interpret what the objective of (5.1) means. Again consider two
feasible points x and y, their corresponding objective values fo(x) and fo(y) are
now vectors in R*, which can have the following possible relations when we are
trying to compare them:

o folz) X foly), i.e., all components of the vector fo(x) are smaller than or
equal to those of fy(y);

o fo(z) = fo(y), i.e., all components of fo(x) are larger than or equal to those

of fo(y);
o fo(z) = fo(y), where all components of the two vectors are equal;

o neither fo(z) X fo(y) nor fo(x) = fo(y) holds, which means that some com-
ponents of fy(x) are smaller than those of fy(y), while others are larger, i.e.,
they are incomparable.

In the first three cases, for instance, when fo(z) =< fo(y), we can still say that the
point z is better than or equal to the point y with respect to the (vector-valued)
objective fo, in the sense that x is no worse than y in each ith (scalar) objective F; for
i=1,...,k. In particular, if F;(z) < Fi(y) for all i = 1,...,k, and F;(z) < F;(y)
for at least one j, then we can say that x is unambiguously better than y with
respect to the objective fj.

When the two objective values fo(z) and fo(y) are incomparable, on the other
hand, we cannot say which point is better, since x could be better than y in some
objectives, but worse in others. This, of course, can never happen when the objective
fo is scalar-valued. As a result, we have to redefine, or extend, the meaning of the
keyword ‘minimize’, when the objective is a vector-valued function, as well as the
meaning of optimal values and points for multiobjective optimization problems.

Optimal and Pareto optimal

Optimal values and points

We first consider a special case, in which the meaning of the multiobjective opti-
mization problem (5.1) is clear. If there exists a point z* such that

fo(z®) = fo(x) (5.3)
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for all feasible points x, then we call fo(z*) an optimal value, and refer to z* as an
optimal point. This requires that, firstly, the objective value fo(z*) € R* must be
comparable to all other objective values fo(z) for all feasible points z, and secondly,
it must be no larger than any of them in all components, i.e.,

Fz($*> SFZ(QT), 7,:1,,]{?7

for all feasible x. In other words, an optimal point x* must be simultaneously
optimal for each of the scalar optimization problems

minimize  Fj(x)

forj=1,...,k.

We can provide optimal values and points of multiobjective optimization prob-
lems the following geometric interpretation. Consider the set of objective values
achieved by all feasible points of the problem (5.1):

z e dom f; N(,_, dom h;
O =< folx) eR¥| fi(x)<0, i=1,....m 7
hi(x)=0, i=1,...,p

which is called the set of achievable objective values. A point z* is optimal if and
only if it is feasible and
O C fo(z*) + RE.

The set on the right-hand side can be interpreted as the set of all objective values
that are no smaller than (i.e., worse than, or equal to) fo(z*) in all components
(but is not necessarily achievable), so according to the condition (5.3), to make x*
optimal, the set O of achievable objective values must be contained in this set.

This geometric interpretation is illustrated in figure 5.1. The set O of achiev-
able objective values for some multiobjective optimization problem in R? is shown
darker. In the figure, the point labeled fo(«*) is the optimal value of the problem,
and z* is an optimal point, since the objective value fo(2*) can be compared to
every other achievable value fo(z), and is better than or equal to (which means, in
the figure, ‘is below and to the left of”) all possible fo(z).

Most multiobjective optimization problems do not have an optimal value and
an optimal point, but this does occur in some special cases. When a multiobjective
optimization problem have an optimal value, then it is unique. In this case, an
optimal point is, roughly speaking, unambiguously a best choice among all feasible
« for the problem (5.1).

Pareto optimal values and points

We now consider the case where the problem (5.1) does not have an optimal point
or optimal value, which occurs in most multiobjective optimization problems of



146

5 Regularization functions

fo(z*)

Figure 5.1 The darker region shows the set O of achievable objective values
for a multiobjective optimization problem in R?. The point fo(z*) (shown
circle) is the optimal value of the problem, and the lightly shaded region
shows the set fo(z*) + R3.

interest. We say that a feasible point 2P° € R"™ is Pareto optimal, or efficient, if
for any feasible z € R™, the relation

fo(z) = fo(2P) (5.4)

implies that fo(z) = fo(zP°), i.e., any feasible point = that is better than or equal
to P° in all objectives has exactly the same objective value as xP°. The condition
(5.4) can be reexpressed as the following: If z is feasible and satisfies

FZ(J?) SFi(l‘pO), izl,...,k,

then F;(z) = F;(«P°) for all i = 1,..., k. In other words, a feasible point is Pareto
optimal if and only if there is no other feasible point that can improve all the ob-
jectives simultaneously. We refer to the objective value fo(zP°) of a Pareto optimal
point zP° as a Pareto optimal value for the multiobjective problem (5.1).

We can also provide Pareto optimal values and points a geometric interpretation.
A point zP° is Pareto optimal if and only if it is feasible and

O N (fo(a**) = RY) = {fo(aP°)}.

The set fo(zP°)— Ri can be interpreted as the set of all objective values that are no
larger than (i.e., better than or equal to) fy(zP°) in all components, so the condition
(5.4) requires that the set O of achievable objective values can only intersect this set
at the single point fo(zP°) itself. It is readily seen that a multiobjective optimization
problem may have many Pareto optimal values and points, which form the so-called
Pareto front of the problem.

These interpretations are illustrated in figure 5.2. The darker region draws the
set O of achievable objective values for some multiobjective optimization problem
in R%. Tt is easily seen that this problem does not have an optimal value, since
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fo(@P?)

Figure 5.2 Example of the set O of achievable objective values in R? (shown
darker). The point fo(zP°) (shown dot) is a Pareto optimal value of the
problem, and the lightly shaded region shows the set fo(z"°) — R3. The
thick curve on the boundary of O is the Pareto front. Note that the end
point on the left (shown dot) is included in the Pareto front, while the one
on the right (shown circle) is not.

there is no point in O that can be compared to all other points in O and is better
than or equal to all of them. However, this problem has many Pareto optimal values
and points, which form the Pareto front shown as the thick curve on the lower left
boundary of O. As one example, the point labeled fy(2P°) is a Pareto optimal
value of the problem, and xP° is a Pareto optimal point, since the only achievable
objective value that is better than or equal to fo(zP°) is fo(aP?) itself.

Scalarization

Scalarization is a standard technique for finding Pareto optimal points of multiob-
jective optimization problems. Let A € R* and X > 0, and consider the following
scalar optimization problem:

minimize AT fo(z) = Zle NiFi(z)
subject to  fi(x) <0, i=1,...,m (5.5)
hi(x)=0, i=1,...,p

with variable z € R", where the functions f;, i = 0,...,m, and h;, 1 = 1,...,p,
are the same as those in the original multiobjective optimization problem (5.1).
Note that the problem (5.5) is not necessarily convex, but this does not affect the
discussions below.

For each fixed A > 0, if z is an optimal point of the problem (5.5), then z is
a Pareto optimal point of the original multiobjective optimization problem (5.1).
(Although in practice, solving the general scalarized problem (5.5) could be very
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fo(zP°)

Figure 5.3 An example of the set O of achievable objective values in R?
(shown darker). The thick curve on the lower left boundary of O is the
Pareto front, and the two points at the ends of the Pareto front (shown
circle) are Pareto optimal values that cannot be obtained from scalarization
with A > 0.

difficult.) To show this, suppose « is optimal for (5.5), but is not Pareto optimal
for (5.1). Then there exists some feasible point y of (5.1) such that

fo(y) = fo(z) and  fo(y) # fo(z).

This implies that fo(z) — fo(y) = 0 and is nonzero, so we have

N (fo(x) = foly)) >0,

i.e., NI fo(y) < AT fo(x), which contradicts the assumption that x is optimal for
(5.5).

The vector A is a (hyper)parameter of the scalar optimization problem (5.5),
and is some times called the weight vector. By varying the weight vector A > 0 and
solving the scalarized problem, we can obtain (possibly) different Pareto optimal
points of the original multiobjective problem (5.1). Note that, however, not all
Pareto optimal points of (5.1) can be obtained by solving (5.5) for some A > 0.
Figure 5.3 shows an example of this situation, where the Pareto optimal point at the
two ends of the Pareto front (shown thicker) cannot be obtained from scalarization
with A > 0.

This method of scalarization can be interpreted geometrically as follows. Notice
that for each fixed A > 0, a point z € R" is optimal for the problem (5.5) if and
only if it is feasible and AT fo(z) < AT fo(y) for all feasible y € R", i.e.,

Mz = fola)) >0

for all z € O. This implies that the hyperplane {z € R* | ATz = AT fo(x)} supports
the set O at the point fo(z), with normal vector A € R{“H pointing inward to the
set O. From this interpretation we can also see that if fo(x) is a Pareto optimal
value of the problem (5.1), but there exists no supporting hyperplane of @ at the
point fo(z) with positive inward normal vector, then there is no A > 0 such that the
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Figure 5.4 The shaded region shows an example of the set O of achievable
objective values in R2. The thick curve on the lower boundary of @ is the
Pareto front. The dashed lines are the supporting hyperplanes of O obtained
by solving the scalarized problem (5.5) with weight vectors A1 and A2, re-
spectively, which intersect with O at the Pareto optimal values fo(x1) and
fo(z2). The point fo(x3) is a Pareto optimal value but cannot be obtained
from scalarization.

corresponding Pareto optimal point x is optimal to the scalarized problem (5.5),
i.e., this Pareto optimal point cannot be obtained from scalarization.

The discussions presented above is illustrated in figure 5.4. The shaded region
shows the set O of achievable objective values for some multiobjective optimization
problem in R%. By taking the weight vector as A; and Ao and solving the scalarized
problem (5.5), we obtain the two supporing hyperplanes (shown dashed) of the set
O. The points fo(x1) and fo(ze) where these hyperplanes touch the set O are
Pareto optimal values of the original multiobjective optimization problem, and x1,
x9 are the corresponding Pareto optimal points. The Pareto optimal value fo(x3)
(and the corresponding Pareto optimal point x3) cannot be obtained by solving the
scalarized problem (5.5) for any A > 0, since there is no supporting hyperplane of
O at the point fo(z3).

Scalarization of convex problems

If the multiobjective optimization problem (5.1) is convex, then the scalarized prob-
lem (5.5) is also a convex optimization problem for each fixed A > 0, since the
objective function AT fo(z) = Zle A:F;(x) is a nonnegative weighted sum of the
convex functions Fi,..., Fi. Then it follows immediately that we can now easily
find Pareto optimal points of the convex multiobjective problem (5.1) by solving
the convex program (5.5) with different weight vectors A > 0.

In this case, actually, we have the following stronger result that serves as a
partial converse to the earlier statement: If x € R"™ is a Pareto optimal point of
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X1 Z2

Figure 5.5 An example of the set O of achievable objective values in R?
(shown shaded). Points on the bottom boundary of the set O through z2 are
all solutions of the scalarized problem with A = (0, 1), but only z; is Pareto
optimal.

the convex multiobjective problem (5.1), then there exists some nonzero A = 0 such
that x is an optimal point of the corresponding scalarized problem (5.5). In other
words, for convex multiobjective optimization problems, all Pareto optimal points
can be obtained by solving the scalarized problem (5.5) with some weight vector
A > 0 that is nonzero.

Remark 5.1 We need to be careful about the conditions on the weight vector A here.
The converse of the statement above is not true, i.e., not every solution of the scalar-
ized problem (5.5) with some A »= 0 (X # 0) is necessarily a Pareto optimal point of
the original multiobjective problem (5.1). Figure 5.5 shows a counterexample in R?,
where all points on the bottom boundary of the set O (shown shaded) through the
point z2 are solution of the scalarized problem with weight vector A = (0, 1), but only
the leftmost point 1 is Pareto optimal (which is, in this case, also the optimal point).

On the other hand, it is true that every solution of the scalarized problem with some
A > 0 is Pareto optimal, but not all Pareto optimal points of the convex multiobjective
problem (5.1) can be obtained by solving the scalarized problem with some A > 0 (even
if the original problem is convex). Examples of this situation are already shown in
figure 5.3.

These properties can sometimes be helpful (both conceptually and practically)
in finding the set of all Pareto optimal points of convex multiobjective optimization
problems. First of all, by solving the scalarized problem (5.5) with different weight
vectors A > 0, we can obtain a set of Pareto optimal points. Then, we can check
whether there are any other Pareto optimal points that could be obtained from
scalarization with A = 0 (X # 0). Specifically, for each nonzero A = 0, we first solve
the scalarized problem (5.5) to obtain an optimal point z, and then check whether
z is actually Pareto optimal for the original multiobjective problem (5.1). Note
that, in many cases, such Pareto optimal points turn out to be the limits of Pareto
optimal points obtained from scalarization with A > 0. Some simple examples of
these ‘extreme’ Pareto optimal points can be found in figure 5.3, where they appear
as the two endpoints of the Pareto front.
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Trade-off analysis

Now we give more interpretations and discussions about comparing, or the trade-off,
between two feasible points of a multiobjective problem whose objective values are
incomparable (in particular, two Pareto optimal points, since otherwise it is foolish
to accept such points). Let  and y be Pareto optimal points of the multiobjective
optimization problem (5.1), where neither fy(x) =< fo(y) nor fo(z) > fo(y) holds.
In particular, suppose there are three index sets A, B,C C {1,...,k} such that

AUuBUC={1,...,k} and ANB=ANC=BNC =1,

and we have
Fi(z) < Fi(y), 1€ A
Fi(z) = F;(y), i€ B
Fi(x) > Fi(y), i€C,

so the sets A, B, and C can be interpreted as the sets of objectives F; for which x
performs better than y, for which x and y perform equally, and for which x performs
worse than y, respectively. There are two possible situations regarding the relations
between the sets A and C:

e If A=C =0, then F;(z) = Fy(y) for alli =1,...,k, so the two points x and
y perform equally in all objectives.

o If either A or C is nonempty, then both A and C' must be nonempty (since
otherwise one of the two points would be better than or equal to the other),
so there are some objectives for which x performs better than y, and some for
which = performs worse than y.

In other words, when comparing two Pareto optimal points, they either performs
exactly the same in all objectives, or each of them performs better than the other
in at least one objective. In the second case, by comparing the point = to y, we say
that we have traded-off better performance in some objectives F; with i € A for
worse performance in some other objectives F; with j € C.

The process of trade-off analysis of a multiobjective optimization problem ex-
tends the comparison above to general cases, which refers to the study of how much
worse we must accept in one or more objectives in order to gain some improvement
in other objectives. In other words, it studies what sets of objective values for a
multiobjective optimization problem are achievable. For this reason, the Pareto
front (i.e., the set of Pareto optimal points) of a multiobjective optimization prob-
lem is also called the (optimal) trade-off surface (or trade-off curve if k = 2) of the
problem.

Biobjective optimization

As a basic example of trade-off analysis, consider a multiobjective optimization
problem in the form (5.1) with only two objectives F; and Fy, i.e., k = 2, which is
also called a biobjective problem. Note that in this case, if u and v are two Pareto
optimal points with different objective values, then the set B in the discussion
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above must be empty, so we have either Fy(u) < Fi(v) and Fa(u) > Fy(v), or
Fi(u) > Fi(v) and F(u) < Fa(v).

Suppose z is a Pareto optimal point of this biobjective problem, and has objec-
tive value fo(z) = (F1(z), Fo(x)). In trade-off analysis, we might be interested in
the following two questions:

o If we want to improve the objective F; by some amount d > 0 from the point
x, i.e., to achieve an objective value Fj(x) — d, then how much worse do we
have to accept in the objective F5?

e Conversely, if we can accept to worsen the objective F; by some amount § > 0
from x, i.e., allows at most Fi(x) + 4, then how much improvement can we
gain in the objective F3?

In the first situation, if a large increase in F> must be accepted to realize a small
decrease in Fp, we say that there is a strong trade-off between the objectives, near
the Pareto optimal value (Fi(x),Fa(x)); if, on the other hand, a large decrease
in F; can be obtained with only a small increase in Fy, we say that the trade-off
between the objectives is weak (near (Fy(z),Fa(x))). Similar ideas apply to the
second situation as well.

To answer these questions, we can consider the following optimization problem:

minimize (y)

subject to  Fi(y) < Fi(x ') +9 (5.6)
fz( ) <0, i=1, »
hi(y) =0, i=1,...,p,

where y € R" is the variable, F) () is the first objective value of the given Pareto
optimal point z, and § € R is a given parameter. When choosing § < 0, the
optimal value of the problem (5.6), say, Fa(yP°™), gives the best value of F» that
can be achieved when requiring F; to improve by at least |4| from F(z); when
choosing § > 0, the optimal value Fy(yP°") of this problem gives the best value
of the objective F5 that can be achieved when allowing F; to worsen by at most §
from Fy(z). It is expected that Fy(yP°~) > Fy(x), and Fy(yP°T) < Fy(x), so the
gaps Fy(yP°™) — Fy(z) and Fy(z) — Fo(yP°") quantitatively measures the trade-off
between the two objectives near the Pareto optimal value fo(x).

The problem (5.6) has a nice geometric interpretation. Let O be the set of
achievable objective values of the vector optimization problem (5.1) with k = 2,
i.e., fo(x) = (F1(x), Fa(x)), then the problem (5.6) is equivalent to

minimize  Fy(y)
subject to F1 (y) < Fi(z) + 5
Fi(y), Fa(y)) €

where the variable is (Fi(y), Fa(y)) € R?. Geometrically, the first inequality con-
straint defines a halfspace in R?, where the corresponding boundary hyperplane

{(F1(y), F2(y)) | Fi(y) = Fi(x) + 6}
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(F1(yP°), Fa(yP°))

Figure 5.6 Geometric interpretation of the problem (5.6) for trade-off analysis
in biobjective optimization. The shaded region shows the set O of achievable
objective values in (Fi(y), F2(y)). The hyperplane {(Fi(y), F2(y)) | Fi(y) =
Fi(x) + 6} is shown solid, and the intersection of the halfspace defined by
the inequality Fi(y) < Fi(x) + 6 and the set O is shown dotted. The point
(Fi(z), F2(x)) is the Pareto optimal value of the given reference point x.
The point (F1(yP°), F2(yP°)) is the optimal value of the problem (5.6) with
some 0 > 0, and is also a Pareto optimal value of the original biobjective
optimization problem.
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is orthogonal to the F}(y)-axis, so this problem consists in finding a point in the
intersection of this halfspace and the set O, that has the smallest second component.
This interpretation is illustrated in figure 5.6.

Scalarization interpretation

Recall that when we scalarize the multiobjective optimization problem (5.1) with
weight vector A > 0, we form the objective

k

A fo(x) =) NiFi(a).

i=1

In this case, the weight \; associated with each objective F; can be interpreted as
the importance of this objective in the overall performance measure AT fo(x). If we
have a high desire to make the objective F; small, then we should choose a large
weight A; for this objective; if, on the other hand, we are not very concerned about
the objective F; being large, then we can choose a small weight A; for it. In other
words, by adjusting the weights A > 0, we are exploring different trade-offs between
the objectives of a multiobjective optimization problem.

The ratio A;/A; of the scalarization weights associated with two objectives F;
and F; can be interpreted as the relative importance of the ith objective compared
to the jth objective. Alternatively, this ratio can also be considered as the exchange
rate between the two objectives F; and F}, since it reflects how much worse we are
willing to accept (maximally) in the objective F; in order to gain some improvement
in the objective F;. A simple example illustrates this idea.

Example 5.1 FExchange rate in biobjective optimization. Consider a biobjective opti-
mization problem with objectives F1 and F», and suppose we choose the weight vector
A = (A1, A2) = O for scalarization. Suppose z and y (z # y) are two Pareto optimal
points that has the same scalarized objective value, i.e.,

>\1F1(£B) + )\2F2($) =MF (y) + )\QFQ(y). (57)

We may assume without loss of generality that the corresponding Pareto optimal
values of these two points satisfy Fi(y) < Fi(z) and F>(y) > Fz(z). An example of
this situation is shown in figure 5.7.

Let § > 0 be the improvement in the objective F} from z to y, i.e., Fi(y) = Fi(x) -4,
then we have

MFi(y) + XaFa(y) = M(Fi(x) —0) + AaFa(y)
= MFi(z) + Xa(Fa(y) — (A1/A2)6)
= AlFl(;v)—l—)\ng(m),

which implies that F»(y) = Fa(z) + (A1/A2)d. In other words, under this scalarization
weight A, in order to achieve an improvement of § in the objective I} from x to y, we
have to accept a worsening of (A1/A2)d in the objective Fb.

The assumption in (5.7) holds if the Pareto front of the biobjective optimization
problem is piecewise affine. In the most general case when this condition does not
hold, but the Pareto front is smooth (e.g., shown in figure 5.6), we may still expect that
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Figure 5.7 Example of two Pareto optimal points z,y € R? that have the
same scalarized objective value under some weight vector A > 0. The shaded
region shows the set O of achievable objective values, and the dashed line is
the supporting hyperplane of O defined by the inward normal vector .

Figure 5.8 The set O of achievable objective values in R? (shown shaded)
with a smooth Pareto front. The objective values of two Pareto optimal
points « and y are shown as dots. The hyperplane with inward normal
vector A that supports the set O at the point (Fi(z), F2(x)) is shown dashed.
As (Fi(y), F2(y)) approaches (Fi(z), F2(x)), the line segment connecting the
two Pareto optimal points converges to this supporting hyperplane.
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the discussions above is approximately true. To see this, notice that the scalarization
weight X is a inward normal of the supporting hyperplane (which is a line in R?)
of the set of achievable objective values at (say) (Fi(x),Fa(z)), so the slope of this
supporting hyperplane is given by —Ai1/A2. When § = Fi(z) — Fi(y) — 0, the line
segment connecting the two Pareto optimal points (Fi(z), Fo(z)) and (Fi(y), F2(y))
converges to this supporting hyperplane, which implies that

Ba(y) —F(z) o M
Fi(y) — Fi(x) A2’

i.e., Fo(y) — Fa(z) = (A1/A2)d for small §. This intuition is shown in figure 5.8. In
other words, when the Pareto front is smooth, the scalarization vector A > 0 provides
the local trade-offs among objectives.

As a specific example of how scalarization can be used for trade-off analysis,
suppose the weight vector A > 0 results in the Pareto optimal point x of some mul-
tiobjective optimization problem, with objective value fo(z) = (Fi(x),..., Fx(x)).
To find a (possibly) different Pareto optimal point that has smaller value in the jth
objective, in the price of worsening (some) other objectives, we may choose a new
weight vector A > 0 such that

>‘j > )‘j and \; = \;

for all i # j, i = 1,...,k, d.e., we increase the weight on the jth objective. Then
solving the scalarized problem with the new weight vector A may give us a different
Pareto optimal point &, with objective value F;(Z) < Fj(x) (and usually, F;(Z) <

F;(x)), which improves the jth objective compared to .

Regularized approximation

Problem formulation

Consider a system of equations f(x) = bin the variable z € R", where f: R" — R™
and b € R™ are given. Regularized approzimation problems have the general form

minimize (¢, (f(z) — b), ¢2(x)) (5.8)

with variable z € R", where f(z) —b is the residual of the system of equations, the
functions ¢1: R™ — R and ¢2: R™ — R measure the size of the approximation
residual and the variable z itself, respectively. In the most general case, these two
functions ¢; and ¢2 can be some norm ||| (on R™ and R", respectively), or in
the form of some penalty functions (see §4.1.3 and §4.1.4).

The problem (5.8) is a biobjective optimization problem, which is convex if both
¢1, ¢2 are convex and f is affine. By solving the problem (5.8), we aim at finding a
vector x that is small in the sense of ¢o(x), while also making the residual f(z)—b
small in the sense of ¢1(f(x) —b). (The idea of regularized approximation can be
readily extended to settings with three or more objectives; see exercise 5.2.)
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Trade-off analysis

We can provide a basic trade-off analysis to the regularized approximation problem
(5.8), based on the scalarization

minimize  A\1¢1(f(z) — b) + Aaga(x) (5.9)

with variable x € R", where A > 0 is a hyperparameter of this problem that controls
the trade-off between the two objectives ¢1(f(z) — b) and ¢o(x). Specifically, the
ratio Ag/A; represents the relative importance of finding a small vector « compared
to finding a good approximation of the system of equations f(x) = b. By varying
the hyperparameter \ € R?,_ +, we can obtain the optimal trade-off curve (i.e., the
Pareto front) of the problem (5.8), except two extreme points that correspond to
the limits Ao — 0 and Ay — 0, respectively.

Usually, in practice, the first extreme Pareto optimal point can be obtained by
solving the problem

minimize ¢1(f(z) — b)

with variable x € R™ (which is simply the problem (5.9) with A = (1,0)). The
solution of this problem is the best possible approximation of the system of equations
f(x) = b under the residual measure ¢;.
Another extreme Pareto optimal point (usually) corresponds to the solution of
the problem
minimize ¢a(z)

which is just the problem of finding the smallest possible vector x in the sense of
¢2(x), without considering the approximation residual at all. In most cases, the
optimal of this problem is achieved at x = 0, and the corresponding value of the
first objective in (5.8) is ¢1(b) (assuming ¢ is symmetric), which is simply the size
of the vector b measured by the function ¢, and is the worst possible value of the
first objective ¢, that can be achieved by any Pareto optimal point = of the problem
(5.8).

Relative scalarization

One form of scalarizing the regularized approximation problem (5.8) that is often
considered in practice is to use the relative weights, i.e.,

minimize ¢ (f(z) — b) + v¢a(x), (5.10)

where v > 0 represents the relative importance of the second objective compared
to the first objective. According to this formulation, the first term ¢ (f(z) — b)
in the objective is sometimes called the primary objective, and ¢o(x) is called the
reqularization term. When 0 < 7y < 1, we are more concerned about finding a good
approximation of the system of equations f(x) = b, while when v > 1, we put more
emphasis on finding a small vector x.

It is easily seen that the problem (5.10) can be obtained from (5.9) by dividing
the objective by A1 > 0 and letting v = Ay/A1, and similarly, as y varies over Ry,
the solution of (5.10) traces out the Pareto front of the original biobjective problem
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(5.8). The advantage of using the relative scalarization formulation (5.10) is that,
now we only need to choose a scalar hyperparameter v > 0 instead of a vector in
Rf_ . to control the trade-off between the two objectives.

The regularization term ¢o(z) in (5.10) can be interpreted from different per-
spectives. In the context of model fitting, it represents our prior knowledge about
some model parameter x, e.g., it should not be too large. In this case, the factor v
can be interpreted as the strength of this prior knowledge, so a large v means that
we have a strong belief that the model parameter x should be small, while a small
v means that we are not very sure about this prior. From a modeling perspective,
when the function f has the form f(x) = Az, it might be a linear approximation of
some more complicated model (say) g(x), where the approximation Az ~ g(z) holds
only when the vector x is small. Now the target system of equations Az = b is an
approximation of the system of equations g(z) = b that we actually want to solve,
so the regularization term ¢ (z) can be interpreted as a penalty that encourages us
to find a solution x that is small enough to make the linear approximation valid,
and therefore this solution make sense. We can also interpret the regularization
term from a Bayesian perspective; see §5.4.

Tikhonov regularization

The most common regularized approximation problem has the form

minimize (61(f(z) —b), [l2]]%) (5.11)

where the regularization term
2
¢a(z) = |2y = 2T + -+ 2

is the squared Euclidean norm of x, and is called the Tikhonov reqularization.
This regularization corresponds to applying a quadratic penalty 1 (u) = u? to each
component of the variable x, and therefore encourages all components of = to be
small (see §4.1.3 and figure 4.3). In particular, the penalty value assigned to some
entry of x by a Tikhonov regularization grows very quickly as the magnitude of this
entry increases, so it is very effective in preventing large entries appearing in the
solution of (5.11).

Example 5.2 Tikhonov regularization least squares. If the primary objective ¢1(f(x)—
b) in the problem (5.11) is the least squares cost, i.e., in the form

$1(f(z) = b) = || Az — b]j3,
then the resulting problem
minimize (||Az — b||3, ||lz]|3) (5.12)

is called the Tikhonov regularization least squares problem, or ridge regression. This
problem is a convex biobjective optimization problem, since both objectives || Az — b||3
and ||z||5 are convex functions of z.
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Fi(z) = || Az — b3

Figure 5.9 The set O of achievable objective values (|| Az — b||2, ||z||2) of the
biobjective optimization problem (5.12) is shown shaded. The Pareto front,
which is the lower left boundary of O, is shown thick. Each dot on the Pareto
front corresponds to a Pareto optimal value obtained from scalarization with
some weight vector A > 0.

=

We can scalarize the problem (5.12) with A > 0 as
MAz = )2 + Xellzllz = Mi(aTAT Az — 267 Az + bTb) + Aoz
= xT()\lATA =+ )\21)‘%‘ — 2)\1bTA.T + >\1bTb.

Since the matrix A1 AT A + M\oT = 0 for all A = 0, this scalarized objective is a convex
quadratic function of x, which therefore achieves its minimum at

2= (MATA+ D) AMATh = (ATA+ 1) A, (5.13)

where v = A2 /A1 is the relative weight of the two objectives. From (5.13) we may see
that after adding the Tikhonov regularization term ||z[|3 to the least squares objective
| Az — b||2, the solution requires no rank assumption on the data matrix A.

For each v > 0, the point = given by (5.13) is a Pareto optimal point of the original
biobjective optimization problem (5.12). By varying the parameter v € Ry, we can
obtain all different Pareto optimal points of the problem (5.12), except two extreme
points that correspond to the limits v — 0 and 7 — oco. In the first case, this Pareto
optimal point can be obtained with the scalarization weight A = (1,0) (which is indeed
when v = 0), and is the least squares (approximate) solution of the linear equation
Ax = b, given by z = (ATA)flATb (assuming m > n and A has full rank). In
the second case, this Pareto optimal point corresponds to the scalarization weight
A = (0,1), and therefore is simply the zero vector = = 0.

Results of an example of the Tikhonov regularization least squares problem (5.12)
with m = 100 and n = 10 is shown in figure 5.9, where the problem data A € R*0x10
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and b € R are generated randomly. For simplicity of notation, in the following
discussion we may denote the two objectives as Fi(z) = || Az — b||5 and Fa(z) = |z|)3,
so the problem (5.12) is in the form of the biobjective optimization problem (5.1)
with k = 2. The set O of achievable objective values (|| Az — b||2, ||z||) of the problem
(5.12) is shown shaded, and the Pareto front (the lower left boundary of O) is shown
thick. Some examples of Pareto optimal values obtained from different A are shown as
dots on the Pareto front, and, in particular, the two extreme points mentioned above
are the two endpoints.

From figure 5.9, we can say a lot about the trade-offs between the two objectives
Fi(z) = ||Az — b||3 and Fy(z) = ||z||3 in this example, for instance:

e The end point of the Pareto front on the left (i.e., obtained with A = (1,0))
shows the best possible value of F; that can be achieved, without considering
the other objective Fy at all. At this Pareto optimal point x, the objective value
of F5 is the squared Euclidean norm of the least squares approximate solution

_ 2
of the linear equation Az = b, i.e., ||(AT A) 1ATbH2.

e The end point of the Pareto front on the right shows the best possible value of
F> that can be achieved (which is exactly zero), without considering Fi. At this
Pareto optimal point, in particular, the objective value of F} equals to ||b||§

¢ As we move from the left to the right along the Pareto front, i.e., as v — oo, we
are trading-off better performance in the objective F> for worse performance in
the objective Fi. In particular, any vertical line F(y) = « that intersects with
the Pareto front at some point (a, F>(y)) gives us the best possible value of F>
that can be achieved when requiring F} to be at most «, and any horizontal line
F>(y) = B that intersects with the Pareto front at some point (Fi(y), ) gives
us the best possible value of F} that can be achieved when requiring F» to be at
most .

Sparsity regularization

Another type of useful regularization that appear frequently in approximation prob-
lems in the sparsity regularization. In many applications, we may expect that the
solution x of some approximation problem has only a few nonzero entries, i.e., the
solution x is sparse. For this purpose, we may consider the following regularized
approximation problem:

minimize (¢1(f(z) —b), cardz) (5.14)
with variable z € R", where the regularization term
¢po2(x) =carde = |[{i |z; #0, i=1,...,n}|

is the cardinality function that counts the number of nonzero entries in z. The
cardinality function is nonconvex, and the problem (5.14) is in general a very hard
combinatorial optimization problem.

Notice that cardz € {0,1,...,n} for all z € R". Hence, when n is small, one
straightforward approach to find the Pareto front of the problem (5.14) is to check
all possible sparsity patterns of x with k < n nonzero entries. To illustrate this idea,



5.2 Regularized approximation

161

consider an example where the function f is linear given by f(xz) = Az for some
matrix A € R"™*". For each fixed sparsity pattern of z with k nonzero entries,
we can find the best possible value of the first objective ¢1(Axz — b) by solving the
problem

minimize ¢ (AZ — b)

with variable & € R*, where the matrix A € R™** consists of the columns of A
that correspond to the k£ nonzero entries of . Then to find the Pareto optimal point
at card x = k, this procedure is done for each of the n!/(k!(n—k)!) possible sparsity
patterns of x with k£ nonzero entries, and the best value of ¢;(Ax — b) among all
these combinations is taken.

The /;-norm heuristic

The number of possible sparsity patterns grows exponentially with n, so directly
solving (5.14) according to the procedure above is not computationally tractable
when n is large (or even at moderate values). In this case, a good heuristic exists
for finding an approximation of the Pareto front of the problem (5.14), which is to
replace the cardinality function card « in (5.14) with the ¢;-norm regularization,
i.e., to solve the problem

minimize (¢1(f(x) = b), [l2]},) (5.15)

where the regularization term now becomes
$a(2) = llzlly = |za] 4 -+ + [2n].

Recall that the ¢;-norm is the convex envelope of the cardinality function (strictly
speaking, within some constrained domain; see example 2.11), so the problem (5.15)
is expected to be a good convex approximation of the cardinality regularized prob-
lem (5.14), given that the primary objective ¢1(f(z) — b) is convex.

The relationship between the two problems (5.14) and (5.15) can also be inter-
preted from a penalty function approximation perspective. The ¢1-norm regulariza-
tion consists in applying an absolute value penalty ¥ (u) = |u| to each component of
x, which adds (relatively) large penalty even to small values of the components (see
figure 4.3, page 116). Hence, sparsity is encouraged in the solution of (5.15), similar
to what the cardinality regularization does in the original cardinality regularized
problem (5.14).

Assuming that the primary objective ¢ (f(x) —b) is convex, then scalarizing the
problem (5.15) with v > 0 gives us the convex program

minimize ¢ (f(x) - b) + vz, (5.16)

with variable z € R"™. When the primary objective ¢1(f(z) — b) is a least squares
cost, i.e., in the form ||Az — b||§, the problem (5.16) is sometimes called the lasso
regression. Noticing that taking a larger value of the hyperparameter 7 in (5.16)
leads to a sparser solution of this problem, a solution of (5.16) with the smallest
v > 0 that has cardinality k& hence serves as a good approximation of the Pareto
optimal point of (5.14) at cardz = k. Such an approximation via the ¢;-norm
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Figure 5.10 Optimal trade-off curve of the sparsity regularization least
squares problem (5.18) with m = 10 and n = 20. The circles on the dashed
curve are the (globally) Pareto optimal values of the problem, while the dots
on the solid and dashdotted curve are approximations obtained from the #;-
norm heuristic (5.16) and polishing (5.17), respectively.

heuristic can be further polished by fixing its sparsity pattern and find the value of
x that minimizes ¢1(f(z) — b), i.e., by solving the problem

minimize  ¢1(f(x) — b)

| | (5.17)
subject to xz; =0, 1€ Iy,

where the set Zy consists of the (n — k) zero indexes corresponding to the solution
of (5.16).

Example 5.3 Sparsity reqularization least squares. We consider a regularized approxi-
mation problem in the form (5.14), applied to the system of linear equations Az = b,
which is given by the biobjective optimization problem

minimize (|| Az — b||3, cardz), (5.18)

where x € R"™ is the variable and A € R™*", b € R™ are given data. The problem
(5.18) is called a sparsity regularization least squares problem, or a regressor selection
problem.

Figure 5.10 shows a numerical example of the problem (5.18) with m = 10 and n = 20,
where the problem data A € R'°*2° b ¢ R'? are generated randomly. The circles on
the dashed step lines are the (globally) Pareto optimal values from directly solving the
problem (5.18) via the combinatorial optimization procedure described above. The
dots on the solid curve are approximations obtained from the #;-norm heuristic via



5.3

5.3.1

5.3 Smoothing

163

(5.16) with primary objective ||Az — b||2, and the dots on the dashdotted curve are
the further polished approximations from (5.17).

We have several observations from the figure. First of all, the point with vertical axis
value cardz = 0 corresponds to the Pareto optimal value (||b]|5,0) of the problem
(5.18). Moreover, when cardz = 1, the heuristic method based on the ¢;-norm
regularization and polishing actually finds the true global Pareto optimum. For the
other cases, the approximations obtained from this heuristic are also quite close to
the ground truth.

Smoothing

Another class of problems that are closely related to regularized approximations
are the smoothing problems. Consider a one-dimensional time series signal € R"
that is unknown, where each entry x; for ¢ = 1,...,n represents the value of some
function of time, evaluated at the ith time step. The goal of smoothing is to find a
good estimate £ of the true signal x, based on some noisy (or corrupted) observation
Zobs € R™ of z, which is assumed to be generated according to

Tobs = T + 0,

where v € R™ is some noise or corruption vector. Additionally, we have the prior
knowledge that the true signal is (relatively) large and somehow smooth, i.e., it
does not change too much from one time step to the next. In other words, the
relationship

T = Ti41

holds for most ¢ = 1,...,n — 1. The unknown noise v is assumed to be, on the
contrary, small and rapidly changing.

There are several other names for the smoothing problems, for example, since
we are trying to recover the true signal x from noisy observations, they are also
called reconstruction problems. It is also called denoising problems, since the goal
is to remove the noise from the observed signal x,,s to recover the true signal x.
These ideas can be readily extended to higher-dimensional time series, for example,
multichannel signals, video, images, etc.

Problem formulation

In the most general case, smoothing problems can be formulated as regularized
approximation problems in the form (5.8), which is given by

minimize  (||& — Zobs|3, A(2)), (5.19)

where 2 € R" is the variable representing the estimated signal, and the function
¢: R™ — R controls the smoothness of the estimation. Therefore, by solving the
problem (5.19), we aim at finding an estimation £ that is close to the observed signal
Zobs In the sense of the least squares cost ||& — a:obs||§, while also being smooth in
the sense of the regularization term ¢(%).
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We should note that, strictly speaking, the regularization terms in the problems
(5.8) and (5.19) serve slightly different purposes. Here in the problem (5.19), the
regularization term ¢(£) is designed to encourage the estimated signal & to be
smooth, while in the problem (5.8), the regularization term ¢ (z) is typically chosen
to encourage the variable x to be small.

There are several obvious observations about the problem (5.19). First of all,
one Pareto optimal point of this problem is simply & = x,pbs, Which corresponds
to the case where we do not consider the smoothness of the estimation at all,
i.e., simply taking the observed signal as the estimation. Another extreme Pareto
optimal point is the one that minimizes the smoothness regularization term ¢(z)
without considering the approximation or recovery error ||Z — Zops ||§ at all. In many
cases (see exercise 5.3 for an exception), this Pareto optimal point corresponds to
a constant signal & = ¢1 for some constant ¢ € R, and the value of ¢ is usually the
average of the entries of the observed signal z.ps, i.e€.,

¢ = argmin || Zops — c||§ = (1/n)1Txobs,
ceR

: L " 2 :
which minimizes the least squares cost ||Z — Zobs||5 among all constant signals.

To trade-off between the signal recovery objective ||& — mobng and the smooth-
ness objective ¢(%), we can scalarize the problem (5.19) with v > 0 as

minimize ||Z — mobng + yo(2), (5.20)

where the hyperparameter v controls the relative importance of the two objectives in
(5.19). A small value of v leads to an estimation £ that is close to the observed signal
Tobs, While a large value of v leads to a very smooth estimation Z. In particular,
the two extreme Pareto optimal points mentioned above correspond to the limits
v — 0 and v — oo, respectively.

The function ¢ can be designed in different ways to meet various application
needs, but it is generally chosen to be a convex function of & that penalizes rapid
changes in the estimated signal, so that the resulting problem (5.19) (and hence
(5.20)) is convex. We introduce some common choices of the function ¢ in the
following sections.

Quadratic smoothing

The most common choice of the smoothness regularization function ¢ in the problem
(5.19) is the quadratic smoothing regularization, which is given by

n—1

P(2) = Z (£ip1 — 20)°. (5.21)

i=1

This regularization penalizes the first-order difference %;;1 — &; quadratically at
each time step of the estimated signal &, which encourages the estimation to be
smooth in the sense that it does not change too much from one time step to the
next. The quadratic smoothing regularization (5.21) can also be represented in
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a more compact form as ¢(%) = HD&%Hg7 where the matrix D € R™™D*" g the
bidiagonal first-order difference matrix defined as

-1 1 0 --- 0 0 O
0o -1 1 0 0 O
D=| i i AN (5.22)
0 0 O -1 1 0
0 0 O 0o -1 1

The objective of the corresponding scalarized smoothing problem (5.20) with
the quadratic smoothing regularization (5.21) is given by

S 2 112 S T ~T T NA
1 = Zobsllz + VI DZl; (Z = Zobs)™ (& — Tobs) + 2" D7 D
AT T 1) 4 T A T
= ' (I+~vD"D)& — 2z} &+ ) Tobs,
which is a convex quadratic function of &, and therefore achieves its minimum at

&= (I+~vDTD) ' zops.

Example 5.4 Quadratic smoothing. Figure 5.11 shows an example of quadratic smooth-
ing. The time series on the top panel is the true signal z € R5°°° generated randomly,
and the time series on the second row is the observed signal z,ns. It is seen that the
observed signal z.bs has a lot of rapidly changing noise.

To obtain a smooth estimation & of the true signal x based on the observation xobs,
we solve the scalarized quadratic smoothing problem

minimize ||& — zons||3 + || D3/ (5.23)

with variable & € R®%%° for different values of the hyperparameter v, where the first-
order difference matrix D € R*99%%0% ig given by (5.22). Three examples of the
resulting estimation & are shown in the last three rows of figure 5.11, where the value
of v decreases from top to bottom. It is observed in the figure that when v = 0.5, the
estimation & is smoother than xons, but it still includes a lot of noise. Then when we
increase v to 100, the estimation & becomes much smoother, and is very close to the
true signal z. If we continue to increase the value of v to 10000, on the one hand, the
estimation & becomes even smoother, but on the other hand, it becomes too ‘flat’ and
many characteristics of the true signal x are lost. Based on these observations, we
may expect that the estimation & corresponding to v — oo will eventually converge
to the constant signal £ = 0.

Figure 5.12 shows (a part of) the Pareto front of the original biobjective smoothing
problem (5.19) with the quadratic smoothing regularization (5.21), where the three
dots on the Pareto front corresponds to the Pareto optimal values obtained from
scalarization with v = 0.5, 100, 10000. Notice that when v < 100, a small decrease in
. . ~ 2. . . . .
the approximation error ||£ — zobs||; is associated with a large increase in the smooth-
ness regularization || Dz||3. This indicates that in this region of the Pareto front, there
is a strong trade-off between the primary signal recovery objective ||& — Zops||2 and the
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Figure 5.11 Quadratic smoothing. The first and second rows show the true
signal z € R®%% and the observed signal zops, respectively. The last three
rows show the estimation & obtained from solving the quadratic smoothing
problem (5.23) with different values of the hyperparameter .
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Figure 5.12 Optimal trade-off curve corresponds to the (original, unscalar-
ized) quadratic smoothing problem (5.23). The three dots are the Pareto
optimal values obtained from solving (5.23) with v = 0.5, 100, and 10000,
respectively.

smoothness regularization objective || D#||2. In other words, we can achieve a signifi-
cant improvement in the smoothness of the estimation & with a small sacrifice in the
recovery performance. However, when v > 100, continuing to increase its value does
not further improve the smoothness of the estimation Z too much (which is indeed
the case since the value of || D2 is already very close to zero when ~ = 100), while
the approximation error ||Z — mobSH; increases significantly. This suggests that in this
region of the Pareto front, the trade-off between these two objectives are weak, i.e., we
need to sacrifice a lot of recovery performance to achieve only a minor improvement in
the smoothness of the estimation &, and is hence not desirable. Therefore, the Pareto
optimal point corresponding to v = 100 is sometimes called the ‘knee point’ of the
Pareto front (separating the strong and weak trade-off regions), which is usually a
good choice for the hyperparameter « in practice.

Total variation smoothing

The idea of quadratic smoothing works quite well when the true signal z is relatively
smooth (as in figure 5.11), but it may not be suitable when the true signal x has
some abrupt changes, for example, a square wave signal that is piecewise constant
with some jumps. In these cases, the quadratic smoothing regularization (5.21)
may also remove these rapid variations in the signal, which can actually be very
important characteristics of the true signal x.

To provide a smooth estimation & that can still capture some abrupt changes in
the true signal z, we can consider the total variation smoothing, which is given by
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the regularization function

n—1
G(&) =D |Eip1 — &| = [|DE]);, (5.24)
i=1
where the matrix D € R~ D*" is the same first-order difference matrix defined in

(5.22). The total variation smoothing regularization (5.24) adds an absolute value
penalty to the first-order difference &;,1 — #; at each time step of the estimated
signal Z, which encourages the estimation to be smooth in the sense that the total
variations in the signal is sparse, i.e., the signal should be roughly piecewise constant
with only a few jumps.

Example 5.5 Total variation smoothing. To illustrate the properties of total variation
smoothing, and to compare it with the quadratic smoothing, we consider the time
series shown in figure 5.13. The true signal z shown in the top panel is approximately
a square wave signal that is roughly piecewise constant with several large jumps.
The observed noisy signal z,bs shown in the second row is generated by adding some
rapidly changing noise (with smaller amplitude) to the true signal x. It is obvious
that except for the noise, there are several rapid variations in zons inherited from
the true signal x, and we would like to capture these important characteristics in the
estimation .

We first apply the total variation smoothing to zobs to obtain a smooth estimation &
of the true signal z, by solving the (scalarized) problem

minimize Hi“—-Tobsﬂg + || D&, (5.25)

RSOOO R4999>< 5000

with variable x € , where the first-order difference matrix D € is
given by (5.22). The resulting estimation & for different values of the hyperparameter
~ are shown in the last three rows of figure 5.13. When taking v = 0.1, the estimation
Z is quite close to the observed signal zobs, and it still includes a lot of noise. When we
increase 7 to 1, most of the noise is removed from the estimation #, and the resulting
estimation & is very close to the true signal z. When we continue to increase v to
100, the jumps in the estimation & are even sparser, and the estimation & becomes
more like a piecewise constant signal. In this case, on the one hand, the estimation
Z is indeed very smooth in the sense that it has only a few jumps, but on the other
hand, it is not so close to the true signal x as the estimation obtained with v = 1.
Nevertheless, in all three cases, the major jumps in the true signal x are well captured
by the estimation Z.

Figure 5.14 shows a part of the optimal trade-off curve of this total variation smoothing
example obtained from taking different values of the hyperparameter « in (5.25). The
three dots correspond to v = 0.1, 1, and 100, respectively. The ‘knee point’ of this
Pareto front is clearly around the Pareto optimal value with v = 1, where continuing
to increase vy does not further improve the smoothness of the estimation & too much,
but the approximation error ||Z — Tops||3 increases significantly.

Now we apply the quadratic smoothing to the same observed signal zops in figure 5.13
by solving the problem (5.23) with different values of 7. The resulting estimation % is
shown in figure 5.15. When taking v = 1 in the problem (5.23), the estimation # from
the quadratic smoothing is more or less similar to the one from the total variation
smoothing shown on the bottom of figure 5.13, which is quite close to the observed
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Figure 5.13 Total variation smoothing. The first and second rows show the
true signal z € R®%%° and the observed signal Tobs, respectively. The last
three rows show the estimation & obtained from solving the total variation
smoothing problem (5.25) with different values of the hyperparameter .
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Figure 5.14 Optimal trade-off curve of the total variation smoothing example
from solving (5.25) with different values of the hyperparameter v, where the
three dots correspond to v = 0.1, 1, and 100, respectively.

signal xobs and still includes a lot of noise. Then as we increase the value of v, the
estimation & from the quadratic smoothing does become smoother in the sense that
the noise is reduced, but the sharp jumps in the true signal z are also smoothed
out, as shown in the first three rows of figure 5.15. In particular, when ~ = 10000,
the estimation Z is more close to a sinusoidal signal rather than a piecewise constant
signal. From this example we may see that the quadratic smoothing is not suitable
when the true signal is known to have rapid variations, since in this case, no matter
how we choose the hyperparameter « in the problem (5.23), the resulting estimation
Z from the quadratic smoothing is either keeps still a lot of noise, or becomes too
smooth and loses the important jumps in the true signal x.

5.4 Maximum a posteriori estimation

The idea of regularization can be applied to the maximum likelihood estimation
framework presented in §4.2, which leads to the class of mazimum a posteriori
(MAP) estimation problems.

5.4.1 Problem formulation

Let x € R"™ be some variable that we want to estimate based on the observed
data y € R™, and assume that both z and y are random variables with joint
probability distribution p: R™ x R™ — R, where the value p(z,y) represents
the corresponding density. Note the difference here from the maximum likelihood
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Figure 5.15 Quadratic smoothing applied to the same signal as in figure 5.13.
Each row corresponds to an estimation & obtained from solving the problem
(5.23) with different values of the hyperparameter ~.
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estimation framework, where only the observation y is considered as a random
variable, and the variable x is treated as a deterministic parameter to be estimated.

The general idea of MAP estimation is to find a value of x that maximizes the
posterior distribution of x given the observation y, defined as p,|,: R" xR™ — R
with density py,(,y), which represents our knowledge about the variable = after
observing y. Let

pa() = / p(z,9) dy

and

py(y) = / p(x,y) dx

be the marginal probability density functions of z and y, respectively, where the
prior distribution p,: R™ — R can be interpreted as our prior knowledge about
the random variable x before observing any data y, and p,: R™ — R4 can be
interpreted as the prior information about the observation y with the current chosen
model (under all possible values of its parameter ). According to the Bayes rule,
the conditional probability distribution of y given z is then given by the function
Pyl R" X R™ — Ry where

R (G
py|z( 73/) px(ﬂf) 7

which takes the role of the likelihood function of the variable x in the maximum
likelihood estimation setup. Hence, the posterior distribution p,, can be expressed
in terms of these probability distributions as

p(l‘, y) _ py|:1:(xa y)pz(x) )

py(y) py(y) (5.26)

pw|y(xa y) =

Noticing that for each fixed value of the observation y, the denominator p,(y)
in (5.26) is a constant which is not influenced by the value of the variable z, the
MAP estimation problem can be therefore formulated as

maximize py|. (7, y)pe(z), (5.27)

where the variable is z € R", and the problem data is the observation y € R™.
Again, it is generally more convenient to work with the logarithm of the posterior
distribution, so we have the equivalent formulation given by

maximize logpy, (7, y) + log p.(z). (5.28)

Now it is easily seen that if the logarithm of the posterior distribution p,, is con-
cave in x for each fixed y, and the logarithm of the prior distribution p, is also
concave, then the MAP estimation problem (5.28) is a convex (in particular, con-
cave maximization) problem.
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Figure 5.16 Bayesian interpretation of MAP estimation. The dashed curves
represent the prior distribution p. and the likelihood function py,, respec-
tively. The shaded area with solid boundary is the posterior distribution p,|,
according to (5.26). The points zP*, z™°, and z™*P achieve the maximum
probability of the prior distribution p., the likelihood function p,),, and the

posterior distribution p,|,, respectively.

Bayesian interpretation

According to the problem formulation above, the MAP estimation problem (5.27)
can be considered a Bayesian version of maximum likelihood estimation. Recall that
a maximum likelihood estimation problem tries to find a value of x that maximizes
the likelihood function p,,(7,y) of x given some observation y. According to the
Bayes rule in (5.26), the MAP estimation problem (5.27), on the other hand, tries
to find a value of 2 that maximizes the posterior distribution p,,(z,y) of = given
1y, i.e., to find a value of x that not only leads to a high probability of observing y
(which is captured by the likelihood term p,,(,y)), but also has a high probability
of being the true value of the variable according to our prior knowledge about z
(which is captured by the term p,(x)).

This interpretation is illustrated in figure 5.16. The dashed curves represent the
prior distribution p, of the variable z and the likelihood function p,, of the vari-
able x given the observation y, respectively. The prior distribution p, achieves its
maximum at the point zP*, which is the value of x that is most likely to be the true
value according to our prior knowledge. The likelihood function p, |, achieves its
maximum at the point ™!, which is the value of x that leads to the highest prob-
ability of observing y, i.e., the maximum likelihood estimation of x. The shaded
area with solid boundary represents the posterior distribution p,|, of = given y,
i.e., the (pointwise, for each x) product of the prior distribution p, and the likeli-
hood function p,|, (and normalized by the constant p,(y), as in (5.26)). The MAP
estimation of z is the point x™?P that achieves the maximum of the posterior dis-
tribution p,|,, which is the value of z that corresponds to the best balance between
being likely to be the true value according to our prior knowledge, and leading to a
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high probability of observing y.

Regularization interpretation

If we compare the MAP estimation problem (5.28) with the maximum likelihood
estimation problem ((4.20), page 124), we can see that the first term log py|.(z,y)
here is essentially the same as the log-likelihood function in maximum likelihood
estimation, and the only difference in the two objectives is the additional term
log p,(x) in the MAP estimation objective.

As a result, we can interpret the MAP estimation as a regularized version of
the maximum likelihood estimation, where the first term logp,,(z,y) serves as
the primary objective that tries to find the maximum likelihood estimation of x
under which the probability of observing y has the highest value, while the second
term log p,,(z) serves as a regularization term that incorporates our prior knowledge
about the variable x into the estimation. Specifically, when some value of x leads to
a small probability of the prior p, (), then the term log p,(x) will introduce a large
negative penalty to the objective of the MAP estimation problem (5.28). In other
words, if some value of x is less likely to happen according to our prior knowledge,
then the MAP estimation problem (5.28) will be discouraged from taking this value
of = as a solution.

Trade-off between likelihood and prior

In the MAP estimation setup, we also have to consider the trade-off between the
log-likelihood term log py,(2,y) and the prior term logp.(z) in the objective of
the problem (5.28), which is more or less similar to the trade-off between the ap-
proximation error and the regularization term in regularized approximations. The
only difference here is that the trade-off parameter is usually implicitly determined
by the shape of the prior distribution p,, rather than being explicitly controlled
by some hyperparameter as in the regularized approximation problems, e.g., the
scalarization weight v in (5.10).

Roughly speaking, if the prior distribution p, is ‘flat’, which means that it
does not have a strong preference for any particular value of x, then the MAP
estimation problem (5.28) solution will be more dominated by the log-likelihood
term log py|.(z,y), since the prior term logp,(z) only has a weak regularization
effect to the objective. On the other hand, if the prior distribution p, is very
‘peaky’; i.e., it has a strong preference for some particular value of z, then the MAP
estimation problem (5.28) will be more influenced by the prior term logp,(x), and
the resulting estimation of x will be more close to the value that is preferred by the
prior distribution p,,, even if this value of z does not lead to the highest probability
of observing y.

Example 5.6 Trade-off in MAP estimation. Consider a dataset (a;,y;), i = 1,...,m,
generated according to the linear model

T
Yi = a; T+ v,

where z € R" is the unknown parameter to be estimated, a; € R™ are known mea-
surement vectors, and v; € R are the IID noise from standard Gaussian distribution
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N(0,1). To formulate the MAP estimation problem (5.28), the log-likelihood function
log py|, given this dataset and the noise model can be expressed as

_ “ log(2m)  (y: —a?m)2 om 1 2
log pya(z,y) = ) ( g = —5 log(2m) — 5[l Az — |3,
=1

where A = [ ar -+ am ]T € R™*" is the measurement matrix, and y € R™ is
the vector of observations (see §4.2.1, page 125). Assuming that the prior distribution
ps is a (multivariate) Gaussian N (0,021) with mean zero and covariance matrix o271
(i.e., the entries of x is assumed to be IID Gaussian variables with mean zero and
variance o2), the log-prior term log p,(z) can be similarly expressed as

n 1
log p.(z) = -3 log(2mo3) — @lellé

Then the MAP estimation problem (5.28) has objective

1

2
ﬁ”a””z,

m n 1
log pyjo(2,y) +log pu (x) = — 3 log(2m) — 5 log(2n07) — || Az — y|; —
where the first two terms are constants that do not depend on z. Hence, the problem
(5.28) can be equivalently formulated as

minimize ||Az — yl|5 + (1/02)|z[; (5.29)

with variable z € R"™, where o2 is a hyperparameter that controls the variance of the
Gaussian prior distribution p,. This problem is essentially the same as the Tikhonov
regularized least squares problem (5.12) in scalarized form. The only difference is that
now the hyperparameter o2 has a clear statistical interpretation.

Figure 5.17 shows a numerical example of solving the problem (5.29) with n = m =
100 for different values of the hyperparameter o2, where the the problem data A €
R109%100 5nd 4y € R are generated randomly. Let # € R!% be the solution of
the MAP estimation problem (5.29) for a given value of ¢2, the histogram of the
component amplitudes of & and the optimal residual A% — y are shown as shaded and
empty bars, respectively. The solid and dashed curves in the figure are the (scaled)
probability density functions of the Gaussian distribution A(0, ¢2) and N(0, 1), which
are the assumed prior distributions for each entry of x and A% — y, respectively.

It is observed in figure 5.17 that when o2 takes a small value 0.25, the solution &
has a small variance, and its component amplitudes are mostly distributed close to
zero. This is consistent with the fact that the Gaussian prior distribution A(0, o2)
with small variance has a strong preference for values of x close to zero. In this case,
the amplitude distribution of the optimal residual A% — y is relatively widely spread
out, compared to the amplitude distribution of . This also makes sense since the
prior distribution A(0,1) for the residual Az — y has a larger variance than the prior
distribution A(0,0.25) for z. When o2 = 1, the solution # has a larger variance than
the previous case, and since now the prior distribution for x has the same variance as
the prior distribution for the residual Az —y, the amplitude distributions of & and the
optimal residual Az — y are more or less similar. If we continue to increase the value
of o2 to 10, the prior distribution for z is almost flat, and therefore the amplitude
distribution of # is much more widely spread out than the previous two cases. On
the other hand, now the amplitude distribution of the optimal residual A% — y is
mostly concentrated around zero. To sum up, by choosing a smaller value of o2, we
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Figure 5.17 Histograms of the component amplitudes of the MAP estima-
tion solution & (shaded bars) and the optimal residual A% — y (empty bars)
obtained from solving the problem (5.29) with different values of the hyper-
parameter o2. The solid curve in each plot shows the (scaled) probability
density functions of the Gaussian distribution N(0,02). The standard Gaus-
sian distribution A(0,1) is also shown as the dashed curve for reference.
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are putting a stronger belief on the prior knowledge about = that it should be close
to zero, which means that we are trading-off a smaller estimation of Z for a larger
residual A% — y.

These observations can also be interpreted from the perspective of regularized ap-
proximation, by regarding the term || Az — y||§ in the objective of the problem (5.29)
simply as the primary approximation objective (as in, e.g., the problem (5.12)), and
the term ||z|5 as the regularization that incorporates our prior knowledge about z.
Under this context, choosing a smaller value of o2 corresponds to putting a larger
scalarization weight on the Tikhonov regularization term Hng, which therefore en-
courages the solution Z to have a smaller norm. This is consistent with the previous
observations.

Selection of the prior distribution

From the previous discussions, it is easily seen than all those maximum likelihood
estimation problems presented in §4.2 can be readily extended to the MAP estima-
tion framework (5.28) by introducing some kind of prior distribution regularization
term logp,(x) to the corresponding objectives, so that the desired characteristics
according to our prior knowledge might be reflected in the estimation result of
the variable z. In this section, we introduce several useful prior distributions that
appear frequently in the MAP estimation problems.

As a simple reference point, in the following discussions we assume that the
log-likelihood term log py|,(z,y) in the objective of problem (5.28) takes the form

m 1
logpyjo(,y) = — log(2m) — Az — |5, (5.30)

T
where z € R" is the variable to be estimated, A= | a; -+ am € R™*™ and

y € R™ are the given data, according to the linear measurement model y; = al z+v;
with IID standard Gaussian noise v; ~ N(0,1), as in the previous example. All
results presented here are readily extended when the likelihood function py, has a
different expression.

Gaussian prior

A Gaussian prior distribution p, with mean Z € R™ and covariance matrix ¥ € S
is given by

—;ex —lm—:ET o -z
pelo) = e (3o =S 7).

The logarithm of this Gaussian prior is then expressed as
n 1 1 \Tw—1 _
log p..(z) = —3 log(2m) — 3 logdet ¥ — 5(:1: —-I) X (x— %), (5.31)

which is a concave quadratic function of z, so the resulting MAP estimation problem
(5.28) is a convex optimization problem. In practice, the mean & of the Gaussian
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prior is mostly assumed to be zero, and the log-prior term (5.31) can therefore be
simplified to

1 1
log p.(x) = f% log(2m) — 3 logdet X — ixTEflx,
so the resulting MAP estimation problem (5.28) is given by
minimize |[|Ax — y||§ + 2781z (5.32)

with variable x € R"™. Note that to obtain this problem formulation we have
dropped the constant terms in (5.30) and (5.31) and scaled the two parts in the
objective simultaneously by a factor of 2 (and, of course, reversed the sign).

If the covariance matrix X is large, i.e., it has large eigenvalues, then the Gaus-
sian prior is relatively flat. As a result, the MAP estimation of x from the problem
(5.32) is more close to the maximum likelihood estimation solution with the log-
likelihood objective given by (5.30), which is indeed the case since the second term
2T¥ 712 in the objective of (5.32) would be small when ¥ has large eigenvalues. On
the other hand, if ¥ is small (in the sense of eigenvalues), then the Gaussian prior
is more peaky (and 27X ~!z would also be large), and hence the MAP estimation
of z from the problem (5.32) will be more close to the prior mean zero. (See also
exercise 5.4 for more discussion.)

If we further take the assumption that the covariance matrix ¥ is a scaled
identity matrix 021, i.e., the components of x are IID Gaussian variables with the
same variance o2, then the problem (5.32) reduces to the Tikhonov regularization
least squares problem (5.29) considered in example 5.6. In this case, such a prior
essentially encourages the estimation of x to be small in the Euclidean norm, with
the strength of the belief about this prior proportional to 1/02.

Laplace prior

When the components of the variable x € R"™ are assumed to be IID Laplace random
variables with mean u and scale parameter b > 0, then the log-prior term log p, ()
in the MAP estimation problem (5.28) is given by

ol Ti — b
log p.(7) = logH % exp (_|b|)

Putting this log-prior term together with the log-likelihood term (5.30), the resulting
MAP estimation problem (5.28) with this Laplace prior can be expressed as the
convex program

minimize [|Az — y|3 + (2/b) ]« — p1],
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with variable z € R". If we further take the assumption that the mean u of the
Laplace distribution is zero, then the problem above reduces to

minimize || Az — y5 + (2/b)|]),, (5.33)

which has the form of an ¢1-norm regularized least squares problem (i.e., the prob-
lem (5.16) with primary objective || Az — b||§) Therefore, such an IID Laplace prior
with zero mean on the variable x is a sparsity-inducing prior.

The distinct impacts of Gaussian and Laplace priors on the MAP estimation
problems are readily seen from their density functions. Suppose that we have two
IID priors with the same zero mean and variance, one Gaussian and one Laplace,
applied to the variable x € R™. Since the Laplace distribution has a much sharper
peak at zero than the Gaussian distribution (see figure 4.10, page 128), the Laplace
prior assigns a much higher probability to the value zero than the Gaussian prior,
which hence encourages the estimation of x to be sparse. On the other hand, the
heavy tails of the Laplace distribution allows some components of x to take large
values when necessary, which is less likely to happen under a Gaussian prior (with
the same mean and variance).

Recalling that the variance of a Laplace distribution with scale parameter b > 0
is given by 2b%, we can see that when b takes a small value, the Laplace prior is
more peaky at zero, and hence the resulting MAP estimation of x from (5.33) is
more likely to be sparse. This is consistent with the regularization interpretation
of (5.33), since the sparisty regularization term ||z||, will be associated with a large
weight when b takes a small value.

Uniform prior

Suppose that the components of the variable x € R™ are IID random variables uni-
formly distributed over some interval [—b, b] with b > 0, then the prior distribution
pz of x can be expressed as

1/(20)", —bl <z <bl
pa(z) = /(2b) .
0, otherwise.

By defining log 0 = —oo, we have

lo )=
& Pa(2) —00, otherwise,

{ —nlog(2b), —bl <z <bl

so the resulting MAP estimation problem (5.28) with the log-likelihood term (5.30)
can be expressed as the following convex program

minimize ||Az — yHg
subject to  |lz||, < b
with variable z € R". In other words, applying an IID uniform prior on the

interval [—b,b] to the variable z is equivalent to imposing an {.-norm constraint
on the estimation of z in the MAP estimation problem.
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In fact, we can extend this result to a more general case where the variable z is
assumed to be uniformly distributed over some set C' C R"™. Since for any =z € C
the uniform prior distribution p, (x) is a constant (equal to the inverse of the volume
of C), and p,(x) = 0 for any « ¢ C, the resulting MAP estimation problem (5.28)
with log-likelihood (5.30) resolves to

minimize || Az — y||3

. (5.34)
subject to z € C

with variable x € R"™. If the set C' can be expressed via convex inequality and
equality constraints, then the problem (5.34) is a convex optimization problem.

We can consider an extreme case of (5.34) where the set C' = R". In this case,
the MAP estimation problem reduces to an unconstrained optimization problem
with objective || Az — y||3, which is essentially the same as the maximum likelihood
estimation problem with log-likelihood given by (5.30). We can interpret this obser-
vation from the perspective of the prior distribution as follows: Roughly speaking,
a uniform prior distribution over the entire space R" assigns the same probability
to all values of x € R", which means that it does not introduce any preference for
any particular value of z, so the resulting MAP estimation problem is equivalent to
the maximum likelihood estimation. Here, of course, the function p,: R"™ — Ry
cannot be expressed as a valid probability distribution such that it integrates to
one, but generally takes the form of a (positive) constant function on R", and is
hence called an improper prior distribution.

Prior with restricted support
The support of a probability distribution p: R"™ — R is defined as
S={zeR"|p(z) >0},

i.e., the set of points that have nonzero probability under this distribution. For
example, the support of a Gaussian distribution is the entire space R", while the
support of a uniform distribution over some set C' in the problem (5.34) is the set
C. When the support of a prior distribution p,: R™ — R is some subset of R",
the resulting MAP estimation problem (5.28) can be interpreted as a constrained
optimization problem where the constraint is (implicitly) given by the support of
the prior distribution.

This property is interpreted from different perspectives. From a Bayesian per-
spective, the support of the prior distribution p, represents the set of values that
are considered possible for the variable z according to our prior knowledge, and
any value of  outside this support is considered impossible (with zero probability)
and hence cannot be a solution to (5.28). From a regularization perspective, the
log-prior term log p,(x) will introduce an negative infinite penalty to the objective
of the MAP estimation problem (5.28) for any value of x outside the support of p,,
which therefore imposes a hard constraint on the estimation of x to be within the
support of p;.

Example 5.7 Half-normal prior. The (one-dimensional) half-normal distribution is
a restriction of the Gaussian distribution with mean zero and variance o2 to the
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Figure 5.18 Probability density functions of the half-normal distribution
given by (5.35) with 0 = 1 (shown thicker) and the standard Gaussian
distribution A/(0, 1).

nonnegative orthant Ry, which can be expressed as

2/mo? 1/Qexp —u?/(20?)), ©>0

sy — | @m0 P exp(-u/20%), w0 5.35)
0, otherwise,

where the parameter o2 is the variance of the underlying Gaussian distribution. Fig-

ure 5.18 shows the probability density function of a half-normal distribution with

0% =1 in comparison with the standard Gaussian distribution N(0,1).

Assuming that the components of the variable x € R" are IID half-normal random
variables with the parameter o2 in (5.35) equal to 1, then we have

togae) = 3 (L1oa(2/m) — 5 ) = Mros(a/m) - Ll
— 2 2 2 22
for any = = 0, and logp,(x) = —oo otherwise. Therefore, the resulting MAP esti-

mation problem (5.28) with log-likelihood (5.30) and this half-normal prior can be
expressed as

minimize  ||Az — yl||3 + ||z||3

subject to x>0

with variable z € R"™, which is the Tikhonov regularized least squares problem with
a nonnegativity constraint.

Numerical example

We present a simple numerical example to summarize the discussions above. Con-
sider an MAP estimation problem (5.28) with the log-likelihood term given by
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Figure 5.19 Histograms of the component amplitudes of the estimation %
(shaded bars) and the corresponding residual Az — y (empty bars) obtained
from solving the MAP estimation problem (5.28) with log-likelihood (5.30)
and different choices of the prior distribution. The solid curves in each plot
show the (scaled) probability density functions of the corresponding (compo-
nentwise) prior distributions, and the standard Gaussian distribution A/(0, 1)
(which is assumed for the linear measurement noise) is shown as the dashed
curve for reference.
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(5.30), and the components of the variable x € R"™ are assumed to be IID according
to one of the following three priors:

« Standard Gaussian N(0,1).
« Laplace with mean zero and scale parameter b = 1//2.
« Uniform over the interval [—+/3,v/3].

Note that all these three priors have the same mean zero and variance 1. Figure 5.19
shows the histograms for the component amplitudes of the MAP estimation Z and
the corresponding residual A% — y under these setups, where the problem data
A e RYOX10 454 ¢ € R are generated randomly.

We have the following observations from figure 5.19.

e When the prior is the standard Gaussian distribution A(0,1), the estima-
tion £ has a similar amplitude distribution as the residual A% — y, since the
prior distribution for x has the same variance as the prior distribution for the
residual.

e Under the Laplace prior, many entries of & are exactly zero, since the Laplace
distribution has a much sharper peak at zero than the Gaussian distribution
which therefore encourages sparsity in the estimation. On the other hand, the
optimal residual amplitude distribution is more widely spread out than the
previous case.

o When the prior is uniform on [—\/g, V3], all entries of & are bounded by the
interval [—\/§7 \/5], and most of the amplitudes are close to the boundary
values ++/3, since according to this prior distribution, the estimation # is not
allowed to take values outside its support [—+/3,v/3].

Matrix regularizers

The ideas of regularization can be extended to matrix variables. Specifically, let
¢: R™™ — R be a regularization function defined on the space of m x n matrices,
then we can consider the regularized problem

minimize fo(X) + v¢(X)

with variable X € R™*", where fo: R™*"™ — R is the primary objective, v > 0
is the regularization weight, and ¢(X) is the regularization term that incorporates
our prior knowledge about the desired characteristics on X.

Componentwise regularizers

Some strategies of vector regularization can be readily generalized to matrix vari-
ables by applying the same penalty to each entry of the matrix variable X. For
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5.5.2

example, the generalization of vector Tikhonov regularization on a matrix variable
X € R™*™ is given by

oX) = X7 =>> X2, (5.36)

i=1 j=1

where || - || is the Frobenius norm of a matrix. Similarly, the sum-absolute-value
norm regularization of X is given by

X)) = [ Xlyay = D D 1Xi51, (5.37)

i=1 j=1

which can be regarded as a matrix version of the ¢;-norm regularization for vector
variables.

From the examples above, it is easily seen that applying a componentwise reg-
ularization to a matrix variable is equivalent to applying the corresponding vector
regularization function to the vector obtained from flattening the matrix by, e.g.,
a column-priority ordering. Hence, the expected solution characteristics of matrix
regularization problems with componentwise regularizers are essentially the same as
those of the corresponding vector regularization problems. Specifically, the squared
Frobenius norm regularization (5.36) encourages the solution matrix to have small
entries, while the sum-absolute-value norm regularization (5.37) encourages the so-
lution matrix to be sparse in terms of its entries.

Columnwise sparsity

Another useful matrix regularization strategy is to encourage the solution matrix
to have columnwise sparsity, i.e., many columns of the matrix are zero vectors.
Specifically, let

Xz{xl ez, } € R™*",

be the matrix variable, where x; € R™ is the ith column of X, then the regulariza-
tion function

6(X) =3 llill, (5.38)

encourages X to have columnwise sparsity. Importantly, we should note that there
is no square in the regularization term ||z;|, for each column xz;, since otherwise
the resulting regularization function ¢ would be the same as the squared Frobenius
norm regularization (5.36), which simply encourages the solution matrix to have
small entries instead of columnwise sparsity.

The sparsity-inducing property of the regularization (5.38) can be interpreted as
follows. First we notice that the ¢;-norm |[|u||, for some nonnegative vector u € R/}
is simply the sum of the entries of u. Since we have ||z;||, > 0 for alli=1,...,n,
the regularization function ¢(X) in (5.38) can be regarded as the ¢;-norm of the
vector of column norms of X, which therefore encourages many of these column
norms to be zero, and hence encourages many columns of X to be zero vectors.
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These ideas are readily extended to inducing rowwise sparsity or block sparsity
of some matrix variable X € R™*" by applying the same £;-norm regularization
to the vector of row or block matrix norms of X; see exercise 5.5.

Example 5.8 Group lasso regression. Suppose we are given the data A; € R™*™ for
i=1,...,k and b € R*, and we want to (approximately) solve the system of linear
equations

tr(A7 X) =b;, i=1,...,k, (5.39)
with variable X € R™*™. For this purpose, we may consider the primary objective
function fo: R™*™ — R given by

2

k
Jo(X) =) (tr(ATX) = bi)".

Minimizing the function fo alone can be considered as a matrix version of the least
squares linear approximation problem (4.6) on page 108. The difference here is that
the features of each data point is given by a matrix A4; € R™*™. Let

Al-:[ail am} and X:[ml xn},

where a;;,z; € R™ forms the jth column of A; and X, respectively. Then the function
fo can be rewritten as

k n 2

fo(X) = | D alie; b

i=1 \j=1

Hence, we can interpret each column a;; of the data matrix A; as the jth feature group
of the ith data point, and the vector x; is then the corresponding coefficient (vector).

Now suppose we have the prior knowledge that only a few feature groups a;; are rele-
vant to the system of linear equations (5.39), which means that only a few columns of
the coefficient matrix X are expected to be nonzero vectors. Putting this prior knowl-
edge together with the primary objective fo described above, we have the regularized
approximation problem

2
minimize 25:1 (Z?:l abx; — bi) + > Nl (5.40)

with variable X € R™*"™ where v > 0 is the regularization weight. This problem
is a convex optimization problem and can be considered as a matrix version of the
lasso regression problem in the form (5.16). Here, the required sparsity pattern is on
the feature groups, rather than individual (scalar) features. As a result, the problem
(5.40) is sometimes called the group lasso regression.

We can compare the solution characteristics induced by the columnwise sparsity
regularization (5.38) with those induced by the sum-absolute-value norm regular-
ization (5.37), which encourages componentwise sparsity in the matrix variable X.
As a specific example, we consider the problem (5.40) from the example above and
the problem

2
minimize Y%, (Z?:l ajjr; — bi) + Y1 X || avs (5.41)
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Figure 5.20 Sparsity patterns of solution X™* of the problems (5.40) (shown
top) and (5.41) (shown bottom) on an example dataset. In the shown results,
the obtained solutions from both problems lead to the same primary objective
value. The nonzero entries of the solution matrix are shown in black and the
zero entries are shown in white.
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which has the same primary objective as (5.40) but a different regularization term
given by (5.37). Figure 5.20 shows the solution sparsity patterns under these two
regularization strategies, where the randomly generated data 4; € R™*" for i =
1,...,k and b € R¥ have dimension m = 20, n = 40, and k = 20. The nonzero
entries of the solution matrix are shown in black and the zero entries are shown
in white. In the top figure, the solution obtained from the problem (5.40) with
regularization (5.38) exihibits a clear columnwise sparsity pattern. In contrast,
the solution under the sum-absolute-value norm regularization (5.37) shown in the
bottom is more scattered and less structured.

Rank regularization

A generalization of the cardinality regularization for vector variables is the rank
reqularization for matrix variables, which encourages the solution matrix to have
low rank. Specifically, a rank regularized problem with matrix variable X € R™*"
can be expressed as

minimize fo(X) + yrank X, (5.42)

where fo: R™*"™ — R is the primary objective, v > 0 is the regularization weight,
and rank X is the rank of the matrix X.

Since the rank regularization term rank X is a nonconvex function of X, the
problem (5.42) is usually very hard to solve. However, a good heuristic for getting
an approximate solution to the problem (5.42) is to replace the rank regularization
with the nuclear norm regularization given by

min{m,n}

HX)=[IX], = D oi(X),

i=1

where ¢;(X) is the ith largest singular value of X (see also §A.3.2, page 354).
Similar to the ¢1-norm for the cardinality function, the nuclear norm is the convex
envelope of the rank function (under some technical conditions, see example 2.11),
and hence the problem

minimize fo(X) + v[| X||, (5.43)

with variable X € R™*" is a convex approximation of the rank regularized problem
(5.42). In practice, solving the problem (5.43) usually gives a good (and sometimes
quite good) approximation to the solution of (5.42).

Remark 5.2 Interpretation via singular value sparsity. The relationship between the
rank function and the nuclear norm of some matrix X € R™*™ can also be intu-
itively understood from the perspective of the sparsity of the singular values of X.
Specifically, rank X is equal to the number of nonzero singular values of X, while
[IX]|, is equal to the sum of the singular values of X. Hence, the rank regularization
encourages the solution matrix to have a small number of nonzero singular values,
while the nuclear norm regularization encourages the solution matrix to have a small
sum of singular values, which indirectly promotes low rank solutions. This is similar
to the relationship between the cardinality function and the £;-norm for some vector
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z € R", where card z counts the number of nonzero entries of x, and ||z||, sums up
the absolute values of all its components.

Example 5.9 Low rank matriz completion. One example of the rank regularization
problem (5.42) is the low rank matriz completion problem, where we want to find a
low rank matrix that is consistent with a partially observed data matrix. Specifically,
let A € R™ " be some matrix, and we are given a corrupted observation A°"* of A.
Moreover, some entries of the true matrix A are missing in the observation A°®*, where
ZCA{1,...,m}x{1,...,n} is the index set denoting which entries are observed. The
low rank matrix completion problem can be expressed as

minimize Z(i per (Xij — A;?Jbsf + yrank X, (5.44)

where the variable X € R™*™ is the full matrix we want to find. The primary
objective of this problem is to find a matrix X with complete entries that is consistent
with the noisy observation as much as possible, and the regularization term encourages
the solution matrix to have low rank. A convex approximation of the problem (5.44)
in the nuclear norm regularized form (5.43) is given by

P . obs 2
minimize Z(i,j)el (X5 — A" +I1X|,- (5.45)

Figure 5.21 shows an example of the low rank matrix completion problem, where the
true matrix A € R09%100 with rank A = 2 is shown on the left, and the observed
matrix A°"® (middle) is corrupted by a Gaussian noise with roughly 60% entries
missing. A complete recovery X* of the true matrix A obtained from the nuclear
norm heuristic (5.45) is shown on the right. It can be seen that even with only 40%
of the entries observed, the estimation X* recovers the gradient pattern of the true
matrix A quite well. The first 20 singular values of the matrices A, A°”®, and X* are
shown in figure 5.22 as dashed, dashdotted, and solid lines, respectively. The true
matrix A has two nonzero singular values (since rank A = 2), while the observed
matrix A°® is almost full rank due to the Gaussian corruption. Notably, the first two
singular values of the recovery X from (5.45) are close to those of the true matrix A,
while the rest of its singular values are almost zero.

See also §8.3.4 for more discussions on matrix completion problems.
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Figure 5.21 Low rank matriz completion. The true matrix A (left), the

observed matrix A°* (middle), and a complete recovery X* obtained from
the nuclear norm heuristic (5.45) (right).
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Figure 5.22 The first 20 singular values of the matrices A, A°", and X* in
figure 5.21, shown as dashed, dashdotted, and solid lines, respectively.



190

5 Regularization functions

Bibliographical notes
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Exercises

Multiobjective optimization

Let O be the set of achievable objective values of some multiobjective optimization problem
in the form (5.1). Consider the set

A=0+RE ={t e R"| fo(x) < t for some feasible z},

which consists of all values that are worse than or equal to some achievable objective value.
Show that the set A is a convex set if the original multiobjective optimization problem is
convex.

Regularized approximation

[ , page 307] Multiple regularized approzimation. Consider an optimal input design
problem for a dymical system with scalar input sequence u = (u(0),u(1),...,u(n)), and
scalar output sequence y = (y(0),y(1),...,y(n)). The input and output sequences are
related by the linear convolution

y(t) =D h(nu(t—7), t=0,....n,

where h(0), h(1),...,h(n) is the convolution kernel or impulse response of the system. The
goal of the optimal input design problem is to find an input sequence u that achieves the
following objectives.

o Qutput tracking. The primary goal is to make the output sequence y close to some
desired output sequence Ydes-

e Small input. The secondary goal is to keep the input sequence u small in some
appropriate norm.

e Smooth input. The third goal is to make the input sequence u smooth, i.e., it should

not vary rapidly between consecutive time steps.

(a) Let Jirack, Jmag, and Jvar be the cost functions corresponding to the three objectives
above, respectively. Propose some specific forms of these cost functions that are
suitable for the optimal input design problem described above, and formulate the
optimization problem for this optimal input design task.

(b) Consider a specific numerical example of the optimal input design problem that you
formulated in (a), with n = 200. The impulse response of the system is given by

1
h(t) = §(0.9)’f(1 —0.4cos(2t)), t=0,...,n,
and the desired output sequence is given by the following square wave:

0, t € [0,50) U [150, 200)
ydes(t) = ¢ 1,  t € [50,100)
—1, t e [100,150)
for t =0,...,n. Solve the optimal input design problem for this example, and plot

the obtained optimal input sequence u and the corresponding output sequence y for
different trade-offs between the three objectives.
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5.3

Smoothing

Curvature smoothing. Suppose that the vector & € R™ represents a one-dimensional time
series, and we want to find a smooth estimation & of x based on some noisy observation
Zobs via the smoothing problem (5.19). Instead of using the first-order difference ;41 — #;
to measure the smoothness of the estimation 2, we consider the second-order difference

(Zig1 — &) — (Bs — Tiz1) = Big1 — 285 + Bia

which is a discrete approximation of the curvature of the signal. Define the tradiagonal
matrix A € R("=2X" 35

I -2 1 0 0 0 0 0]

0 1 -2 1 0 0 0 0

0 0 1 =2 0 0 0 O
A: . . . . . . . . ?

0o 0 0 0 -~ -2 1 0 0

o 0 0 0 -~ 1 -2 1 0

Lo o 0 0 -~ 0 1 -2 1|

then the (quadratic) curvature regularization of some estimation & is given by

(a)
(b)

n—1
o) = |Adl; = D (Fiv1 — 281 + 8i1)".
i=2
What are the extreme Pareto optimal values and points of the smoothing problem
(5.19) with the curvature regularization ||Az||3?

Consider an observation of some time series Tobs = ¢ + v € R100, given by the
true signal & = 0.5¢ for t = 1,...,100 plus the IID Gaussian random noise v € R'%°
where v; ~ N (0,1) forall¢ = 1,...,100. Plot the estimation £ obtained from solving

the scalarized smoothing problem (5.20) with the curvature regularization ||Az|)3 for
different values of v > 0. How does the estimation & change as we increase the value
of v7 How is the estimation % different from the one obtained from solving the same

problem with the first-order difference regularization ¢(%) = 22:11 (Zi41 — :1%)27

Maximum a posteriori estimation

5.4 MAP estimation with Gaussian prior. Consider the MAP estimation problem (5.32),
where the prior distribution p, for the variable x € R"™ is some Gaussian distribution with
mean zero.

(a)
(b)

(c)

What is the optimal point of this problem?

Suppose the covariance matrix is diagonal, i.e., & = diag(o?,...,02), where o7 is the
variance of the ith component of the variable . How does the value of o2 influence
the estimation of x in the problem (5.32)7

Let ¥1,%2 € 82 given by

4 2. 1.
Y= 0 and Yo = 5 5
0 1 1.5 2.5

be the covariance matrices of two Gaussian priors for the variable 2 € R2.
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i. What are the eigenvalues of 3; and Yo7

ii. Plot the 90% probability level curve in R? for these two Gaussian priors.

iii. Let £1 and 22 be two estimations of z from the problem (5.32), where the
covariance matrices of the Gaussian priors are given by 31 and X2, respectively.
Use the plot from ii. to discuss how %1 and &2 might look like. What are the
similarities and differences between these two estimations?

Matrix regularizers

5.5 Block sparsity regularization. Let X € R™*™ be a matrix variable, and suppose it is
partitioned into p blocks as
X:[X1 X }7
where each block X; is a submatrix of X with some fixed size. Define a suitable regular-
ization function ¢ that encourages block sparsity of X, i.e., many of the blocks X, are
zero matrices. Explain why it works.
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Chapter 6

Constraints

Optimization with constraints

Consider an optimization problem of the form
minimize fo(x) (6.1)

where z € R" is the variable and fo: R™ — R is the objective function. In many
applications, we might want to add constraints to the problem (6.1), which leads to
a constrained optimization problem of the form

minimize  fo(z)
subject to  fi(xz) <0, i=1,...,m (6.2)
hi(x)=0, ¢=1,...,p,

where z € R" is the variable, f;: R" — R for i = 1,...,m are the inequality
constraint functions, and h;: R" — R for i = 1,...,p are the equality constraint
functions. If the functions f;, ¢ = 0,...,m, are convex and the functions h;, i =
1,...,p, are affine, then the problem (6.2) is a convex optimization problem.
We also occasionally consider the abstract form of a constrained optimization
problem, expressed as
minimize  fo(z)

. (6.3)
subject to z € &,

where X C R" is the constraint set. By taking

filx)<0,i=1,....,m }

X=<zeR" i
hi(x)=0,i=1,...,p

we can express the problem (6.2) in the abstract form (6.3).

Interpretations

Generally speaking, a constraint is a condition that the variable x € R™ must
satisfy. Then the goal of a constrained optimization problem in the form (6.2) is to
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find a point that satisfies all the constraints (i.e., a feasible point), while minimizing
the objective function. In other words, it is completely unacceptable for a solution
point to violate any of the constraints, even if it may leads to a smaller objective
value than any feasible point.

Constraints can be introduced for various reasons, e.g.,

e A constraint may be a physical property that must be satisfied. For exam-
ple, the concentration of a chemical substance must be nonnegative, and the
probability of an event must be between 0 and 1.

e A constraint may be a safety requirement that must be guaranteed, such as
the maximum load of a bridge or the maximum speed of a vehicle.

e A constraint may be a budget limit, e.g., the maximum amount of money
that can be spent on a project or the maximum amount of time that can be
allocated to a task.

In the most general case, a constraint can be interpreted as some kind of prior
knowledge about the problem variable z, that we have a very strong belief in its
validity.

Constraints and regularization

Constraints and regularization functions are two options for incorporating prior
knowledge into an optimization problem, where their difference is that, roughly
speaking, a constraint is a ‘hard’ prior that must be satisfied, while a regularization
is a ‘soft’ prior that can be violated at some cost.

Example 6.1 As a simple example, consider the Tikhonov regularization least squares
problem
minimize ||Az — b5 + A||z||3, (6.4)

where z € R" is the variable, A € R™*™ and b € R™ are given data. The value of
the hyperparameter A > 0 represents the strength of our expectation that = should
be close to the zero vector in the sense of the £2-norm. If we are not quite sure about
how small x should be, we can solve the problem (6.4) with a small value of A, and
then increase A\ until we get a solution that satisfies our expectation. On the other
hand, if we are very certain that the Euclidean distance of x to the zero should be
at most ¢ (with ¢ > 0), we can directly solve the following constrained optimization
problem

minimize  ||Az — b||

6.5
subject to  ||z|3 <t (6.5)

with variable # € R". Similar to the problem (6.4), the problem (6.5) is a convex
optimization problem, and a smaller value of ¢ forces the solution to be closer to the
zero vector.

These ideas are readily adapted to the other types of regularization functions
presented in chapter 5.

We will see later in §6.7 that the relationship between constraints and regular-
ization can be very useful when dealing with infeasible problems, i.e., there is no
point that satisfies all the constraints.
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Examples of constraints

As some basic examples, this section presents several types of the most fundamen-
tal constraints that frequently appear in practice. We will see more examples of
constraints in later sections of this chapter (and also in part III of the book), when
we discuss more specific applications.

Nonnegativity constraints

An optimization problem with a nonnegativity constraint of the variable z € R"
has the form
minimize  fo(z)

. (6.6)
subject to x > 0.

The nonnegativity constraint x > 0 means that every component of the variable
x must be nonnegative, i.e., z; > 0 for all ¢ = 1,...,n. This type of constraint
has many applications, e.g., when the variable x represent some physical quantity
that cannot be negative, such as concentration, population, intensity, power, etc.
The nonnegativity constraint in (6.6) is a convex (specifically, linear) inequality
constraint, so if the objective function f; is convex, then the problem (6.6) is a
convex optimization problem.

Example 6.2 Nonnegative least squares. Consider the following optimization problem

minimize || Az — b||

. (6.7)
subject to x = 0,

where x € R™ is the variable, and A € R™*™ and b € R™ are given data. This
problem is called the nonnegative least squares problem, and is convex. We can inter-
pret the problem (6.7) as finding the best approximation of the vector b (under the
Euclidean norm) from all nonnegative linear combinations (i.e., conic combinations)
of the column vectors of A. Hence, the problem (6.7) consists in finding a (Euclidean)
projection of the vector b onto the convex cone generated by the column vectors of
the matrix A.

The idea of nonnegativity constraint for vectors can be extended to matriz
variables, where we can, e.g., require that every entry of the matrix variable is
nonnegative, i.e.,

minimize  fo(X)
subject to X;; >0, i=1,....m, j=1,...,n,

where X € R™*" is the matrix variable.

Example 6.3 Nonnegative matriz factorization. Let A € R™*™ be a given data matrix,
and we want to find two nonnegative matrices X € RTX}“ and Y € Rix" such that
their product XY is as close to A as possible. This problem can be formulated as

minimize | XY — A%,
subject to X;; >0, i=1,....m, j=1,...,k (6.8)
Yi; >0, i=1,....k j=1,....,n
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with variables X and Y, where | - || is the Frobenius norm, i.e., the square root of
the sum of squares of all entries of a matrix. The problem (6.8) is sometimes called
the nonnegative matriz factorization problem.

It is obviously seen that the problem (6.8) is not convex, since the objective function
is not jointly convex in X and Y. However, we may notice that the problem (6.8) is
convex in X when Y is fixed, and is convex in Y when X is fixed, so it is a biconvez
optimization problem and can be approximately solved via alternating minimization.
(See also example 3.4.)

On the other hand, we can also require that the matrix variable is positive
semidefinite, i.e.,
minimize  fo(X)
subject to X > 0,

where X € S™ is a symmetric matrix variable. Here the generalized inequality
constraint X > 0 means that

X e{XxeS"|vI'Xv>0foralve R"}.

We have seen an application of such constraint in the problem of Gaussian covariance
estimation (4.27) on page 133.

Box constraints

An optimization problem with a box constraint on the variable z € R"™ has the form

minimize  fo(z) (6.9)
subject to [ <z =< u, '

where [,u € R"™ are given vectors that specify the lower and upper bounds of the
variable x, respectively. This type of constraint requires that every component of
the variable z € R"™ must be between the corresponding components of [ and w,
te,li <z <wu; foralli=1,...,n.

If the function f; corresponds to a linear norm approximation objective, i.e.,
fo(z) = ||Az — b|| for some given data A € R™*"™ and b € R™, then the resulting
box-constrained approximation problem

minimize  ||Az — b||

subject to [ 2z S u

consists in projecting the vector b (with respect to the norm || -||) onto the image
of the box {x € R" | |l < & = u}, under the linear transformation defined by the
matrix A.

The box constraint in (6.9) includes many useful constraints as special cases.
For example, the nonnegativity constraint > 0 corresponds to taking [ = 0 and
u = 4o0; if we take Il = —oco and u = +oo, then the problem (6.9) reduces to the
unconstrained case (6.1). Moreover, by taking [ = a1 and v = 1 with o, 5 € R
(a < ), we can require that every component of the variable x lies in the interval
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[a, B]. Last but not least, if we choose I,u € R™ such that —] = u = t1 with ¢t > 0,
then the problem (6.9) is equivalent to the £,-norm constrained problem
minimize  fo(x)

) (6.10)
subject to  |lz]| <t

with variable z € R". These ideas also generalize to matrix variables.

Probability constraints

Adding a simple equality constraint to the nonnegativity constrained problem (6.6),
we obtain an optimization problem with a probability constraint of the form

minimize  fo(z)

6.11
subject to x>0, 1Tz =1, ( )

where € R" is the variable. The inequality and inequality constraints in (6.11)
together require that the variable x must be a nonnegative vector whose entries sum
up to 1, i.e., the variable x € R™ defines a probability distribution over a set of n
elements. Geometrically, this type of constraint restricts the variable x to lie in the
probability simplex in R™ (see example 2.3, page 29). If the objective function fy is
convex, then the problem (6.11) is a convex optimization problem.

We have seen in §4.3 that probability constraints are often associated with dis-
tribution estimation problems. They can also appear in approximation problems.
For example, consider the linear norm approximation problem

minimize  ||Az —b||
subject to x>0, 1Tz =1

7

where z € R" is the variable, A € R™*" and b € R™ are given data, and ||| is a
norm on R™. This problem can be interpreted as finding the best approximation
of the vector b (under the norm | -||) from all convex combinations of the column
vectors of the matrix A, i.e., projecting the vector b (with respect to the norm || - ||)
onto the convex hull of the column vectors of A.

Linear equality and inequality constraints

The constraints we have seen so far are all special cases of linear constraints, where
the corresponding optimization problem has the form

minimize  fo(x)
subject to Cx =<d (6.12)
Gz = h,

where x € R" is the variable, C € RP*", d € R?, G € R?”*"™ and h € R? are given
data. For example, the box constrained problem (6.9) can be expressed in the form
of (6.12) by defining
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6.2

where [ is the n x n identity matrix. We will see later that many useful constrained
optimization problems can be expressed in the form of (6.12).

Geometrically, the linear inequality and equality constraints in (6.12) restrict
the variable z € R" to lie in the intersection of finite hyperplanes and halfspaces,
i.e., a polyhedron in R".

The linear constrained problem (6.12) is a convex optimization problem if the
objective function f; is convex. In particular, if the objective function fy is affine
(or linear, since constant terms in the objective can always be dropped), then the
problem (6.12) is a linear program; if the objective function fj is a convex quadratic
function, then the problem (6.12) is a quadratic program.

Trust region constraints

We can also constrain the variable x € R" to lie in some norm ball. For example,
consider the problem

minimize x
subject to ||z — x| < ¢,

where x € R" is the variable, zo € R" is a given point, ¢ > 0 is a given radius, and
|-l is a norm on R™. The constraint in (6.13) requires that the variable x must
lie in the ball centered at xo with radius ¢, with respect to the norm ||-||. Hence,
it is sometimes called a trust region constraint. As a special case, if we take g =0
and the £,-norm, then the problem (6.13) reduces to the box constrained problem
(6.10).

Trust region constraints appear in different applications. For example, in the
context of model fitting and estimation, we can use a trust region constraint to
restrict the solution to be close to some initial guess xo that represents our prior
knowledge. Moreover, when the objective function fy in (6.13) is some convex
approximation of the true (possibly nonconvex) objective function, the trust region
constraint can be interpreted as restricting the solution to be close to the point xg
where the approximation is accurate, so that the solution of the problem (6.13) can
be a good approximate solution of the original problem; see also §3.3.

Underdetermined equations
Consider a system of linear equations
Az =b (6.14)

in the variable z € R", where A €¢ R™*" is fat, i.e., m < n, and b € R™. We
also assume that the matrix A has full rank, i.e., rank A = m. If m = n, then the
system of equations (6.14) has a unique solution given by x = A~'b. If m < n, then
(6.14) has infinitely many solutions. In particular, let g € R"™ be a specific solution
of the linear system, i.e., Axg = b, then the set of all solutions of the equations
(6.14) is given by

{reR"| Az =b} ={xo+ 2| 2 € N(A)}, (6.15)
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where N'(A) = {z € R" | Az = 0} is the nullspace of the matrix A. Geometrically,
the set (6.15) is an affine set in R" that can be obtained by translating the nullspace
N (A) by any specific solution xq of the linear system (6.14).

Least norm problems

The least norm problem associated with the linear system (6.14) is the optimization
problem
minimize ||z

. (6.16)
subject to Az =0

with variable € R", where || - || is a norm on R™. A solution of the problem (6.16)
is called a least norm solution of the linear system (6.14), since it is a solution of
the equations that has the smallest norm among all solutions. The problem (6.16)
is a convex optimization problem, and it is only interesting when m < n, since
otherwise the feasible set of the problem (6.16) is the singleton {A~!b}, so the
solution is trivial.

Remark 6.1 The least norm problem (6.16) can be interpreted from various perspec-
tives.

Geometric interpretation. Since the solution set of the underdetermined system (6.14)
defines an affine set, solving the least norm problem (6.16) corresponds to finding a
point in this affine set that is closest to the zero vector 0, with respect to the norm || - ||.
In other words, a least norm solution of the equations (6.14) is a projection (under
the norm || -||) of the zero vector onto the affine set defined by the underdetermined
linear system Az = b.

Estimation interpretation. From an estimation perspective, let x € R"™ be a parameter
vector that we want to estimate, and the equations Ax = b represent a series of
perfect (i.e., noiseless) linear measurements. Note that since m < n, we have less
measurements than the number of parameters, so the equations Ax = b are not
sufficient to determine a unique parameter vector x. In other words, any parameter
vector x that satisfies the equations Az = b is consistent with the measurements, so we
should use our prior knowledge about = to select a specific solution of the equations
Az = b as our estimate. In the case of the least norm problem (6.16), the prior
knowledge is that the parameter vector x should be small in the sense of the norm
|-, i-e., an estimate of x with a smaller norm is more likely to be the true parameter
vector than an estimate with a larger norm. (These ideas can be made more formal
under a Bayesian framework; see page 204.)

The least norm problem (6.16) is closely related to the norm approximation
problem (4.4) on page 106. To see this, let 25 € R" be a specific solution of the
equations (6.14), and let Z € R™* be a matrix whose columns form a basis of
the nullspace N'(A), so that every solution of the equations (6.14) can be expressed
as & = xo 4+ Zy for some y € R*. Then the least norm problem (6.16) can be
reformulated as an unconstrained optimization problem

minimize ||zg + Zy||
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with variable y € R*, which is a norm approximation problem of the zero vector by

the affine function f(y) = z¢ + Zy. Hence, many discussions about approximation

problems presented in §4.1 are readily translated to the least norm problem (6.16).
Some examples illustrate these ideas.

Example 6.4 Least squares solution of underdetermined systems. If the (squared)
fa-norm is used in the least norm problem (6.16), i.e.,

R 2
minimize  ||z|5

. (6.17)
subject to Az =b,

then the solution is called the least squares solution of the underdetermined system
(6.14). Similar to the least squares approximation problem (4.6), the least norm
problem (6.17) has an analytical solution given by

2t = AT(AATY ",
where we have used the assumption that A has full rank, so AAT is invertible. To
see that this z* is indeed the solution of the problem (6.17), we first verify that z* is
a solution of the equations Az = b: By substituting z* into the left-hand side of the
equations Ax = b, we have

Az = AAT(AAT) b =1b.
Then we verify that * has the smallest £2-norm among all solutions of the equations
Ax = b. Suppose that x is an arbitrary solution of the equations Az = b, then we
have A(z — z*) = 0, and hence

(x—z)Tz* = (z—a")TAT(AAT) b
= (A(z—2*))"(AAT) b
= 0.
This shows that (x — z*) L z*, therefore we have
Il =l = & + 2713 = llz = 2”3+ o I 2 12”3

i.e., " has the smallest £2-norm among all solutions of the equations Az = b.

Geometrically, the least squares solution z* of the underdetermined system (6.14) is
the Euclidean projection of the zero vector onto the affine set defined by the equations
Az = b. This is illustrated in figure 6.1.

Example 6.5 Least ¢1-norm problem and sparse solutions. If the £1-norm is used in
the least norm problem (6.16), then we have the least ¢1-norm problem

minimize ||z,

. (6.18)
subject to Ax = b,

where x € R" is the variable. According to the discussions in §4.1.3, we know that
the problem (6.18) tends to promote sparse solutions, i.e., tends to result in a solution
of the underdetermined linear system Ax = b that has as many zero components as
possible. (See also example 6.6 for more discussions about finding sparse solutions of
underdetermined equations.)
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{z | Ax = b}

N(A) = {z | Az = 0}

Figure 6.1 Geometric interpretation of the problem (6.17). The solution z*
of the problem (6.17) is the Euclidean projection of the zero vector onto the
affine set {x | Az = b}.

Least penalty problems

We can generalize the norm in the objective of the problem (6.16) to a broader class
of penalty functions, which leads to the least penalty problem of the form

min'imize Sy () (6.19)

subject to Az = b,
where z € R" is the variable, A € R™*™ and b € R™ are given data, and ¢: R — R
is a penalty function applied to each component of x.

Usually, the penalty function ¢ is chosen to be convex, nonnegative, and satisfies
#(0) = 0, so that the least penalty problem (6.19) is a convex optimization problem.
Similar to the class of penalty function approximation problems discussed in §4.1.3,
here, by choosing different penalty functions, we can induce different characteristics
in the solution of the problem (6.19).

Some nonconvex penalty functions for the problem (6.19) are also useful in
practice. An example is presented below.

Example 6.6 Least cardinality problems. Consider the least penalty problem (6.19)
with the penalty function ¢ being the cardinality function, which counts the number
of nonzero entries of a vector. This leads to the least cardinality problem, given by

minimize cardzx

) (6.20)
subject to Az =b,

where the variable is € R™. The least cardinality problem (6.20) consists in finding
a solution of the underdetermined linear system Az = b that has as few nonzero
components as possible, i.e., a sparsest solution of the equations Az = b.

The problem (6.20) is not a convex optimization problem, since the cardinality func-
tion is not convex. However, if the dimension n is not too large, we can solve the
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problem via combinatorial search. Specifically, suppose that we want to find a solu-
tion of the equations Ax = b with k nonzero components, where k < n is a given
positive integer, then we can enumerate all possible choices of the k indices out of
1,...,n. For each choice of the k indices, the equations Az = b reduce to Az = b,
where A is the submatrix of A formed by the columns corresponding to the chosen
indices, and & is the subvector of x formed by the components corresponding to the
chosen indices. If for some choice of the k indices, the matrix A is nonsingular, then
& = A7'b is a solution of the equations Az = b with k nonzero components. If for
some value of k, all possible choices of the indices lead to a singular matrix A (and
b ¢ R(A)), then there is no solution of the equations Az = b with this number of
nonzero components. By repeating this procedure for k = 1,...,n, we can then solve
the least cardinality problem (6.20).

Solving the least cardinality problem (6.20) via combinatorial search is not practically
feasible when the dimension n gets larger, since for each k = 1,...,n, we need to
check n!/(k!(n — k)!) possible choices of the indices (in the worst case). Here, again,
the £1-norm heuristic given by the problem (6.18) often works quite well as a convex
surrogate of (6.20), for finding a sparse solution of the underdetermined linear system
Ax =b.

Bayesian interpretation

We can interpret the least penalty problem (6.19) from a Bayesian perspective.
Suppose that we want to estimate the value of a random variable x € R" based on
some perfect linear measurements Ax = b, where A € R™*" and b € R™. Then
the likelihood function of 2 under the observations b (i.e., the posterior distribution
of b given x) is expressed as

1, Az =19

0, otherwise,

pb\m(m7b) = {

so the log-likelihood function of the variable x is

0, Ar=b

—o00, otherwise.

log py| (2, b) = {

Assume that the components z;, ¢ = 1,...,n, of the variable x € R™ are IID under
the prior density p: R — R defined as

_ exp(—o()
Jexp(—¢(u)) du’

p(xi)

where ¢: R — R is a penalty function corresponding to the problem (6.19), then
the log-prior distribution of z is given by

n

log p () = 1ong[1p<xi> == o) = niog ([ exp(-o(w) du)

i=1
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As a result, the maximum a posteriori estimation objective of the variable x is
expressed as

n
> p(xy), Ax=0b
log Py () + log py () = {21 /L% |
—00, otherwise.
(Note that we have dropped the constant term in the log-prior of x.) Hence, the
maximum a posteriori estimation of x under the observations b is formulated as the
optimization problem
maximize — .. | ¢(z;)
subject to Az = b,

which is the least penalty problem (6.19) by negating the objective.

Conversely, a maximum a posteriori estimation problem of the variable z € R"
under the perfect linear measurements Az = b and IID components x; with prior
density p: R — R, given by

maximize Z?:l log p(w;)
subject to Az = b,

can be interpreted as a least penalty problem of the form (6.19), where the penalty
function ¢: R — R is defined as ¢(u) = —logp(u) for u € R.

Probabilities and distributions

Consider a nonparametric distribution estimation problem where we want to esti-
mate a probability distribution for some discrete random variable Z € {c1,...,¢,}
with n possible outcomes. For simplicity of presentation, here we assume that the
random variable Z is scalar, i.e., ¢; € R for all i = 1,...,n, but the same ideas
readily generalize to the case where Z takes values in higher dimensional spaces or
some abstract sets.

Let x € R™ be a vector variable representing the distribution of Z, i.e., z; =
prob(Z = ¢;) for i = 1,...,n. Then the most fundamental requirements for the
variable x are given by the probability constraints

x>0 and 17z =1, (6.21)

i.e., the variable z must lie in the probability simplex in R". A nonparametric
distribution estimation problem with prior information about the distribution of Z
can be formulated as the optimization problem

minimize  fo(z)
subject to x =0, 1Tz =1, (6.22)
re X,

where fo: R"™ — R is some objective function (e.g., as presented in §4.3) and
X C R" is some constraint set representing the additional prior information about
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the distribution of Z. In the next few paragraphs, we will see that many types
of the prior information, i.e., the constraint set X', can be represented via convex
inequality and equality constraints, so that the problem (6.22) is a convex program
(assuming that the objective function fy is convex).

Moment constraints

The kth moment (about zero) of the random variable Z € {c1,...,¢,} is defined as
the expectation of the kth power of Z, i.e.,

EZF=Y"ca;, (6.23)
i=1

where z € R™ satisfies the probability constraints (6.21) representing the distribu-
tion of Z. As a special case, when k = 1, the first moment E Z reduces to the mean
of the random variable Z. According to (6.23), the kth moment of the random
variable Z is a linear function of the distribution € R"™ for all k € Z ;. Hence,
it is easily seen that if we have some prior information about E Z*, such as its
value, upper or lower bounds, etc., then we can represent such knowledge via linear
equality or inequality constraints on the distribution x.

Example 6.7 Moment constraints. Suppose that we know the mean of the random
variable Z is equal to some value u € R, then we can represent this information via
the linear equality constraint
EZ=c"z= w

with variable x € R™ being the distribution of Z, where ¢ = (c1,...,¢,) € R" is the
vector of possible outcomes of Z. This is readily generalized to the kth moment of
Z. For example, if we know that the kth moment of Z is equal to some value n € R,
then by (6.23), we have

n

EZ" :Zcf:ci =7,

1=1
which is also a linear equality constraint on the distribution x.

Moreover, if we are given some bounds on the kth moment of Z, e.g.,
EZ" € la,f],

where o, 5 € R are given scalars, then we can represent this information via the linear

inequality constraints
n
a< Z ciwi <8
i=1

with variable x € R".

The idea of moment constraints can be extended to restricting the expectation
of some general function of the random variable Z. Specifically, let g: R — R be a
function with domain dom g satisfying {c1,...,c,} C dom g, then the expectation
of g(Z) is given by

Eg(Z) =Y glci)as, (6.24)
=1
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which is a linear function of the distribution z € R"™. When the function ¢ has
the form of the power function g(u) = u* for some positive integer k € Z, ., the
expectation E g(Z) reduces to the kth moment of Z.

Probability constraints

As a special case of the function expectation constraints given by (6.24), let S C R
be a subset of the real numbers such that SN{ecy,...,c,} # 0. Then the probability
of the random variable Z € {cy,...,c,} taking values in the set S is given by the
following linear function of the distribution z € R™:

prob(Z € S) = p’x,

where the vector p € R" is defined as

1, ¢;e8
P = ’ 6.25
b { 0, otherwise ( )
for : = 1,...,n. Therefore, known probabilities or probability bounds of certain

events related to the random variable Z can be represented via linear equality or
inequality constraints on the distribution z € R™. For example, suppose we have
the prior information that the probability of Z taking nonnegative values is at least
w € [0, 1], then we can represent this knowledge via the linear inequality constraint

prob(Z > 0) =p'z >y,

where the vector p € R" is defined similarly as in (6.25), with S = R.
The idea of probability constraints can be extended to conditional probabilities.
The following example illustrates this idea.

Example 6.8 Conditional probability constraints. Let A, B C R be two subsets of the
real numbers, then the conditional probability of Z € A given Z € B is expressed as

prob(Z € AnB) p'z
ZeA|ZeB)=——mFmF——" = ——
prob(Z € A[Z € B) prob(Z € B) qTx

(assuming that all probabilities are nonzero), where each component of the vectors
p,q € R" is given by

1, € ANB 1, ¢;€B
pi = . and ¢; = :
0, otherwise 0, otherwise.

Suppose we know that the conditional probability prob(Z € A | Z € B) is bounded
in the interval [a, 8] for some «, 8 € [0, 1], then this knowledge can be represented as

Since ¢« > 0, this is equivalent to the linear inequality constraints
p'z>aq’s and p'z < Bz,

i.e.,
(p—aq)’z>0 and (Bg—p)'z >0,
on the distribution z € R".
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Variance constraints

Some prior information about the distribution of Z can be represented via nonlinear
convex constraints. As a basic example, the variance of the random variable Z €
{c1,..., ¢} with distribution 2 € R™ satisfying (6.21) is defined as

n n 2
varZ =E(Z-EZ)?=E2>-(E2)* =) clz; - (Z cia:l) . (6.26)
i=1 =1

Noticing that the first term in the right-hand side of (6.26) is linear in x and the
second term can be expressed as

n 2 n n
E Ty :5 g cicjxixj:xT(ccT)x,

i=1 i=1 j=1

which is a convex quadratic function of the distribution z € R"™, we see that the
variance var Z is concave in x. Therefore, a lower bound on the variance of Z, say,
var Z > p for some p € R, can be represented via a convex inequality constraint

n
T (ech)x — Z r; < —p
i=1

with variable z € R".

Remark 6.2 Variance upper bounds. An upper bound on the variance of Z, given by

n
var Z = Zcfwl — 2" (ecMz <1

i=1

for some n € R, is not a convex constraint. However, it is a difference-of-convex
constraint, since the variance var Z is the difference of a linear function and a convex
quadratic function of x. Therefore, if the objective fo is a convex (or difference-
of-convex) function, the distribution estimation problem in the form (6.22) with a
variance upper bound constraint, given by

minimize  fo(z)
subject to x>0, 1Tz =1,
S i (e <

=1

is a difference-of-convex program, which can be approximately solved by the convex-
concave procedure presented in §3.2.3.

Entropy constraints

Another type of nonlinear convex constraints that are useful in distribution estima-
tion problems of the form (6.22) are the entropy constraints. Let z € R™ with x = 0
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and 17z = 1 be a probability distribution of the random variable Z € {cy,...,cn}.
The negative entropy function of the distribution x is defined as

n
g x;log x;,
i=1

which is a convex function of x. If we have the prior information that the entropy of
the distribution x is bounded below by some value p € R, i.e., the negative entropy
of x is bounded above by —p, then this prior information can be represented via
the convex inequality constraint

n
Z z;logx; < —p.
i=1

Intuitively, this constraint restricts the distribution x to have a certain level of
uncertainty, since a higher entropy corresponds to a more uncertain distribution.
In other words, it requires that the distribution x to be sufficiently spread out over
the possible outcomes of Z, rather than being too concentrated on a few outcomes.
(See also page 134 and exercise 4.6.)

Moreover, if we are given some reference distribution ¢ € R™ such that ¢ = 0
and 17¢ = 1, the relative entropy (or KL-divergence) between the two distributions

x and ¢ is defined as
Z z;log —,
i=1 i

which is also a convex function of x. Then it follows that we can restrict the
mazimum divergence between x and the given reference distribution ¢, as a convex
inequality constraint on the distribution x. Such a constraint can be interpreted as
requiring the distribution x to be sufficiently close to the reference distribution gq.

Numerical example

We present a numerical example to demonstrate some applications of the constrains
mentioned above in the nonparametric distribution estimation problem (6.22).

Suppose Z € {ec1,...,¢n} is a discrete random variable with n = 200 possible
outcomes, separated with equal spacing in the interval [—0.5,1]. The constraint
set X C R" in the distribution estimation problem (6.22) representing our prior
information is given by the following inequality constraints:

EZ € [-0.2,0.5)
EZ? < 02
E(32*-72%) < -0.7 (6.27)
varZ > 0.1
prob(Z <0) > 0.35.

Let x € R"™ be the variable representing the distribution of the random variable Z, to
be estimated. According to the previous discussions, the first three expectation and
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the last probability constraints can all be represented as linear inequality constraints
on z, while the fourth variance constraint is a convex quadratic inequality constraint
on x. Therefore, the constraint set X in (6.22) obtained from the intersection of
these inequality constraints is a convex set.

First consider the problem of finding a distribution z € R"™ of the random
variable Z that has the maximum entropy among all distributions satisfying the
constraints in (6.27). This can be formulated as the optimization problem

minimize Y., z;logx;
subject to x>0, 1Tz =1,
—-02<EZ<05 EZ?2<0.2, (6.28)
E(3Z*-1723) < -0.7, varZ >0.1,
prob(Z < 0) > 0.35,

where the variable is x € R"™. Since the objective function is convex and the
constraints are all convex inequality and equality constraints, the maximum entropy
estimation problem (6.28) is a convex optimization problem. Figure 6.2 shows
the optimal distribution z* € R"™ of the problem (6.28). The maximum entropy
distribution x* satisfies

EZ 0.22

| DA 0.2
E(32* - 723) -0.7
var Z 0.15
prob(Z < 0) 0.35,

i.e., except for the mean and variance constraints, all the other constraints in (6.27)
are tight at the optimal distribution x*.

Now suppose among all distributions of Z satisfying the constraints in (6.27),
we would like to compute the upper and lower bounds on the probability

prob(Z < ¢;) =p'z (6.29)
for all = 1,...,n, where the indicator vector p € R" is given by
1, ¢;<g¢
- 6.30
bi { 0, otherwise ( )

for all j = 1,...,n. Noticing that since ¢; < ¢3 < -+ < ¢y, the probability (6.29) is
actually the cumulative distribution of the random variable Z at the point ¢;. To
compute the pointwise lower bound on the probability (6.29) for each i =1,...,n,
we can solve the following optimization problem:
minimize prob(Z < ¢)

subject to x>0, 1Tz =1,

—-02<EZ<05 EZ?2<0.2, (6.31)

E(32* -723) < -0.7, varZ >0.1,

prob(Z < 0) > 0.35,
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Figure 6.2 The maximum entropy distribution z* € R"™ that satisfies the
constraints in (6.27), obtained by solving the problem (6.28).

-0.5 0.0 0.5 1.0 1.5

C;

Figure 6.3 The top and bottom curves plot the upper and lower bounds
on the cumulative distribution of Z at each point ¢;, i = 1,...,n, among all
distributions satisfying the constraints in (6.27). The cumulative distribution
of the maximum entropy distribution z* from the problem (6.28) is shown
thicker in the middle.
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6.4

6.4.1

where 2 € R" is the variable. By (6.29) and (6.30), the objective function in the
problem (6.31) is a linear function of x, so the problem (6.31) is a convex optimiza-
tion problem. To compute the upper bound, we only need to change the objective
in the problem (6.31) to maximize the probability prob(Z < ¢;). Figure 6.3 shows
the pointwise upper (the top curve) and lower (the bottom curve) bounds on the
cumulative distribution of Z at each point ¢;, i = 1,...,n. The cumulative distri-
bution of the maximum entropy distribution a* from the problem (6.28) at each
point ¢; is shown thicker in the middle.

Functional constraints

Function fitting problems

A special subclass of the approximation problems is to find a function that best fits
or interpolates some given data points. Specifically, let

(zi,y)) ERF X R, i=1,...,m,
be the given data points, and let f: R* = R with

f(Z) :xlfl(z) +o +xnfn(z) (632)

be a linear combination of a group of given basis functions fi,...,fn: R¥ = R
with variable coefficients x1,...,x, € R. Then the problem of function fitting on
the dataset (z;,y;), i = 1,...,m, can be formulated as the optimization problem

minimize >3, ¢(f(2) — i) (6.33)

subject to =z € X ’
with variable z € R", where the function f: R¥ — R in the objective is given by
(6.32), and ¢: R — R is a penalty function that measures the approximation error
of the function f on the dataset. We will see later that the constraint set X C R"
can be used to represent some prior information about the structure or properties
of the target function f.

Remark 6.3 Function fitting as penalty function approzimation. The function fitting
problem (6.33) can be expressed in the form of the penalty function approximation
problem (4.12) on page 111. To do this, for all i = 1,..., m, we define

a; = (fi(zi),..., fa(z)) €R",

so that f(z) = af z foralli = 1,...,m. Since the basis functions fi, ..., f, are given,
the vectors ai, . . ., am are also fixed and known given the dataset (z;,vy:), i = 1,...,m.
Then the function fitting problem (6.33) can be rewritten as

minimize > ¢(a] T — i)

. (6.34)
subject to z € X
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with variable x € R", which is essentially a (constrained) penalty function ap-
proximation problem corresponding to the system of linear equations al z = y; for
t=1,...,m.

According to the formulation (6.34), it follows that the function fitting problem (6.33)
is a convex optimization problem if the penalty function ¢ is convex and the constraint
set X' is a convex set.

Example 6.9 Polynomial fitting. Let z; € R and y; € R be the given data points for
i=1,...,m, and let

fR)=x1+z22+ - a2t

be a polynomial function of degree at most n — 1 with variable coefficients = €
R". Then the problem of fitting this polynomial function to the dataset (z;, ),
i =1,...,m, can be expressed in the form of (6.33) as

_ 2
minimize Z:Zl (E;Zl $j2371 - yl) (6.35)
subject to z € X

with variable x € R"™. Here, as a basic example, the penalty function ¢: R — R
in (6.33) is chosen as the quadratic penalty ¢(u) = u® for u € R, so the resulting
problem (6.35) is a constrained least squares problem.

Constraints

In this section, we present some ideas of how different constraints on the variable x €
R" can be used in the function fitting problem (6.33) to impose various properties
on the target function f. Here we always take the assumption that the target
function f: R¥ — R of the problem (6.33) is given by a linear combination of some
fixed basis functions as in (6.32). However, it is worth noting that in general, the
function f need not be restricted to this form; see example 3.10, page 93.

Interpolation constraints

Let (s;,t;) € R* x R, i =1,...,p, be some given interpolation points, then the
interpolation conditions require the target function f in the problem (6.33) to pass
through all these points. By (6.32), the function f is linear in the variable x € R",
so the interpolation conditions can be represented as linear equality constraints on
x, i.e.,

fs)=alz=t, i=1,...p, (6.36)

where a; = (f1(s:),..., fu(s;)) € R™.

Note that the interpolation points (s;, ;) € R¥ x R, i = 1,...,p, might overlap
with the data points (z;,y;), ¢ = 1,...,m, and often in practice, the interpolation
points are chosen as a subset of the data points.

When p is large, i.e., there are many interpolation constraints, the function
fitting problem (6.33) might be infeasible, which means that there is no function f
of the form (6.32) that can pass through all the interpolation points. Specifically,
let A € RP*™ be the matrix whose ith row is given by al in (6.36), and let ¢ =
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(t1,...,tp) € RP Dbe the vector of the target values at the interpolation points.
Then the interpolation constraints (6.36) can be expressed as the linear system of
equations

Ax =t,

and it follows that the interpolation constraints are feasible if and only if t € R(A).
A simple approach to deal with infeasible interpolation conditions is to relax some
of the constraints by allowing approximation error, which, in other words, is equiv-
alent to transforming some of the interpolation points into data points. (A formal
treatment of relaxations and some ideas about dealing with infeasibility will be
discussed in more detail in §6.5.)

Bounding constraints

We could also introduce inequality constraints on the target function f in the prob-
lem (6.33). As a basic example, we could relax the interpolation conditions by
allowing the function f to be bounded at the points s; € R* i=1,... , D, rather
than being exactly equal to some target value, i.e.,

f(SZ) € [Ozi,,Bi], 1=1,...,p, (637)

where «;, 5; € R are given lower and upper bounds on the function values at the
point s;. Let a; = (f1(si),..., fn(si)) € R™ for ¢ = 1,...,p, then the bounding
conditions (6.37) can be expressed as the linear inequality constraints

T .
aigaimgﬁia Z:17"'ap7

on the variable z € R™.

Example 6.10 Bounding constraints. Suppose we are given the data points (z,y;) €
RF xR, i = 1,...,m, and we would like to fit a function f of the form (6.32) to
these data points. Let a; = (fi1(z),..., fa(zi)) € R™ for i« = 1,...,m, then we
can express the following bounding conditions as linear inequality constraints on the
variable z € R".

o If the function f is required to be nonnegative at the points z; foralli = 1,...,m,
then we have
fz)=alz>0, i=1,...,m. (6.38)

e Suppose that the data points satisfies z;1 < --- < z,, and the function f is
required to be monotone nondecreasing at the points z; foralli=1,...,m —1,
then we have

Fzivn) = f(z) = (ain —a) @ >0, i=1,..,m-1 (6.39)
« If the function f is required to be a lower bound of the data points, then we have
flz)=alz <y, i=1,...,m.

We should note that the first two types of constraints mentioned above, i.e., (6.38) and
(6.39), do not necessarily require the function f to satisfy the corresponding properties
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at all points in its domain, unless f is assumed to have some special structure. For
example, suppose the target function f has domain dom f = conv{zi,...,zn}, and
is assumed to take the form of a piecewise affine function with breakpoints at z;,
it = 1,...,m, then the nonnegativity constraints (6.38) are sufficient to guarantee
f(z) >0 for all z € dom f. In this case, the monotonicity constraints (6.39) are also
sufficient to guarantee that f is monotone nondecreasing on dom f.

There are several other types of bounding constraints that can be represented
as linear inequality constraints on the variable x € R". For example, if we require
the function f to satisfy the Lipschitz continuity condition at the points s; for all
i=1,...,p, with a given Lipschitz constant L € R, then we have

|f(si) = f(s))| < Llisi =01, 4,5 =1,...,p,
which is equivalent to the set of linear inequality constraints
_L”si - sj” < (a‘i - a’j)Tx < LHSZ - st7 i,j=1,...,p,

on the variable x € R", where a; = (f1(s;),..., fn(s:))) e R" fori=1,...,p.

Derivative constraints

Suppose the basis functions f1,..., fn: R¥ — R in (6.32) are differentiable at the
point s € R* , then the target function f given by (6.32) is also differentiable at s.
In particular, the gradient of f at s is given by

Vf(S) = .%'1Vf1(8) +o CCann(S),

which is a linear function of the variable x € R". Therefore, we can impose inter-
polation or bounding conditions on the gradient V f at some point s € R* by linear
equality or inequality constraints of x. Moreover, we can bound the norm of the
gradient V f(s) as

IVf(s) <M
for some M € R,. Let A € R*" be the matrix whose ith column is given by
Vfi(s) for i = 1,...,n, then the above gradient constraint can be expressed as
[Az[| < M,

which is a convex constraint on the variable z € R".

These ideas can be extended to higher derivatives of the target function f.
For example, suppose the basis functions fi,..., f.: R = R in (6.32) are twice
differentiable at the point s € R*, then the Hessian of f at s is given by

V2f(s) = 21 V2f1(s) + -+ 2, V2 f0(s),
which is a linear function of the variable x € R"™. Therefore, the bounding condition

al < V?f(s) = pI



216

6 Constraints

at the point s with some «a, 8 € R is a group of linear matrix inequality constraints
on the variable z € R". As a special case, the linear matrix inequality constraint
V2f(s) = 0 requires the target function f to have nonnegative curvature in the
neighborhood of some point s € R”, i.e., the function f is (locally) convex at the
point s. If the function f has some special structure, then this condition is sufficient
to guarantee the global convexity of f. An example is presented below.

Example 6.11 Convex constraint of quadratic functions. Suppose the basis functions
fi,..., fo: R¥ = R in (6.32) are given by the quadratic functions

1
fi(z) = 52T1—7iz—|—quz—l—m7 i=1,...,n,

where P; € S¥, ¢; € R¥, and r; € R for i = 1,...,n. Then the target function f
given by (6.32) is also a quadratic function of the form

fz)= %zTPz +q 2+,

n n n
P= E ., P, q= E Tiqi, T = E TiT;.
i=1 i=1 i=1

If we require the target function f to be a convex quadratic function, then we have

where

VQf(Z) =P= Zl‘lpz t 0,
=1

which is a linear matrix inequality constraint on the variable z € R".

Numerical example

We present a numerical example to illustrate the ideas presented above. Suppose
we are given the data points (z;,y;) € R x R, i = 1,...,m, with m = 80, which
are shown as circles in figure 6.4. We consider the problem of fitting a polynomial
function of degree at most n — 1, given by

f(2) =21+ @02+ +2,2" (6.40)

to these data points, and here we choose n = 5.

First consider the case where there is no constraint on the variable z € R™. Tak-
ing the least squares penalty function ¢(u) = u? for measuring the approximation
error, the resulting function fitting problem is then given by

minimize Y0, d(f () —yi) = >oiey (Z?zl T yi>2. (6.41)

The polynomial function fitting result on the given dataset from solving the problem
(6.41) is shown as the thicker solid curve in figure 6.4.

Now suppose we have the prior information that the target function f should
satisfy the following interpolation conditions:

f(=5)=—04, f(0)=0, f(87)=0.1, (6.42)
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Figure 6.4 Polynomial function fitting. The circles plot the given data points
(zi,yi), ¢ = 1,...,m. The thicker solid curve shows the unconstrained poly-
nomial function fitting result from solving the problem (6.41). The dashed
curve shows the constrained fitting by solving (6.41) under the constraints
(6.42). The dashdotted curve shows the results from solving (6.41) under
both constraints (6.42) and (6.43). The thinner solid curve on the bottom
corresponds to a lower bounding polynomial function in the form (6.40) of
the data points.
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which are linear equality constraints on the variable z € R". The polynomial func-
tion fitting result from solving the problem (6.41) with the interpolation constraints
(6.42) is shown as the dashed curve in figure 6.4, where the interpolation points are
shown as crosses.

We could further introduce prior information about the gradient of the target
function f at some points. Specifically, we require f to have zero gradient at the
point z = 0, and the gradient of f at z = 2.5 to be bounded above by —0.1, i.e.,

Vi0)=0, Vf(2.5)<—0.1. (6.43)
By (6.40), we have
VF(z) =29+ 232+ + (n— 1)z,2" %,

so the gradient constraints (6.43) are linear equality and inequality constraints on
the variable x € R". The polynomial function fitting result from solving the prob-
lem (6.41) with the interpolation constraints (6.42) and the gradient constraints
(6.43) is shown as the dashdotted curve in figure 6.4.

Finally, we consider the problem of finding a polynomial function of the form
(6.40) that bounds all the data points from below. This bounding condition can be
expressed as the linear inequality constraints

fe) <y, i=1,...,m. (6.44)

Solving the problem (6.41) with the bounding constraints (6.44) gives us the thinner
solid curve shown in the bottom of figure 6.4.

Relaxations

Definition and basic properties

Relazation is an operation on optimization problems (or usually, on the constraints)
that transforms a given problem into another one that is easier to solve, while
preserving some properties of the original problem. For instance, let

minimize  fo(z)

. (6.45)
subject to z € P

be an optimization problem with variable z € R", objective function fo: R" — R,
and constraint set P C R". Let @ C R" be another constraint set such that P C Q,
then the optimization problem

minimize  fo(x)

. (6.46)
subject to z € Q

is called a relazation of the original problem (6.45). The relaxed constraint set Q
is usually chosen to be a convex set, so that the relaxed problem (6.46) is a convex
optimization problem (provided the objective function fy is convex).
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Roughly speaking, when introducing a relaxation to an optimization problem,
we are ignoring some of the constraints in the problem. As an extreme example,
ignoring all the constraints in the original problem (6.45) is equivalent to taking Q =
R", and thus the resulting relaxed problem (6.46) is an unconstrained optimization
problem.

Lower bounding property

One of the most important properties of relaxations is that an optimal value of a
relaxation provides a lower bound on the optimal value of the original problem. In
particular, let p* and ¢* be optimal values of the original problem (6.45) and its
relaxation (6.46), respectively, then we have

* — inf < inf =p* 4
¢ = b 1o(@) < ol foe) =77, (047

where the inequality follows from the fact that P C Q.

The lower bounding property of relaxations given by (6.47) is particularly useful
when the original problem (6.45) is a nonconvex optimization problem, but the
relaxation (6.46) is convex. In this case, we can solve the relaxation (6.46) efficiently
to obtain a lower bound on the optimal value of the original problem (6.45). This
lower bound can then be used to evaluate the quality of any feasible point of the
original problem. Specifically, if a feasible point = € P of the problem (6.45) leads
to an objective value fo(x) such that the gap |fo(z) — ¢*| is small, then the point =
is likely to be close to an optimal point of the original problem (6.45).

Moreover, solving the relaxation (6.46) can sometimes directly give us an optimal
point of the original problem (6.45). Specifically, let * € Q be an optimal point of
the relaxed problem (6.46), i.e.,

¢ = mlgfg Jo(z) = fo(z").

If 2* happens to be a feasible point of the original problem (6.45), i.e., * € P,
then «* must be an optimal point of the original problem (6.45), i.e.,

Pt = wig?fp Jo(z) = fo(z*) = q~.

In other words, the inequality (6.47) holds with equality. To show this, noticing
that if * € P, then we have

P = ;g;fj fo(z) < fo(z*) = ¢*.

However, by the lower bounding property of relaxations given by the inequality
(6.47), we also have

¢ <p,
so it follows that p* = ¢* = fo(x*), and thus z* is an optimal point of the original
problem (6.45).
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Remark 6.4 Relazations on the objective. The idea of relaxations can also be applied
to the objective function of an optimization problem of the form (6.45). For example,
let go: R™ — R be a function such that go(x) < fo(x) for all z € P, then the problem

minimize  go(x)

] (6.48)
subject to x € P

can be considered as a special type of relaxation of the problem (6.45), and its optimal
value also provides a lower bound on the optimal value of the original problem. The
function go in (6.48) is usually chosen to be a convex function, e.g., the convex enve-
lope of fo on the constraint set P, so that the resulting relaxed problem is a convex
optimization problem (provided the constraints are convex).

For this type of relaxations where the objective function has been changed, in the
most general case, we cannot say much about the relationship between the optimal
points (and values, besides the lower bounding property) of the original problem
and its relaxation, since the lower bound on the optimal value of the original problem
(6.45) obtained from the relaxation (6.48) might be very loose, and the optimal points
of the relaxed problem might be very different from those of the original problem.
However, there are some special cases where the optimal values and points of the
original problem and its relaxation are closely related. One famous example is called
the Lagrangian relazation, which we will see soon in §6.6.

In practice, the problem (6.48) is sometimes referred to as a surrogate problem of the
original problem (6.45), and the function go is called a surrogate objective function of
the original objective function fjy.

Sensitivity analysis

Another important property of relaxations is that the optimal value of a relaxation
can be used to analyze the sensitivity of the original problem to perturbations on
the constraints. As an example, consider an inequality constrained optimization
problem of the form

minimize  fo(z)

. ‘ (6.49)
subject to  fi(z) <0, i=1,...,m
with variable z € R", and let
minimize  fo(x) (6.50)

subject to  fi(z) <w;y i=1,...,m

be a perturbed version of the original problem, where u € R™ is the perturbation
parameter. When uw = 0, the perturbed problem (6.50) reduces to the original
problem (6.49). If u; > 0, then the ith inequality constraint in (6.49) is relazed,
and if u; < 0, then the ith inequality constraint is tightened.

Let p* be the optimal value of the original problem (6.49), and define the function

¢ : R™ = R as

q¢*(u) = inf {fo (z)

z e (~,dom f;
, M ,

fi(x)gui, iZl,...
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P+ Vg (0) u

Figure 6.5 Optimal value ¢*(u) of the convex perturbed problem (6.50) as
a function of the perturbation parameter v € R™. For u = 0, we have
q¢*(0) = p*, where p* is the optimal value of the original convex problem
(6.49). The gradient Vg™ (0) gives the local sensitivity of the original problem
to perturbations on the constraint.

which gives the optimal value of the perturbed problem (6.50), parameterized by
u € R™. Note that the function ¢* can take the value oo for some u € R™, which
means that the perturbed problem (6.50) is infeasible for these values of uw. If the
original problem (6.49) is convex, then it can be shown that the function ¢* is a
convex function of u; see exercise 6.3.

Noticing that ¢*(0) = p*, we can analyze the sensitivity of the original problem
(6.49) to perturbations on the constraints by studying the behavior of the function
g* in a neighborhood of v = 0. For example, suppose the ith constraint in (6.49)
is relaxed by a small amount u; > 0, then if the optimal value ¢*(u) decreases
significantly compared to p*, then the original problem (6.49) is very sensitive to
relaxations on the ith constraint. Similar analysis also applies to the case where the
ith constraint is tightened by a small amount u; < 0. In the limit, if the function
q* is differentiable at u = 0, then the gradient V¢*(0) gives the local sensitivity of
the problem (6.49) to perturbations on the constraints. These ideas are illustrated
in figure 6.5.

We will see later in §6.6 that the perturbation (6.50) is the essence of Lagrangian
relazation, which actually provides an approach to compute the gradient Vg*(0),
so that it is practically actionable to analyze the local sensitivity of the original
problem (6.49) to perturbations on the constraints.

Examples

In this section, we describe several typical examples of relaxations that appear in
different contexts and applications.
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Cardinality and rank constraints

Consider the cardinality constrained optimization problem

mln.lmlze folx) 651)

subject to cardz <k, |z| <1,
where € R" is the variable. Here, the cardinality constraint card z < k requires
the vector x to have at most k nonzero entries, and the bounding constraint ||z|| <
1 requires the absolute value of each entry of z to be at most 1. Since the cardinality
function is not convex, the problem (6.51) is nonconvex and generally hard to solve.
However, under this ¢.-norm ball constraint, the convex ¢;-norm function is the
convex envelope of the cardinality function (see example 2.11 on page 38), i.e., we
have

|||, < cardz

for all z € R" such that ||z|| . < 1. Therefore, a convex relaxation of the cardinality
constrained problem (6.51) is given by

minimize  fo(x)

. (6.52)
subject to |l < &, el < 1.

which is a convex optimization problem if the objective function fy is convex. To
see that the feasible set of the original problem (6.51) is contained in the feasible
set of the relaxed problem (6.52), let z € R"™ be a vector such that cardz < k and
lz]| ., <1, then we have

1, xﬁéO

n
2|, = z) <1Tp=cardz <k =
| ||1 Z| il <17p - p { 0, otherwise,

i=1

so the vector x is also a feasible point of the relaxed problem (6.52). Obviously,
the converse does not hold, so the feasible set of (6.52) is a strict superset of the
feasible set of (6.51).

Similar ideas extend to optimization problems with matrix variable. Consider
the rank constrained optimization problem

minimize  fo(X)
subject to rank X <k, [X]|, <1,

where X € R™*" is the variable, and || -||, is the spectral norm, i.e., the largest
singular value of a matrix. A convex relaxation of this problem is given by

minimize  fo(X)
subject to || X, <k, [ X[, <1,

where || - ||, is the nuclear norm, i.e., the sum of singular values of a matrix, which
is the convex envelope of the rank function under the unit spectral norm ball
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constraint. We could also verify that the feasible set of the original rank con-
strained problem is contained in the feasible set of its nuclear norm relaxation. Let
X € R™*" be a matrix such that rank X < k and || X[, < 1, then we have

k
X1, =D 0s(X) < kon(X) = KI|X[l, < &,
i=1

where 0;(X) is the ith largest singular value of X for i = 1,...,min{m,n}.

Boolean linear programs
Consider the optimization problem

minimize Lz

subject to Az <b (6.53)
v €{0,1), i=1,...,n,

where x € R" is the variable. This problem is sometimes called a boolean linear
program, since each entry of the variable x is required to be either 0 or 1. When n is
not too large, the boolean linear program (6.53) can be solved exactly by searching
over all the 2™ possible values of x. However, when n is large, the problem (6.53)
is generally very hard to solve.

A common relaxation of the boolean linear program (6.53) is given by

minimize ¢l
subject to Az <b (6.54)
0<xz=x1,

where the boolean constraints z; € {0,1} are relaxed to the box constraints 0 <
x; <1fori=1,...,n. This relaxation is sometimes called the LP relaxation of the
boolean linear program (6.53). The LP relaxation (6.54), as the name suggests, is
a linear program, and hence can be solved much faster than the original problem
(6.53).

Noticing that the problem (6.54) yields a lower bound on the optimal value of
the original problem (6.53), as a result, if the relaxation (6.54) is infeasible, then the
original problem (6.53) must also be infeasible. Moreover, if the optimal point of
the relaxed problem (6.54) happens to be a boolean vector, i.e., satisfies z; € {0,1}
for all i =1,...,n, then it is also an optimal point of the original problem (6.53).

Similar ideas extend to other problems with discrete constraints, e.g., the integer
program described in example 2.23.

Two-way partitioning
Consider the (possibly nonconvex) optimization problem

minimize «TWaz

6.95
subject to x; € {—1,1}, i=1,...,n, (6.55)
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6.6

where x € R" is the variable, and W € S" is a given matrix. This problem
is sometimes called a two-way partitioning problem, since each feasible z € R"
corresponds to a partition of the set {1,...,n} into two subsets, given by

1,0y ={ilz;=1}U{i|z = -1}

In this context, the matrix W can be interpreted as a weight matrix that encodes
the pairwise relationships between the elements in the set {1,...,n}. In particular,
the value W;; is the cost of putting the elements 7 and j in the same subset of the
partition, while —Wj;; is the cost of putting them in different subsets. Hence, the
objective function 27 Wz gives the total cost of the partition corresponding to x,
and the problem (6.55) is to find a partition that minimizes this cost. Similar to
the boolean linear program (6.53), the two-way partitioning problem (6.55) has a
finite feasible set and is generally hard to solve when n is large.

To obtain a convex relaxation of the problem (6.55), we first notice that the
integer constraints in (6.55) can be equivalently expressed as z7 = 1 for all i =
1,...,n. Then we introduce a new variable X = zzT € S, which is a rank one
positive semidefinite matrix, so the problem (6.55) is equivalent to

minimize tr(WX)
subject to X =0, rankX =1 (6.56)
X“'ZL izl,...,n,

where X € S™ is the variable. By the formulation (6.56), it is easily seen that the
nonconvexity of the two-way partitioning problem is due to the rank one constraint
on the variable X. Therefore, a simple convex relaxation of the problem (6.56) can
be obtained by ignoring the rank constraint, which is given by

minimize  tr(WX)
subject to X >0 (6.57)
Xii:]-> ’L:].,,TL

Since the relaxed problem (6.57) is a semidefinite program, this type of relaxation is
sometimes called a semidefinite relaxation. Again, if an optimal point of the relaxed
problem (6.57) happens to be a rank one matrix, then it must also be optimal for
(6.56) (and hence be optimal for the original problem (6.55)).

Lagrangian relaxation and duality

This section describes Lagrangian relazation and duality in optimization problems.
Lagrangian relaxation is a special type of relaxations and has lots of very useful
theoretical and practical properties. Analysis related to Lagrangian relaxation and
duality is a fundamental topic in optimization theory, which we will not pursue in
any depth. We refer the readers interested in these topics to the references listed
at the end of this chapter.
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The Lagrangian

We consider an optimization problem of the form

minimize  fo(x)
subject to  fi(z) <0, i=1,...,m (6.58)
hi(x) =0, i=1,...,p,

where x € R" is the variable, fo, f1,..., fm: R™ — R are the objective and in-
equality constraint functions, and hq,...,hy: R™ — R are the equality constraint
functions. Note that we do not assume any convexity properties of the functions
fo, f1,---, fmand hq, ..., hy in the problem (6.58), so the problem (6.58) is a general
nonlinear optimization problem.

The Lagrangian of the problem (6.58) is defined as the function L: R™ x R™ x
R? — R given by

L(z, A\ v) = fo(z) + > Nifilx) + > vihi(w).
i=1 i=1

Let D =", dom f; N(;_; dom h;, then the domain of L is given by
domL =D x R™ x R?.

For each ¢ = 1,...,m, the number \; is called the Lagrange multiplier associated
with the ith inequality constraint f;(z) < 0, and for each ¢ = 1,..., p, the number v;
is called the Lagrange multiplier associated with the ith equality constraint h;(x) =
0. The vectors A € R™ and v € RP are called the dual variables or Lagrange
multiplier vectors, associated with the problem (6.58).

The Lagrange dual function

The Lagrange dual function (or just dual function) g: R™ x R’ — R associated
with the problem (6.58) is defined as the partial infimum of the Lagrangian L over
the variable z € D, i.e.,

m p
g()\, V) = leelfD L(Z‘, /\, l/) = Ilg% <f0($) + Z)\lfz(a:) + Z Z/Zhl(l‘)> .
i=1 i=1

If for some values of the dual variables A € R™ and v € R?, the function L(zx, A, v)
is unbounded below over x € D, then we have g(\,v) = —oc.

One of the most important properties of the dual function g is that it is always
a concave function of the dual variables A and v, even if the original problem (6.58)
is nonconvex. To see this, notice that for each fixed x € D, the function L(x, A, v) is
an affine function of A and v, and thus the dual function g is the pointwise infimum
of a family of affine functions, which is concave.

Another important property of the dual function g is that it can provide a lower
bound on the optimal value of the original problem (6.58). Specifically, let p* be an
optimal value of the original problem (6.58), then for any A = 0 and v, we have

g(\v) <p*. (6.59)
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When the dual function is unbounded below, i.e., g(A,v) = —oo for some A = 0
and v, the inequality (6.59) holds trivially, so it only gives us useful information
about p* when A = 0 and g(\,v) > —oo (i.e., (\,v) € dom g). We refer to the dual
variables A and v that satisfy A = 0 and (\,v) € dom g as dual feasible (for reasons
that will become clear later).

Remark 6.5 Proof of lower bounds on the optimal value. To show the inequality (6.59),
let & € D be a feasible point of the original problem (6.58), i.e.,

fi(@) <0, i=1,...,m, hi(@)=0, i=1,...,p,
then for all A € R} and v € RP, we have

which implies that

Therefore, we have the following inequality for the Lagrangian L:

L(Z,\,v) +Z)\ fi(@ +Z”Z ) < fo(®). (6.60)

It then follows that

g\, v) = inf L(z,\,v) < L(Z,\,v) < fo(Z).

zeD

Since g(A,v) < fo(Z) for all feasible points & € D, we have

g\ v) < inf {fo(:v)

zeD

which completes the proof.

Example 6.12 Lagrangian and the dual function. Consider a simple nonlinear opti-
mization problem

minimize  fo(z) = 2 —2? — (1/5)z + 1

) (6.61)
subject to  fi(x) = (1/4)log(1 + 202%) — 0.5 <0

with variable x € R. The objective and constaint functions of this problem are shown
as the solid and dashdotted curves in figure 6.6, respectively. The interval between the
two vertical dotted lines in the figure is the feasible set of the problem. The optimal
point of the problem (6.61) is obviously the right endpoint of the feasible interval,
which is shown as the solid dot.

The Lagrangian of the problem (6.61) is given by

L(z,A) = fo(z) + Mfi(z)
= 2'—2® — (1/5)z + 1+ A((1/4) log(1 + 20z°) — 0.5),
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Figure 6.6 Objective function (solid curve) and constraint function (dashdot-
ted curve) of the problem (6.61). The feasible set corresponds to the interval
between the two vertical dotted lines, and the optimal point is shown as the
solid dot. The dashed curves show the Lagrangian L(x, \) of the problem
(6.61) for different values of A =0.1,0.2,...,1.

where A € R is the dual variable. By (6.60), for all feasible point  and A > 0, we
have L(z,\) < fo(z), i.e., for all dual feasible points A, the Lagrangian is always an
underestimator of the objective function within the feasible set. This is illustrated in
figure 6.6, where the dashed curves depict the Lagrangian L(z, A) for different values
of A\=0.1,0.2,...,1.

Figure 6.7 shows the dual function g(\) = infzer L(z, ) of the problem (6.61), where
the horizontal dashed line corresponds to the optimal value of the original problem.
Firstly, we may notice that even if the objective fo and the constraint function f; are
both nonconvex, the dual function g is a concave function of A. Moreover, it is clear
from the figure that for all A > 0, the dual function g always provides a lower bound
on the optimal value of the original problem.

Relaxation interpretation

The Lagrange dual function g: R™ x R? — R of the problem (6.58) corresponds
to the optimal value of the following problem:

minimize fo(z) + Yoo, Nifi(x) + D0 vihi(z) (6.62)

with variable x € R"™ and hyperparameters A € R and v € RP, which can be
considered as a special type of relaxation of the original problem (6.58). To explain
this, we introduce two auxiliary variables u € R™ and v € RP, so the problem
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Figure 6.7 The dual function g (solid curve) of the problem (6.61). The
dashed line corresponds to the optimal value of the original problem.

(6.62) can be reformulated as

minimize  fo(z) + Mu+vTv
subject to  fi(z) <wu;y i=1,...,m (6.63)
hi(ac)zvi, iZl,...,p,

where, note that, the variables are x € R", v € R™, and v € R?. Obviously,
this problem is always feasible, since for any z € R", there always exist some u
and v to satisfy the constraints. According to this formulation, we can see that
rather than hardly enforces the original constraints f;(x) < 0 and h;(x) = 0 in the
problem (6.58), the problem (6.63) allows some violation of these constraints, which
is measured by the variables v and v. The total constraint violation, or relaxation,
is then penalized in the objective by the linear penalty AT u+ v T v, with the penalty
strength controlled by the dual variables A and v.

Linear approximation interpretation

The problem (6.62) can also be interpreted as a linear approximation of the original
problem (6.58). To see this, we first reformulate the original problem (6.58) as

minimize fo(2) + 3210, 1-(fi(@)) + 320, To(ha(@)) (6.64)

with variable x € R"™, where I_,I: R — R are the indicator functions of the sets
R_ and {0}, respectively, i.e.,

I_(t){o, t<0 . Io(t){o, t=0

00, otherwise oo, otherwise.
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Figure 6.8 Graph of the indicator function I_ (shown dashed) of R_ and its
linear approximation At (shown solid) for some A\ > 0.

Then evaluating the objective of the problem (6.64) at a feasible point x of the
original problem (6.58) yields exactly the same value as fo(x), and oo otherwise. In
other words, the indicator functions I_ and Iy simply add a ‘barrier’ to fo(z) that
prevents any violation of the constraints, so that the constraints are now implicit in
the objective function. Therefore, we can see that the problem (6.62) is obtained by
replacing the indicator functions I_(f;(x)) and Iy(h;(z)) in (6.64) with their linear
approximations \; fi(x) and v;h;(x), respectively. Since for all A € R!" and v € R?,
we have \;t < I_(t) and v;t < I(t) for all ¢ € R, the problem (6.62) yields a lower
bound on the optimal value of the original problem (6.64). This interpretation is
illustrated in figure 6.8.

From the above interpretations, we may see that the relaxation (6.62) from the
dual function of the problem (6.58) is rather poor. Nevertheless, it at least provides
a lower bound on the optimal value of the original problem, and we will see in the
next few sections that this lower bound can actually be tight in many useful cases.

The Lagrange dual problem

Since the dual function g(A,v) for all A > 0 and v provides a lower bound on the
optimal value of the original problem (6.58), it is natural to ask what is the best,
or greatest lower bound that we can obtain from the dual function. This leads
to the following optimization problem, which is called the Lagrange dual problem
associated with the problem (6.58):

maximize g(\,v)

. (6.65)
subject to A = 0,

where A € R™ and v € RP are the variables. In this context, the original problem
(6.58) is called the primal problem. The feasible set of the dual problem (6.65) is
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given by
[(Av) € domg | A= 0},

so the definition of dual feasible points on page 226 now makes more sense. An
optimal value d* of the dual problem (6.65) is called the dual optimal value, and
the corresponding optimal point (A*,v*) is called the dual optimal point, or optimal
Lagrange multipliers.

Note that since the dual function g is always a concave function in the dual
variables A and v, the dual problem (6.65) is a convex optimization problem, even
if the primal problem (6.58) is nonconvex.

Weak duality

A direct consequence of the lower bounding property (6.59) of the dual function ¢
on the dual problem (6.65) is that the dual optimal value d* must be a lower bound
on the primal optimal value p*, i.e.,

d* < p*, (6.66)

which always holds regardless of the convexity of the primal problem (6.58). This
is called the weak duality property of the primal and dual problems. In this case,
the gap between the primal and dual optimal values, i.e.,

p*_d*a

is called the optimal duality gap, which is always nonnegative and represents the
greatest lower bound on the optimal value of the original problem (6.58) that can be
obtained from the Lagrange dual function. This method of finding a lower bound
on the optimal value is called Lagrangian relazation.

Weak duality has many useful applications in practice. For example, it provides
an actionable approach to obtain a lower bound on the optimal value of some
nonconvex problem by solving its dual.

Example 6.13 Two-way partitioning. There are several options to obtain a lower
bound on the optimal value of the nonconvex two-way partitioning problem

e . T
minimize z° Wz
. 2 . (6.67)
subject to x7 =1, i=1,...,n,

where z € R" is the variable and W € S™ is a given matrix. Page 223 describes one
option via semidefinite relaxation. Here, we introduce another way for lower bounding
the problem (6.67) via Lagrangian relaxation.

The Lagrangian of the problem (6.67) is given by

L(z,v) =a" Wz + Z vi(z; —1) = 2" (W + diag(v))z — 17,

i=1
so the dual function is expressed as

g(v) = inf L(z,v) = inf 2" (W + diag(v))z — 17 v.

T
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Noticing that the function =7 (W + diag(v))z is a quadratic form, we have

-1y, W +diag(v) = 0
g(v) = .
—00, otherwise.

Therefore, the dual problem of the problem (6.67) is given by

maximize —1Tv
subject to W + diag(v) = 0,
where v € R"™ is the variable. This dual problem is a semidefinite program, and

hence can be solved efficiently, which yields a lower bound on the optimal value of the
original problem (6.67).

The weak duality property is also related to the feasibility of the primal and
dual problems. For example, if the primal problem (6.58) is unbounded below,
i.e., p* = —o0, then we must have d* = —oo, i.e., the dual problem is infeasible.
Conversely, if the dual problem (6.65) is unbounded above, i.e., d* = oo, then we
must have p* = oo, ¢.e., the primal problem (6.58) must be infeasible.

Strong duality

If for some problem (6.58), the inequality (6.66) holds with equality, i.e.,
d* — p*7

or in other words, the optimal duality gap is zero, then we say that strong duality
holds between the primal and dual problems. This says that, the greatest lower
bound on the optimal value of the original problem (6.58) that can be obtained
from the dual function is actually tight, and thus we can obtain the optimal value
of the original problem by solving its dual problem.

We should note that strong duality does not always hold for all problems in
the form (6.58). The conditions that guarantee strong duality are called constraint
qualifications, which we will not discuss in any depth here. As a simple case, if
the primal problem (6.58) is a linear program, then strong duality is equivalent
to feasibility of the primal problem. Besides this, we could (very) roughly say
that strong duality usually holds when the primal problem is convex; see also the
references.

One useful consequence of strong duality is that, in this case, the dual optimal
value d* provides a ‘certificate’ of optimality for the primal optimal value p*. Specif-
ically, when strong duality holds for the problem (6.58), suppose some feasible point
a* of the primal problem (6.58) leads to the objective value fo(«*) that is equal to
the dual optimal value d*, then we can conclude that * must be an optimal point
of the primal problem, and the corresponding optimal value is p* = fo(x*).

In the most general case (where we do not make any assumptions about strong
duality), suppose the point  is primal feasible and the point (;\, ) is dual feasible,
then we have

p* € g\ D), fo(2)],  d* €lg(\D), fo(d)], (6.68)
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where the length of the interval [g(), 7), fo(Z)], given by

fo(Z) —g(A,7),

is called the duality gap between the primal and dual feasible points  and (;\, D).
The results in (6.68) implies that if the primal and dual feasible points Z and
(A, 7) lead to zero duality gap, i.e., satisfy g(\,7) = fo(&), then we must have
p* = d* = g(\,p) = fo(&), and thus # is an optimal point of the primal problem,
and (5\7 ) is an optimal point of the dual problem.

Strong duality also has useful implications regarding sensitivity analysis of the
optimal value of the primal problem with respect to perturbations of the constraints.
The following example illustrates these ideas.

Example 6.14 Sensitivity analysis. Consider a perturbed version of the original prob-
lem (6.58):
minimize  fo(x)
subject to  fi(z) <wu;, t=1,...,m (6.69)
hi(x) =v;, i=1,...,p,
where x € R" is the variable. Let ¢*: R™ xRP — R be the function that gives the op-

timal value of the perturbed problem (6.69), and let D = ()" dom fiN(,_, dom h,,
then we have

zeD
¢ (u,v) =inf < fo(z) | fi(x) <usy i=1,...,m », (6.70)
hi(z) =vs, t=1,...,p

and ¢*(0,0) = p* is the optimal value of the original problem (6.58).

Let (A*,v*) be an optimal point of the dual (6.65) of the original problem (6.58).
Assume that strong duality holds, and the dual optimal value is d* is finite, then we

have
q*(0,0) = p* = d" = g(\",v") = inf L(z,\",v"),

z€D

which implies that
m P
7°(0,0) < fo(x) + Y Al filx) + Y vihi(x)
i=1 i=1

for all z € D. Now suppose x € D is a feasible point of the perturbed problem (6.69),
i.e.,
filz) <wsy 1=1,...,m, hi(z) =vs, i=1,...,p,

then by the above inequality (and notice that A* > 0), we have

¢ (0,0) < fo(z) + NTu+ v T,

i.e.,
fo(x) > ¢*(0,0) = X\*Tu — T,

Hence, according to the definition (6.70) of the function ¢*, we conclude that

¢ (u,v) > ¢*(0,0) = XTu — 7o, (6.71)
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Noticing that we did not make any assumptions regarding the perturbation parame-
ters, this inequality holds globally for all w € R™ and v € RP.

We may obtain many useful information from the inequality (6.71). First of all, it
says that the function ¢* is lower bounded by an affine function of the perturbation
parameters v and v. There are many consequences of this fact, for example, if A}
is very large, then tighten the ith inequality constraint by u; < 0 is guaranteed to
increase the optimal value ¢*(u,v) of the problem (6.69) largely.

Moreover, if the function ¢* is differentiable at the point (0,0), then the inequality
(6.71) implies that the gradient Vg*(0,0) is given by

9q*(0,0)

g =M i=L..m, (6.72)
and 54*(0.0
%;) = i=1,...,p. (6.73)

In other words, the dual optimal points A* and v* of the problem (6.58) represent the
local sensitivity of the optimal value of (6.58) with respect to perturbations on the
constraints. When the original problem (6.58) is convex (and strong duality holds),
we have the following intuition for why (6.72) and (6.73) hold: When the problem
(6.58) is convex, then the function ¢* is convex in (u, v) (see exercise 6.3), so the global
underestimator (6.71) implies that the vector [ T T ] must be the gradient
of ¢* at the point (0,0). (See exercise 6.4 for a formal proof regarding this result.)

Optimality conditions

When strong duality holds for the problem (6.58), we can obtain some useful prop-
erties and conditions related to a primal optimal point z* of (6.58) and a dual
optimal point (A\*,v*) of (6.65). Note that, still, unless mentioned explicitly, we
do not make any assumptions about the convexity of the problem (6.58) in the
following discussions.

Complementary slackness

Suppose strong duality holds for the problem (6.58), and let 2* and (A\*,v*) be
optimal points of the primal and dual problems, respectively, then we have

fo(z®) =p* =d* = g(\*,v) (6.74)
= éng (fo(x) + Zl A fi(z) + Zl Vl*hz(.’lﬁ)> (6.75)

m P
< fo(x*) + D N filz*) + ) vihi(a¥) (6.76)
i=1 i=1
< fo(z*), (6.77)
where D = ", dom f; N(}_, dom h; is the common domain of the functions in

the problem (6.58). The equality (6.74) is due to the strong duality assumption; the
equality (6.75) follows since it is the definition of the dual function; the inequality
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(6.76) holds since z* € D; and the last inequality (6.77) follows from the fact that
a* is primal feasible and (A*,v*) is dual feasible, i.e.,

A =0, filz*) <0, i=1,...,m, hi(x*)=0, i=1,...,p.

Therefore, the inequalities (6.76) and (6.77) must hold with equality, which implies
that:

o The point z* is ¢ minimizer of the Lagrangian L(z, A*, v*) (but not necessarily
the unique minimizer), since the infimum in the definition of the dual function
g(A*,v*) is attained at x*.

e The dual optimal point \* and the primal optimal point 2* must satisfy
m
SN fia) =0,
i=1

Noticing that each term A} f;(«*) in the above summation is nonpositive, we
conclude that
A filx®) =0, i=1,...,m. (6.78)

The equalities in (6.78) is called the complementary slackness condition, which says
that for each i =1,...,m:

o if A¥ > 0, then we must have f;(z*) = 0, i.e., the ith inequality constraint
must be active, or tight, at the primal optimal point z*;

o if fi(z*) < 0, then we must have A} = 0, i.e., the ith optimal Lagrange
multiplier for the inequality constraints must be zero.

KKT optimality conditions

Now we assume that the functions fo, f1,..., fm and hq,...,h, in the problem
(6.58) are all differentiable (but not necessarily convex), and strong duality holds.
According to the previous discussions, we have the following necessary conditions
for z* and (\*,v*) to be primal and dual optimal:

filz®) < 0, i=1,...,
hi(z*) = 0, i=1,...,p
Ar >0, i=1,...,m (6.79)
Affile*) = 0, i=1,...,m
Viola*) + 200 AV fi(a™) + 327, vi Vhi(a*) = 0,

which are called the Karush-Kuhn-Tucker (KKT) optimality conditions for the prob-
lem (6.58). The first and second conditions in (6.79) are the primal feasibility con-
ditions, the third and fourth conditions are the dual feasibility and complementary
slackness conditions, respectively, and the last condition follows from the fact that
the gradient of the Lagrangian L(x, \*,v*) with respect to x must vanish at the
primal optimal point z*. The KKT conditions (6.79) holds for any optimization
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problem with differentiable objective and constraint functions for which strong du-
ality obtains.

Besides strong duality and differentiability, if we additionally assume that the
primal problem (6.58) is convex, i.e., the functions fo, f1,..., fm are convex and
hi,...,h, are affine, then the KKT conditions (6.79) are not only necessary but
also sufficient for optimality, which means that any point Z and (5\, V) that satisfy
the KKT conditions must be primal and dual optimal, respectively.

Remark 6.6 Proof of the KKT conditions for convex problems. We show that if the
primal problem (6.58) is convex and differentiable, then any point Z and (A, 7) that
satisfy the KKT conditions

fl(i) S O, 1 1,. ,m
hi(Z) = 0, 1=1,...,p
XN > 0, i=1,...,m (6.80)
S\fl(:i) = 0, i=1,....,m
V(@) + > NV fi@) + Y #:Vhi(@) = 0,

are primal and dual optimal, respectively.

Firstly, notice that the first two conditions in (6.80) imply that & is primal feasible,
and the third condition implies that (A, 7) is dual feasible. When the primal problem
is convex and A > 0, the Lagrangian

L(x,ﬂ,z?):fo(xnz +Zuz ;

is a convex function in z, so the last condition implies that Z is a global minimizer of
the Lagrangian L(z, A, 7). Hence, we have

9\ 7) = L&A, 9) = fo@) + > ANfi@) + Y #ihi(@) = fo(®),

=1

=

i=
where the last equality follows from the feasibility of Z and the complementary slack-
ness condition. Then by (6.68), the duality gap between the primal and dual feasible
points Z and (X, D) is zero, which implies that # and (X, 7) must be primal and dual
optimal, respectively.

Notice that in the above proof, we did not make any assumptions regarding the strong
duality of the problem (6.58), so the KKT conditions are sufficient (but not neces-
sary) for any convex optimization problem with differentiable objective and constraint
functions.

6.7 Infeasible problems

Consider the following feasibility problem:

find T
subject to  fi(z) <0, i=1,...,m (6.81)
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6.7.1

with variable z € R". Suppose that this problem is infeasible, i.e., there is no
point z that satisfies all the constraints, then a natural question is how to find
the largest subset of the constraints that can be satisfied simultaneously. In other
words, we want to identify the smallest subset of the constraints in (6.81) that must
be removed so that the remaining constraints are feasible.

If the total number of constraints m + p is not too large, then we can simply
enumerate all the subsets of the constraints (from the largest to the smallest) and
check their feasibility, and quit as soon as we find a feasible subset. This approach
needs to solve 2™TP feasibility problems in the worst case, which is clearly not
scalable when m + p is large, e.g., more than 50.

Relaxation and penalty heuristics

An effective heuristic for this problem is to introduce some auxiliary variables to
measure the violation of the constraints, and then solve a penalized version of
the original problem that minimizes the total constraint violation. Specifically, we
introduce two auxiliary variables © € R™ and v € R? to measure the violation of
the inequality and equality constraints, respectively, and then solve the following
optimization problem:

minimize Y0, u; + Y by |vg
subject to u =0, fi(z)<w;, i=1,...,m (6.82)
hi(.’lﬁ):’ui, iZl,...,p

with variables ¢ € R", v € R™, and v € RP. The problem (6.82) is always
feasible, since for any z € R", we can choose sufficiently large u and v to satisfy
the constraints.

Let (z*,u*,v*) be an optimal point of the problem (6.82), then the point x* is
expected to satisfy a large fraction of the constraints in (6.81), while the violation
of the other constraints is given by the nonzero entries of ©v* and v*.

If the original feasibility problem (6.81) is convex, then the heuristic given by
(6.82) is also a convex problem, and hence can be solved much more efficiently than
the combinatorial problem (6.83).

Intuition and interpretations

The intuition behind the heuristic (6.82) is that, its objective corresponds to min-
imizing the ¢;-norm of the vector (u1,...,um,v1,...,vp) of constraint violations,
which hence encourages the solution u* and v* of the problem (6.82) to be sparse,
so that the number of violated constraints is small.

This explanation is also seen by noticing that finding the largest feasible subset
of the problem (6.81) is equivalent to

minimize cardu + cardv
subject to u >0, fi(z)<w;, i=1,....,m (6.83)
hi(x)=v;, i=1,...,p,
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where z € R, u € R™, and v € RP are the variables, and the cardinalities card u
and card v denote the number of nonzero entries of u and v, respectively. Since we
have required u = 0, applying the ¢;-norm heuristic (see §5.2.3, page 161) on the
cardinality functions in (6.83) gives us the problem (6.82).

Exact penalty method

Applying the previous idea to the general optimization problem (6.58) yields the
exact penalty method for optimization, which is given by

minimize  fo(2) +v (301, wi + 307 [vil)
subject to u =0, fi(z)<w;, i=1,...,m
hi(x):’l)i, Z:177p
with variables x € R", u € R™, and v € RP, where v > 0 is a penalty parameter

that controls the strength of the penalty on the constraint violation. This problem
is sometimes also written in compact form as

minimize fo () + (S file), + X0y hi(2)]) (6.54)

where f;(r), = max{f;(z),0} is the positive part of f;(z), i.e., the violation of the
1th inequality constraint. The problem (6.84) is a convex optimization problem if
the original problem (6.58) is convex.

Remark 6.7 We may provide several interpretations for the exact penalty method
(6.84) for the problem (6.58).

Relazation interpretation. It is easily seen that the problem (6.84) is a relaxation of
the original problem (6.58), since it essentially ignores all the constraints in (6.58) and
instead penalizes the total constraint violation in the objective. This simple relaxation
has a very useful property at the optimal point: If an optimal point of the problem
(6.84) is feasible for the original problem (6.58), then it is also an optimal point of the
original problem. To see this, let * be an optimal point of the problem (6.84), then
we have

folz") +~ <Z fila), + Yy |hi<x*>|> < fo(z) + (Z fila), +) hi<x>|>

for all z € R™ (that are, of course, in the domain of the objective function). Now
suppose that z* is feasible for the original problem (6.58), then for all z that are
feasible for (6.58), the penalty terms in both sides of the above inequality are zero, so
we have

fo(@™) < fo(x),

which implies that z* is an optimal point of the original problem (6.58).

Regularization interpretation. We can also interpret the penalty term in the problem
(6.84) as a regularizer that incorporates the prior knowledge that f;(x) should be non-
positive and h;(z) should be close to zero, i.e., the constraints in the original problem
(6.58) should be approximately satisfied. Hence, applying the exact penalty method
corresponds to transforming the hard constraints in the original problem (6.58) into
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soft regularization terms in the problem (6.84). When the original problem is in-
feasible, i.e., the prior knowledge implemented in the constraints cannot be satisfied
simultaneously, we can only hope to find a point that is consistent with the prior
knowledge as much as possible, where our irritation of the misalignment is controlled
by the penalty parameter v > 0. When a larger penalty parameter 7 is used, the so-
lution of the problem (6.84) is expected to satisfy the constraints more closely, while
a smaller v allows for more violation of the constraints.

If the original problem (6.58) is feasible, then with sufficiently large v > 0,
solving the exact penalty problem (6.84) will yield an optimal point z* such that

filz*) <0, i=1,....m,

and
hi(z*)=0, i=1,...,p,
),

i.e., the point a* is feasible for (6.58), and hence is also an optimal point of the
original problem. In other words, the problems (6.58) and (6.84) are equivalent if
the penalty coefficient ~ is sufficiently large.

On the other hand, if the original problem (6.58) is infeasible, then solving the
problem (6.84) will yield an optimal point z* that leads to a sparse violation of the
constraints, which hence approximately identifies the largest feasible subset of the
original problem (6.58).

These ideas are illustrated in the following example.

Example 6.15 Infeasible least norm problem. We consider the following least norm
problem:
minimize ||z

. (6.85)
subject to Ax = b,

where £ € R"™ is the variable, and A € R™*" and b € R™ are given. Suppose that
the problem is infeasible, i.e., there is no point z that satisfies the equality constraint
(which usually happens when m > n). Then we can apply the exact penalty method
to find a point that is as close as possible to satisfying the equality constraint, i.e.,
solving the problem

minimize ||z|3 4+ || Az — b||, (6.86)

with variable x € R", where v > 0 is a penalty parameter.

Figure 6.9 illustrates the tradeoff between the least norm objective H:cHg and the
constraint violation ||Axz — b, for different values of v, under randomly generated
problem data with m = 100 and n = 10. The horizontal dashed line in the figure
represents the optimal value of the least norm problem (6.85) on the largest feasible
subset obtained by combinatorial search. As 7 increases, solution of the problem
(6.86) has a smaller constraint violation, but results in a larger least norm objective.
In particular, when v is sufficiently large (around 0.1 in this example), the optimal
point z* of the problem (6.86) is the same as the solution of (6.85) on the largest
feasible subset. At this point, the value ||Az™ —b||, represents the smallest total
violation of the equality constraint Az = b in (6.85).

Figure 6.10 plots the violation amplitude of each equality constraint |a z* — by,
it =1,...,m, for the optimal point 2* of the problem (6.86) with different values of ~,
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Figure 6.9 Least norm objective ||z||3 (shown solid, axis on the left) and
constraint violation ||Ax — b||, (shown dashedotted, axis on the right) for
the optimal point z* of the problem (6.86) with different values of 7. The
dashed horizontal line represents the optimal value of the least norm problem
(6.85) on the largest feasible subset obtained by combinatorial search.

where a7 is the ith row of the matrix A. The constraint violation for the solution of
the problem (6.85) on the largest feasible subset is also shown darker for comparison.
When ~ is small, almost all the constraints Az = b are more or less violated. As =y
increases, the constraint violation amplitudes become smaller, and eventually converge
to the violation amplitudes under the solution of the problem (6.85) on the largest
feasible subset, which is sparse and only violates a small fraction of the constraints.
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Figure 6.10 Violation amplitude of each equality constraint |a z* — b;|, i =
1,...,m, for the optimal point z* of the problem (6.86) with different values
of 4. The violation amplitudes for the solution of the problem (6.85) on
the largest feasible subset are shown darker for reference. When v = 0.1,
the optimal point z* of the problem (6.86) is the same as the solution of
(6.85) on the largest feasible subset, and hence the two constraint violation
amplitudes overlap exactly.
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Bibliographical notes

Function fitting problems in the form (6.33) with an £;-norm regularization on the variable
x are sometimes called basis pursuit problems; see Boyd and Vandenberghe [ , §6.5.4].
Some applications of basis pursuit in time series analysis and signal processing can be found
in the review paper by Chen et al. | ].

The boolean linear program (6.53) is a special case of the more general class of integer
programming problems, which date back to the early 1950s [ , ]. In fact,
Kantorovich [ | formulated a similar problem in the context of optimal resource
allocation in the 1939 in the Soviet Union, but his work was largely unknown in the West
until the late 1950s. Integer programming is NP-complete | , ]. If some of the
variables in an integer program are allowed to take continuous values, the problem is called
a mized integer program | , , ]. For more theoretical and practical aspects
of integer programming, see, e.g., the books by Schrijver | ] and Wolsey | ]

The two-way partitioning problem defined by (6.55) is also known as the mazimum cut
problem | ]. The semidefinite relaxation heuristic (6.57) for approximately solving
the maximum cut problem was first proposed by Goemans and Williamson [ |, which
achieves the best known approximation ratio of 0.87856. Another heuristic for the max-
imum cut problem via the dual problem is discussed in Boyd and Vandenberghe [ ,
pages 219-220] and Wolkowicz and Zhao [ ]

Relaxations are also helpful in solving the inverse problem of multi-armed bandits; see
Zhu et al. | ]. Applications of semidefinite relaxation in other types of optimiza-
tion problems, e.g., nonconvex quadratic programming, can be found in Nesterov | I,
Zhang | ], and Luo et al. | .

Lagrangian relaxation and Lagrange duality are fundamental tools (both theoretically and
numerically) in optimization. The name came from Lagrange’s method of multipliers for
solving equality constrained optimization problems appeared in mechanics, which was first

proposed by Lagrange in 1788 [ ]. The related materials are covered in much more
detail in many textbooks for optimization, e.g., Luenberger | , chapter 8], Rockafel-
lar [ , part VI], Whittle [ |, Hiriart-Urruty and Lemaréchal | , chapter
VII] and | , chapter XII], Bertsekas et al. | , chapters 5-7], Boyd and Vanden-
berghe | , chapter 5], Borwein and Lewis | ], Nocedal and Wright | , chapter
12], Bertsekas [ , chapters 4 and 5], and Bertsekas [ , chapters 4-7]; just list a
few.

A simple constraint qualification condition that guarantees strong duality for convex prob-
lems is the so-called Slater’s condition, which requires the existence of a strictly feasible
point for the problem; see Boyd and Vandenberghe | , §5.2.3] and Rockafellar [ ,
theorem 28.2, page 277]. On rare occasions strong duality obtains for a nonconvez prob-
lem. An important example is that, strong duality holds for any optimization problem
with (possibly nonconvex) quadratic objective and one quadratic inequality constraint,
provided Slater’s condition holds; see [ , appendix B] and the references therein. This
result is sometimes called the S-procedure in control, and is very useful in trust region
methods for approximately solving nonlinear optimization problems; see also §3.3 and
[ , chapters 4 and 18].

The KKT conditions were originally named after Kuhn and Tucker (and hence it is some-
times referred to as the Kuhn-Tucker conditions), who first published the conditions in
1951 | ]. However, it was later discovered that the necessary conditions (6.79) has
been stated in an unpublished master’s thesis by Karush in 1939, which was later summa-
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rized by Kuhn in 1976 | ]. A related optimality conditions for inequality constrained
problems was also derived by John in 1948 | ].

Some theoretical discussions about the exact penalty method (6.84) and its equivalence to
the original problem (6.58) can be found in the textbooks by, e.g., Bertsekas et al. | ,
§5.5 and §7.3] and Nocedal and Wright | , chapters 15 and 17]. See also appendix C
and the reference therein.
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Exercises

Gaussian covariance estimation. Consider the problem of estimating the covariance matrix
X=Eyw' e S’ | of a zero mean multivariate Gaussian random vector y € R", given the
dataset {y1,...,ym} of m independent samples of y. In §4.2.4, we have shown that this
problem can be formulated as the maximum likelihood estimation problem given by

minimize —logdet S + tr(SY),

where S = X~! € ST is the optimization variable, and Y = (1/m) 111 Yyl is the
sample covariance matrix. Express the following prior information about the covariance
matrix X as convex constraints on the variable S. You should formulate the constraints
in the form of linear matrix inequalities.

(a) Lower and upper matrix bounds on X, i.e., L < X =< U for some given matrices
L,UeS%,.

(b) Condition number bound on X, i.e., Amax(X)/Amin(X) < k for some given £ > 1,
where Amax(X) and Amin(X) are the largest and smallest eigenvalues of X, respec-
tively.

(c) Bounds on the variance of some linear functions of the random vector y € R", i.e.,

E (cgﬂy)2 < «; for some given vectors ci,...,c, € R™ and scalars aq,...,a > 0.
Hint. Use the fact that uT P~ u < ¢ is equivalent to the linear matrix inequality

P u -0

ot | T
forany P € ST,,u € R", and t € R. (This is a special case of the Schur complement
condition for positive semidefinite matrices; see §A.2.3.)

Relazxation of convexr problems. Consider the convex program

minimize  fo(x)

subject to xz € X
with variable z € R"™. Suppose that £* € X is an optimal point of this problem. Show
that if z* is an interior point of the constraint set X, then z* is also an optimal point of
the unconstrained problem

minimize fo(x)

with variable x € R".

Optimal value of perturbed convex problems. Consider the convex optimization problem

minimize  fo(x)

subject to  fi(z) <0, i=1,...,m (6.87)
Ar—b=0
with variable x € R"™, where fo,..., fm: R” — R are convex functions and A € R?*",

b € RP. The function ¢*: R™ x R? — R that gives the optimal value of the perturbed
problem of (6.87) is defined as

z e, dom f;
¢ (u,v) =inf < fo(z) | filz) <ws, i=1,...,m p,
Az —b=v
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6.4

6.5

where © € R and v € R? are the perturbation parameters of the inequality and equality
constraints, respectively. Show that the function ¢* is a convex function of the perturbation
parameters u and v.

Hint. Use the results from exercise 2.12.

Local sensitivity via the dual problem. Show that if the function ¢*: R™ x R? — R given
by (6.70) is differentiable at the point (0,0), and strong duality holds for the original
problem (6.58), then the gradient of ¢* at the point (0,0) is given by

Vg (0,00 = X7 T ],

i.e.,
L0GT(0,0) e 04(0,0)

81&; 8112' ’

where (A*,v*) is an optimal point of the dual problem (6.65) associated with (6.58).

A=

Lower bounding a nonconvex QP. Consider a nonconvex quadratic program that we have
discussed in §3.3.3, which is given by

minimize  f(z) = (1/2)2T Pz 4 ¢"x
subject to x|, <1

with variable x € R"™, where the matrix P € S" is symmetric by not positive semidefinite,
so the objective function f is nonconvex.

(a) What is the Lagrangian of this problem?

(b) What is the dual function of this problem?

(¢) What is the dual problem of this nonconvex QP?

(d) Randomly generate an instance of this nonconvex QP and solve the associated dual
problem to obtain a lower bound on the optimal value of the original problem. Com-
pare the obtained lower bound with some approximate solutions obtained from se-
quential convex approximation as in §3.3.3, what could you say about the quality of
the obtained approximate solutions based on the lower bounds?



Part |11

Applications






7.1

7.1.1

Chapter 7

Robust models

Stochastic optimization

We consider a special class of optimization problems where the objective function
and the constraints involve some random variables. Specifically, suppose we are
given a (deterministic) optimization problem with inequality constraints of the form

minimize  fo(x)
subject to  fi(z) <0, i=1,...,m,

where z € R" is the optimization variable, and fg, f1,..., fm: R® — R are the
objective and inequality constraint functions. In a stochastic optimization problem,
the functions f; are extended to have the form f;(z,w), which depend on both the
optimization variable x € R"™ and a random parameter w € RY.

The random variable w models the uncertainty or variation of the parameters
of the function f;, which can be due to various reasons such as random variation
in implementation, measurement noise, or simply lack of knowledge about the true
parameters. It is usually assumed that we do not know about the specific value of
the random variable w, but we are given its probability distribution. The goal of of
stochastic optimization is to choose the optimization variable x, so that

o the constraints f;(z,w) < 0 are satisfied, and
o the objective value fy(z,w) is small,
on average, or with high probability, where the former leads to stochastic program-

ming, and the latter leads to the class of chance constrained problems.

Stochastic programming

A stochastic program is an optimization problem of the form

minimize E fo(z,w)
subject to E fi(z,w) <0, i=1,...,m
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with optimization variable x € R", where the expectation is taken with respect
to the probability distribution of the random parameter w. The constraints in the
problem (7.1) are sometimes called the stochastic constraints.

If the functions f; are convex in z for each fixed w, then the problem (7.1) is a
convex optimization problem, since the expectation preserves convexity. However,
this problem is not always tractable, since it is usually very difficult to evaluate the
objective and constraints. In only a few cases, the expectations in the stochastic
program (7.1) has analytical expressions so the problem can be cast as a deter-
ministic optimization problem. In the other cases, we need to solve this problem
approximately.

Example 7.1 Stochastic least squares. Consider a least squares problem where the
feature matrix A € R”*™ and the response vector b € R™ are random. Our goal is
to find a vector 2 € R™ that minimizes the expected least squares cost || Az — b|3,
i.e., to solve the problem

minimize E ||Az —b|]3 (7.2)

with variable z € R". Noticing that the cost function can be expanded as

E||Az — b||3 E (Az — b)" (Az — b)
E(zTAT Az — 207 Az 4 b7b)

= zT(EATA)z —2(Eb" Az + EbTD,

the stochastic least squares problem (7.2) is equivalent to the deterministic convex
quadratic program
minimize 2T Pz —2¢Tz+r

with variable x € R"™, where the problem data P € S, ¢ € R", and r € R are given
by

P=EATA, ¢q=EA"b, r=Eb"b. (7.3)
Hence, solving the stochastic least squares problem (7.2) only requires evaluating these
second moments involving the random parameters A and b.

As a specific example, assume that only the matrix A is a random variable taking

values in R™*" with mean EA = A, and assume the vector b is a deterministic
vector in R™. In this case, we can express A as

A=A+U,

where U € R™*" is a random matrix with zero mean, and therefore the objective of
the problem (7.2) is given by

E|Az —b)? = E(Az—b+Uz) (Az—b+ Ux)

(Az —b) (Az —b) + 2E (Az —b) Uz + E2"U Uz
| Az — b5+ 2T (BUTU)a.

Let P = EUTU, then the stochastic least squares problem (7.2) under the current
assumption is equivalent to the deterministic convex quadratic program

minimize || Az — b||3 + | P2z,
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(This result is also obtained by directly evaluating the moments in (7.3).) The solution
of this problem is given by

o* = (ATA+ p) A", (7.4)

(Here we assume that the matrix AT A+ P is invertible, which is indeed the case, e.g.,
in the example below.) If we further make the assumption that the random matrix
U € R™ " has IID Gaussian entries with mean zero and variance 2, then we have
P = ma?I, and the solution given by (7.4) reduces to

o = (ATA+mao?1) " AT, (7.5)

which is essentially the solution of the Tikhonov regularization least squares problem
given by (5.13) on page 159 with v = mo?. Therefore, we can interpret the Tikhonov
regularization as a way to obtain a robust solution to the least squares problem, by
taking into account possible random variation in the feature matrix A.

Mean field approximation

One of the most trivial but quite useful approximation to the stochastic program-
ming problem (7.1) is to solve its mean field approzimation (or the certainty equiv-
alent problem), which is given by

minimize  fo(z, Ew) (7.6)

subject to  fi(z,Ew) <0, i=1,...,m, '
where z € R" is the optimization variable, and Ew is the mean of the random
parameter w. Roughly speaking, the mean field approximation (7.6) corresponds to
simply ignoring the variation in the parameters w of the functions f; in the problem
(7.1), and treating the random parameters w as if they are fixed to their mean value
Ew.

If the functions f;: R"® x R? — R are convex in z € R" for each fixed w € RY,
then the problem (7.6) is a (deterministic) convex optimization problem, since it is
obtained by fixing the random parameter w to its mean value Ew. Additionally, if
the functions f; are convex in w for each fixed  (where in this case, the functions
fi are biconvex in z and w), then by Jensen’s inequality, we have

filz, Ew) < E f;(z,w) (7.7)

fori =0,1,...,m. According to the inequality (7.7), we have the following relation-
ship between the original stochastic program (7.1) and its mean field approximation
(7.6):

o Any feasible point of the original stochastic program (7.1) is also a feasible
point of the mean field approximation (7.6). (This also implies that if the mean
field approximation (7.6) is infeasible, then the original stochastic program
(7.1) must be infeasible.)

e The optimal value of the mean field approximation provides an lower bound
on the optimal value of the original stochastic program (7.1).
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In other words, when the objective and constraint functions f;: R" xR% — R of the
original stochastic program (7.1) are all biconvex, then the mean field approximation
(7.6) corresponds to a deterministic convex relaxation of the original stochastic
program (7.1).

Example 7.2 Mean field approximation of stochastic least squares. We consider the
stochastic least squares problem (7.2), where the feature matrix A € R™*" is a ran-
dom matrix, and the response vector b € R™ is a deterministic vector. In particular,
we assume that the random matrix A has the form A = A + U, where A € R™*"
is the mean of A, and U € R™*" has IID Gaussian entries with zero mean. Then
the resulting instance of the problem (7.2) has analytical solution given by (7.5). The
mean field approximation of this stochastic least squares problem is given by

minimize ||Az — b||§
with variable x € R", which is simply a least squares problem with solution
2™ = (ATA) AT,

(Assuming that m > n and A has full rank.) Figure 7.1 shows the distribution of
the objective value ||Az — b||5 of this stochastic least squares problem on a randomly
generated dataset, when the optimization variable z is set to the optimal point x*
given by (7.5) and the mean field approximate solution ™f. The optimal value of this
problem on this dataset is 19.1, while the mean field approximation lower bound is
17.9.

Finite event set

Another case where the stochastic programming problem (7.1) is tractable occurs
when the random parameter w € R? takes only a finite number of values, i.e.,

prob(w=w;) =p;, i=1,...,k,

where w; € R and the vector p € R* with p = 0 and 17p = 1 is the probabil-
ity distribution over the finite set {ws,...,w;}. Now the stochastic programming
problem (7.1) reduces to

minimize > ., pifo(z,w;)

7.8
subject to Zlepifj(x,wi) <0, j=1,....m (78)

with optimization variable z € R", which is a deterministic optimization problem
and is convex if the functions fy, fi1,..., fin are convex in x.

Example 7.3 Stochastic linear approximation. We consider a stochastic linear approx-
imation problem of the form

minimize E| Az — bl|, (7.9)

where z € R" is the variable and || - || is a norm (on R™). We assume that the feature
matrix A € R™*" is random, and the response vector b € R™ is deterministic.
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Figure 7.1 Distribution of the objective value ||Az —b||2 of the stochastic
least squares problem in example 7.2, under the optimal point z* and the
mean field approximate solution ™. The dashed lines illustrate the mean of
the objective value distribution under the two solutions, and the solid lines
in both plots display the lower bound given by the mean field approximation.
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We have seen in example 7.1 that if the norm in (7.9) is the (squared) ¢2-norm, the
problem is simply a convex quadratic program and has analytical solution. For the
other norms, e.g., the £1-norm and the £-norm, the problem (7.9) can be very difficult
to solve. However, if the random matrix A is assumed to take values in a finite set
{Ay,..., Ay} with probability distribution p € R¥, then the problem (7.9) reduces to

minimize Zle pi||Aiz — b]| (7.10)
with variable x € R", which is often called a sum-of-norms problem.
If the £1-norm is used in the problem (7.10), then this problem can be expressed as
minimize  pTt
subject to  ||Aix —b||, <ti, i=1,...,k,
where z € R™ and t € R* are the optimization variables. This problem is also
equivalent to the linear program
minimize Zle pi1 Ty,
subject to —u; R Az —b=u;, i=1,...,k,
where x € R"™ and u; € R™ for i = 1,...,k are the optimization variables.

Similarly, if the fs-norm is used in the problem (7.10), then we have the linear
program

minimize  pTt

subject to —t;1 < A;x—b=<¢t;1, i=1,...,k,
with variables 2 € R™ and t € R*.

Sample average approximation

A generic method for approximately solving the stochastic problem (7.1) is based
on Monte Carlo sampling. The basic idea is to approximate the expectation in the
problem (7.1) by a finite sample average, and then solve the resulting deterministic
optimization problem. Specifically, we first draw N independent samples w1, ..., wn
from the probability distribution of the random parameter w, and then consider the
following sample average approximation to the original problem (7.1):

minimize (1/N) Zil folz,w;) (7.11)

subject to (I/N)Zfil filz,w;) <0, j=1,....,m )
with optimization variable x € R"™. The sample average approximation problem
(7.11) can be considered as a special case of the finite event problem (7.8), where
the probability distribution over the events is defined by p € R with p; = 1 /N for
alli=1,..., N, and is hence much easier to solve.

It can be shown (under some technical conditions) that an optimal point x5
of the sample average approximation problem (7.11) converges to the optimal point
x* of the original stochastic program (7.1) as N — co. Moreover, the optimal value
p**? of the sample average approximation problem (7.11) provides a lower bound to
the optimal value p* of the original stochastic program (7.1), and this lower bound
is tight as N — oo.
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Example 7.4 Stochastic {1-norm linear approximation. Consider a stochastic linear
approximation problem of the form (7.9) where the norm || - || in the objective is the
{1-norm, i.e.,

minimize E[[Az —bl|,, (7.12)

where both the feature matrix A € R”*™ and the response vector b € R”" are random.
We assume that the random parameter A has the form A = A+ U, where A € R™*"
is the mean of A, and U € R™*™ has IID Gaussian entries with zero mean. Similarly,
we assume that the random parameter b has the form b = b+ v, where b € R™ is the
mean of b, and v € R™ has IID Gaussian entries with zero mean.

Figure 7.2 shows the distribution of the objective value ||Az — bl|, of the stochastic
linear approximation problem (7.12) under the sample average approximation solution
%% obtained by solving the problem

minimize (1/N) Zf\rzl | Asz — bi|, (7.13)

with N = 10 (shown top) and N = 100 (shown middle) samples, where A; and b; are
the ith samples of the random parameters A and b, respectively. The histogram shown
on the bottom corresponds to the mean field approximate solution ™! according to
the problem

minimize || Az — b|,. (7.14)
The dashed lines in all three plots illustrate the mean of the objective value distribution
under the respective solutions. The solid lines in all three plots are different lower
bounds of the original problem (7.12) given by the respective approximations, i.e.,
the optimal values of the problems (7.13) (with N = 10 and N = 100) and (7.14).

It is observed that, even with only N = 10 samples, the sample average approxima-
tion solution z*** leads to an objective value distribution with lower mean, than the
mean field approximate solution z™f. This method also provides a much tighter lower
bound on the optimal value of the original stochastic program (7.12), compared to the
mean field approximation. When the number of samples increases to N = 100, the
sample average approximation solution z°** leads to an even better objective value
distribution, and the lower bound given by the sample average approximation is also
much tighter.

Note that in the previous example, the samples of the random parameters A and
b used for solving the sample average approximation problem (7.13) are independent
of the samples used for evaluating the distribution of || Az — b||; shown in figure 7.2.
In the most general case of stochastic programming, this actually provides a useful
empirical criterion for choosing the number of samples N in the sample average
approximation problem (7.11). Specifically, let 25* be an optimal point of the
sample average approximation problem (7.11) with N samples wy,...,wn, and let

N
P = (1/N) Y fo(a™,wi)

i=1
be the optimal value of this problem. Then we can draw another independent set
of NV& samples wy?, . .. ,w‘[\?l, and evaluate the quantity

Nval

pval _ (1/Nval) Z fo(xsaa’wlyal).

=1
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Figure 7.2 Distribution of the objective value || Az — b||, of the problem (7.12)
under the sample average approximation solution x°** obtained by solving
the problem (7.13) with N = 10 (shown top) and N = 100 (shown middle)
samples, and the mean field approximate solution 2™ obtained by solving the
problem (7.14) (shown bottom). The mean value of individual distribution
is shown by the dashed lines, and the solid lines in all three plots illustrate
the lower bounds given by the respective approximations.
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If we observe that p'* ~ p? then we can conclude that the sample average
approximation solution z%** is a good approximate solution to the original stochastic
program (7.1), and the number of samples N used in the problem (7.11) is likely to
be sufficient. Otherwise, we can increase the number of samples N in the problem
(7.11) and repeat this procedure. This idea is sometimes called the out-of-sample
validation, and is illustrated by the first two plots in figure 7.2.

Chance constrained problems

Let f: R" x R? — R be a function of the optimization variable x € R™ and the
random parameter w € R%. A chance constraint is a constraint of the form

prob(f(z,w) <0) >, (7.15)

where n € (0,1) is a given confidence level. Typically, the confidence level n is chosen
to be close to 1, e.g., n = 0.95, so that the chance constraint requires that the con-
straint f;(z,w) < 0 is satisfied with high probability. A chance constrained problem
is then defined as an optimization problem with one or more chance constraints.

Example 7.5 Quantile optimization. The problem of finding a point x € R" so that a
stochastic objective function fo(x,w) in the variable x is small with high probability
(say, n € (0,1)) can be formulated as a chance constrained problem. To do this, we
introduce an auxiliary variable ¢t € R and consider the problem

minimize ¢

7.16
subject to  prob(fo(z,w) <t) >n, (7.16)

where the optimization variables are z € R™ and ¢ € R. A problem in the form (7.16)
are sometimes called a quantile optimization problem, and the optimal value t* of this
problem corresponds to the n-quantile of the distribution of fo(z,w).

Chance constraints are typically nonconvex. One exception is when the function
7/ R" x R? — R is jointly convex in z and w, and the random parameter w has a
log-concave distribution p(w), i.e., the function log p(w) is concave in w. Then the
resulting chance constraint (7.15) can be expressed as a convex constraint in z; see
exercise 7.1. The example below shows another case where a chance constraint can
be expressed as a convex constraint.

Example 7.6 Linear inequality with Gaussian parameters. Consider a chance con-
straint of the form
prob(a”z < b) > 7, (7.17)

where x € R" is the optimization variable, a € R" is a Gaussian random vector with
mean a and covariance matrix X, and b € R is a fixed scalar. We show that this
chance constraint can be expressed as a convex constraint of x when n > 0.5.

To do this, first note that since a ~ N (@, X), the mean and variance of the random
variable a” z are given by

T _T T T
Ea z=a =z vara r =z Xz,
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and we conclude that a”x ~ N(a'z,z7%z) is also a Gaussian random variable.
Noticing that the probability prob(a”z < b) is equivalent to

aTe—aTxs  b-— aTx)
b

ViTse — VaTiz

prob(aTac < b) = prob (

and since (a7 z —a”z)/VaTSz ~ N(0,1) is a standard Gaussian random variable, we

have .
prob(a’z <b) = & (b —d m) ,

VaT Yz

where ® is the cumulative distribution function of a standard Gaussian random vari-

able, given by
B(z) = \/%/ et/ g,

Therefore, the chance constraint (7.17) is equivalent to

b—alz b—alz 1
d > = > o )
<m> = = ¢ )

i.e.,

az —b+ @ ()= %], <.

According to our assumption that 1 > 0.5, we have ® '(n) > 0, and hence this
constraint is convex in z.

Conservative approximations

In the most general case, chance constrained problems are very difficult to solve.
However, effective approximations exist in practice. Assume that the function
f:R" x R? — R is convex in the optimization variable x € R" for each fixed
random parameter w € R?. Suppose ¢: R — R is a nonnegative, convex, and
nondecreasing function, with

9(0) = 1.
Define the indicator function g: R — {0,1} by
1, 2>0
= ’ 7.18
9(2) { 0, otherwise. ( )

Then for any « > 0, we have
o(z/a) = g(2)
for all z € R, and hence
E¢(f(z,w)/a) > Eg(f(z,w)) = prob(f(z,w) > 0). (7.19)

Therefore, the constraint
E¢(f(z,w)/a) <1-n (7.20)
implies that

prob(f(z,w)>0)<1-n <=  prob(f(z,w) <0) =1,
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Figure 7.3 Approximation of the indicator function g¢(z) given by (7.18)
(shown dashed) with the exponential function ¢(z/a) = exp(z/a) (shown
solid) for different values of &. When a = 0.5, the function ¢(z/a) best
approximates g(z) for z < 0, while when a = 2, the function ¢(z/a) best
approximates g(z) for z > 0.

i.e., the chance constraint (7.15) is satisfied. In other words, the constraint (7.20)
provides a conservative approximation of the chance constraint (7.15), i.e., it tight-
ens the feasible set given by (7.15). Note that since ¢ is convex and nondecreasing,
and f is convex in z, the composition ¢(f(z,w)/a) is convex in x (for each fixed
a > 0). As a result, the stochastic constraint (7.20) is a convex constraint of the
optimization variable x.

Remark 7.1 Interpretation and tightness. By (7.19), we see that the approximation
(7.20) of the original chance constraint (7.15) corresponds to replacing the zero-one
indicator function g(z) given by (7.18), applied to z = f(z,w), with the convex non-
decreasing function ¢(z/a). Figure 7.3 shows an example of this approximation with
¢(z/a) = exp(z/a) being the exponential function, for different values of a.. (We will
see later that this choice of ¢ corresponds to the Chernoff bound for approximating
the chance constraint.)

Obviously, as the value of o > 0 decreases, the approximation ¢(z/a) becomes tighter
to the indicator function g(z) for z < 0, but becomes looser for z > 0. (This is
also illustrated in figure 7.3.) Therefore, if for all w € R?, we have f(z,w) < 0 (or
f(z,w) > 0), then as & — 0 (or @ — o0), the approximation (7.20) becomes tight
to the original chance constraint (7.15) (while in these cases the chance constraint
(7.15) does not really make sense in practice). In the most general case, however, the
tightness of the approximation (7.20) to the original chance constraint (7.15) is not
monotone in the parameter «, and depends on the distribution of f(z,w).
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Applying the approximation (7.20) in practice requires tuning the parameter
a > 0 so that the approximation is as tight as possible to the original chance
constraint (7.15) (or at least includes the optimal point of the targeted chance
constrained problem). However, according to the discussions in remark 7.1, this
is not a trivial task. In fact, the constraint (7.20) can be expressed as a convex
constraint jointly in x and «, so that they can be optimized together. In this case,
the optimal value of a corresponding to the tightest possible approximation (7.20)
of the original chance constraint (7.15) could be automatically determined by the
optimization solver. To see this, we write (7.20) as

Eag(f(2,w)/a) < a(l - ). (7.21)

Since the function ag(z/a) (in the variable (z,«)) is the perspective of the convex
nondecreasing function ¢(z) (see exercise 2.13), it is jointly convex in z and «, and
nondecreasing in z. As a result, the composition a¢(f(z,w)/a) is jointly convex in
z and « for each fixed w, and hence the expectation of this composition, i.e., the
left-hand side of (7.21), is also jointly convex in « and «. Therefore, by replacing the
chance constraint (7.15) with (7.21), we obtain a convex conservative approximation
which can be optimized over z € R" and a > 0 simultaneously.

The following examples present some specific choices of the function ¢ that lead
to different approximations of the chance constraint (7.15).

Example 7.7 Markov bound. Taking the function ¢: R — R in the approximation
(7.19) as
o(z) = (z+ 1)+ = max{0,z + 1}

gives the Markov bound of chance constraints for all o > 0, which states that
prob(f(z,w) > 0) < E(f(z,w)/a+1),. (7.22)
In this case, the approximation (7.21) of the chance constraint (7.15) becomes
E(f(z,w) +a), <a(l—mn), (7.23)

which is readily seen as a convex constraint in (z, ).

We give a basic example of applying the Markov approximation (7.23) to a chance
constrained least norm problem. Specifically, we consider the problem

minimize  ||z]|,

. (7.24)
subject to  prob(f(Az —b) <0)>n,

where z € R™ is the variable, A € R™*" is a random matrix, b € R™ is a random
vector, and the function f: R™ — R is given by
f(z) = max 2z, (7.25)
i=1,....,m
which is a convex function of z € R™. The Markov approximation of this problem is
given by
minimize  ||z]|,

subject to E (f(Az —b) + a)+ <a(l—n), (7.26)
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Figure 7.4 Distribution of the constraint function f(Axz —b) (with f given by
(7.25)) under the approximate solution 2™ obtained by solving the problem
(7.27), for n = 0.5, 0.75, and 0.9. The solid lines in the histogram are the n-
quantiles of the distribution of f(Az™" —b), corresponding to the thresholds
for satisfying the chance constraint in the original problem (7.24).



260

7 Robust models

which is a convex stochastic optimization problem with variables x € R" and a >
0. The problem (7.26) can then be (approximately) solved by the sample average
approximation method described on page 252. In particular, we consider the following
convex program:

minimize  ||z||,
. N (7.27)
subject to  (1/N)> ., (f(Aix —bi) + @), < a(l —n),
where A; and b; are the ith samples of the random parameters A and b, respectively,
and the function f is given by (7.25). Figure 7.4 shows the distribution of the con-
straint function f(Az—b) under the approximate solution z™*¥ obtained by solving the
problem (7.27) with N = 1000 samples, for n = 0.5, 0.75, and 0.9. Note that, again,
the samples of the random parameters A and b used for solving the problem (7.27) are
independent of the samples used for evaluating the distribution of f(Az™" —b) shown
in the histogram. The solid lines in the histogram are the n-quantiles of the distri-
bution of f (Aacmkv —b), which are the thresholds for satisfying the chance constraint
in the original problem (7.24). Empirically, since the n-quantile of the f(Az™*" — b)
distribution is much below zero, the best point ™%V that can be obtained under the
Markov approximation (7.23) for this example is a strict feasible point of the original
chance constraint in (7.24). In other words, here the Markov approximation (7.23)
strictly tightens the original chance constraint in (7.24).

Example 7.8 Chebyshev and Chernoff bounds. Taking the function ¢: R — R4 in the
approximation (7.19) as

o(z) = (= + l)i = max{0, z + 1}?
gives the Chebyshev bound for all a > 0, which states that
prob(f(z,w) > 0) < E (f(z,w)/a+ 1), (7.28)
and the approximation (7.21) of the chance constraint (7.15) becomes
E (f(z,w) + o)} /a < a(l —1n).
Moreover, taking ¢ as
¢(2) = €
leads to the Chernoff bound for all « > 0, given by
prob(f(z,w) > 0) < Eexp(f(z,w)/a). (7.29)

In this case, the approximation (7.21) of the chance constraint (7.15) becomes

E aexp(f(v,w)/a) < a(l - 7).

Figure 7.3 shows the approximation of ¢(z/a) = exp(z/a) to the indicator function
g(z) given by (7.18), for different values of «, and figure 7.5 compares the chosen
functions ¢ corresponding to the Markov, Chebyshev, and Chernoff bounds.
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Figure 7.5 Approximation of the indicator function g¢(z) given by (7.18)
(shown dashed) with different functions ¢(z) (shown solid) for a = 1, corre-
sponding to the Markov bound (7.22), Chebyshev bound (7.28), and Chernoff
bound (7.29).

Worst-case robustness

Another approach of modeling uncertainty in the objective and constraint func-
tions of an optimization problem is to consider the worst-case performance of the
optimization variables under all possible realizations of the function parameters.

Specifically, let fo, f1,..., fm: R" x R? = R be functions of the optimization
variable z € R" and the unknown parameter w € R?, and we are given a set U C R?
that contains all possible realizations of the unknown parameter w. Consider the
following optimization problem:

rmn'muze folz,w) ‘ (7.30)

subject to  fi(z,w) <0, i=1,...,m,
which is parameterized by w € U, and € R" is the optimization variable. To take
into account the worst-case robustness, rather than just solve the problem (7.30)
for a specific value of w € U, we want to find a solution that is robust under all
possible values of w in the set U, i.e., to find a point x € R"™ such that whatever
the actual realization of the parameter w € U in the problem (7.30) is, we always
achieve the following;:

o The objective fo(x,w) is minimized, and

o all the constraints f;(z,w) <0 for i =1,...,m are satisfied.
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7.2.1

Worst-case optimization

A solution of the problem (7.30) (that is robust under all w € U) can be formally
expressed as

minimize ¢
subject to  fo(r,w) <tforallw e U (7.31)
filz,w)<Oforallwe U, i=1,...,m,

where x € R" and ¢ € R are the optimization variables. This problem can be
expressed more compactly as

minimize  sup,cy fo(z,w) (7.32)
subject to sup,,cy fi(z,w) <0, i=1,...,m, )

where the optimization variable is z € R™. The problem (7.32) is called a worst-
case optimization problem, and is sometimes referred to as the robust counterpart
of the original problem (7.30).

If the functions fy, fi1, ..., fm are convex in x for each fixed w, then we have the
objective and constraint functions sup,, f;(x,w) being convex in z, and hence the
problem (7.32) is a convex optimization problem. However, similar to the stochastic
optimization problem (7.1), the problem (7.32) is often difficult to solve in practice,
since generally the functions sup,, f;(z,w) do not have an analytical expression so
it will be difficult to evaluate their values and gradients.

The problem (7.32) is tractable in some special cases. As a simple example, if
the uncertainty set U C R is a finite set, then the worst-case problem (7.32) can
be expressed as a problem with a finite number of constraints. In particular, let
U ={wi,...,wi} be a finite set of k points in RY. Then the problem (7.32) reduces
to

minimize max;=1,. . fo(z,w;)
subject to max;=1,  fi(z,w;) <0, j=1,...,m

with variable z € R", which can also be expressed in the form of (7.31) as

minimize ¢
subject to  fo(z,w;) <t, i=1,...,k
filz,w;)) <0, i=1,....k, j=1,....m

with variables © € R™ and ¢ € R.. If the functions fo, f1,..., fm are convex in x for
each fixed w, then the problem above is a convex optimization problem with k(m+1)
constraints, and can therefore be solved efficiently. We provide more examples of
tractable worst-case optimization problems in the next several paragraphs.

Robust linear programming
Consider an optimization problem of the form

.o . . T
minimize c¢'x
. T . (7.33)
subject to  sup,.c4.0; T <b;, i=1,...,m,
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where € R" is the optimization variable. We assume that only the coefficients
a; € R" in the linear constraints are uncertain and belong to the corresponding
given uncertainty sets A; C R", i =1,...,m. The vectors c € R" and b € R™ are
given and fixed. The problem (7.33) is called a robust linear program, and there
are many forms of the uncertainty sets A4; that will lead to tractable robust linear
programs.

Example 7.9 Box uncertainty. Suppose the uncertainty sets A; in (7.33) are boxes,
i.e., of the form

Ai={aeR" | —vi Ra=Xa;+v}, i=1,...,m,
where a; € R" and v; € RY} are given. When v; = 0, then it means that there is no
uncertainty in the ith inequality constraint.

Given this uncertainty structure, to evaluate the supremum in the ith constraint of
(7.33), first notice that

n

n
To= = a <ay<a
sup a; £ = sup aijT; = sup{ai;z; | aij — vij < aij < @i + vij}-
a;€A; a; €A; * X
Jj=1 J=1

If z; > 0, then the supremum of a;;x; is attained with a;; = ai; + vij;, while if z; < 0,
then the supremum is attained with a;; = @;; — vs;. Therefore, with slight abuse of
notation, letting

lz| = (lzl, - -, [#nl)
be the vector of the absolute values of the entries of x, we have

T _T T
sup a; € = a; ¢+ v; |zl
a; EA;

With this, we could define the matrices A € R™*™ and V € R7*" by stacking the
vectors al and v} as rows, respectively, then the problem (7.33) can be expressed as

minimize ¢’z

] _ (7.34)
subject to Az + V|z| <,
where z € R"™ is the variable.
The problem (7.34) is equivalent to the following linear program:
minimize ¢’z
subject to Az +Vz=b (7.35)
—z=x =Xz

with variables x € R™ and z € R". To see this, let (z,z) be a feasible point of the
problem (7.35), then since —z < = < z, we have |z| < z. Noticing that V € RT"*" is
componentwise nonnegative, we have V|z| < Vz, and hence

Az +V0z| = Az +Vz <b,

which means that = is a feasible point of the problem (7.34). Conversely, if z is a
feasible point of the problem (7.34), then by letting z = |z|, we have (z,z) being a
feasible point of the problem (7.35).
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Example 7.10 Ellipsoidal uncertainty. Suppose the coefficients a; in (7.33) are known
to lie within some ellipsoids, 1i.e.,

aiGAi:{&i+P¢u|||uH2§1}, 1=1,...,m,

where @; € R"™ and P; € R™*" are given. If P; is singular, then the ellipsoid A; is
degenerate (or ‘flat’) with dimension rank P;. If P, = 0, then there is no uncertainty
in the ith inequality constraint.

Under this ellipsoidal uncertainty set, the supremum in the ith constraint of (7.33)
can be evaluated as
SUD,, c 4, alc = alz+sup{u”P x| lull, <1}
aTz+ [ PTally,

where the second equality follows from the definition of the dual norm (see §A.3.2,
page 354). Therefore, the problem (7.33) can be expressed as

minimize ¢’z

7.36
subject to ELiTa:—i—HPiTa:HQ <b;, i=1,...,m, ( )

where z € R" is the variable, which is a convex optimization problem with linear
objective and convex inequality constraints.

Example 7.11 Polyhedral uncertainty. Suppose the coefficients a; in (7.33) are known
to lie within some polyhedra, i.e.,

a,€Ai={aeR"|Cia=<d}, i=1,...,m,

where C; € RP*™ and d; € R?i are given, and all the polyhedra A; are assumed to
be nonempty.

In this case, the problem (7.33) can be expressed as the following bilevel optimization
problem:

minimize ¢’z

subject to  fi(z) <b;, i=1,...,m,
where x € R" is the variable, and the function f;: R™ — R is defined as the optimal
value of the following linear program:

(7.37)

maximize zla

. (7.38)
subject to Cia =X d;,

where a € R" is the variable, and x can be considered as a parameter of this linear
program. In this context, the problem (7.37) is sometimes called the outer problem,
and the problem (7.38) is called the (ith) inner problem. The Lagrangian associated
with the inner problem (7.38) (in minimization form) is

L(a,\) = —z"a+ AT (Cia — dy),
where A € R?? is the dual variable, and the corresponding dual function is

“ATd;, CTh==x

—00, otherwise.

g() = inf L(a, \) = inf ((C?A —2)a- ATdi) - {
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Therefore, the dual problem of the inner problem (7.38) is given by

minimize  dI \
subject to CIfA=zx (7.39)
A >0,

where A € RPi is the variable. Since the inner problem (7.38) is a linear program,
we have strong duality, and hence f;(z) is also equal to the optimal value of the dual
problem (7.39). As a result, we have f;(z) < b; if and only if there exists A\; € R
such that
di N < by, Ci i =u, A = 0,
for i = 1,...,m. Therefore, the problem (7.37) can be expressed as the following
linear program:
minimize ¢’z
subject to df A <b;, i=1,....,m
Crxi=z, i=1,...,m
Ai=0, 1=1,....m

with variables x € R™ and \; € RP? fori =1,...,m.

Robust quadratic programming

Consider an optimization problem of the form

minimize  suppep((1/2)2T Pz + ¢Tx + 1)

. (7.40)
subject to Az <b,

where z € R" is the variable. We assume that only the quadratic coefficient matrix
P ¢ R™"™ in the objective is uncertain and belongs to a given uncertainty set
P C R™", while the linear coefficient ¢ € R" and the constant term r € R are
given and fixed. The problem (7.40) is sometimes called a robust quadratic program.
We discuss some special cases of the uncertainty set P that will lead to tractable
robust quadratic programs.

Example 7.12 Finite set of matrices. When the uncertainty set P in (7.40) is a finite
set of (symmetric positive semidefinite) matrices, i.e.,

P={Py,...,P,} €S},
then minimizing the worst-case objective
sup{xTPierqTerr li=1,...,k}

is equivalent to minimizing the maximum of a finite number of quadratic functions.
This problem is easily expressed via the epigraph form as

minimize ¢
subject to  (1/2)a” Pz +¢Tx+r<t, i=1,...,k
Az < b,

where z € R™ and t € R are the variables. Since it is assumed that P; € S for
i=1,...,k, the problem above is a convex optimization problem.
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Example 7.13 Bounded eigenvalues. Suppose the uncertainty set P in (7.40) is given
by

P={PeS"||IP-Pll, <~}
where Py € 8%, v > 0 are given, and || - ||, is the spectral norm of matrices. We can
give this uncertainty set a more intuitive interpretation by noticing that the spectral
norm of a symmetric matrix is equal to the maximum absolute value of its eigenvalues,
i.e.,

1P = Polly = omax(P — Po) = max [Mi(P — P,

i=1,...,n

and hence the uncertainty set P can be expressed as
P={PeS" |maxi..|M(P-P)| <7} ={PeS"| -y 3 P— P 271},

which means that the eigenvalues of the difference P — Py are bounded within the
interval [—,~].

With this uncertainty set, the worst-case quadratic term in the objective can be eval-
uated as

suppep 2 P = sup{z’ Pox + 2" (P — Po)x | —yI < P — Py < yI}
= 2" Pw+sup{z” (P — Pz | —yI X P— Py < ~I}
= " P+ a3

Therefore, the problem (7.40) can be expressed as the following convex quadratic
program:

minimize  (1/2)2” Pox + ¢"x + 7 + |23

subject to Az <b,

where x € R" is the variable. Notice that this problem corresponds to a Tikhonov
regularized version of the (convex) quadratic program with quadratic coefficient given
by the nominal matrix Pp.

Example 7.14 FEllipsoid of matrices. Suppose the uncertainty set P in (7.40) is an
ellipsoid of matrices, i.e.,

k
P= {Po + 3wl | full, < 1},
=1

where Py, P1,..., P, € ST are given (c¢f. example 7.10). Then the worst-case quadratic
term in the objective can be evaluated as

k
sup {xTPo:v + Zui(xTPi:E) lull, < 1}

i=1

k
«" Py + sup {Zui(wTPix) l[ull, < 1}

i=1

A 1/2
:ETP()l' + <Z (ZETPiZU)2> )

i=1

T
sup ¢~ Px
PEP
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where the last equality follows from the definition of the dual norm. Therefore, the
problem (7.40) can be expressed as

1/2
minimize  (1/2)z” Pox + ¢z +r + (1/2) (Zf:l (xTPia:)2)
subject to Ax <X b,

(7.41)

where x € R" is the variable.

The problem (7.41) is a convex optimization problem. To see this, we first introduce
the epigraph variable z € R for the last term in the objective, and then the problem
(7.41) is equivalent to

minimize  (1/2)z" Pox + ¢ 2 + 7+ (1/2)||2|l,
subject to zTPax <z, i=1,...,k
Az <Db,

where 2 € R™ and z € R” are the variables. Now the objective is convex in (z, ) since
it is the sum of a convex quadratic function and a norm function, and the constraints
are also convex in (z, z) since 2T Pz is a convex function of « for each i = 1,...,k,
so this problem is a convex optimization problem.

The convexity of the problem (7.41) can also be verified by directly checking the
convexity of the last term in the objective (since the first term is simply a convex
quadratic function). Specifically, let

& 1/2
h(z) = (1/2) <Z (xTPisoQ) :

i=1

which can be considered as the composition

hz) = g(fi(2), .., fi(2)),

where the function g: R* — R is defined by g(z) = (1/2)]|z]|, (with domain dom g =
Ri) and the functions f;: R™® — R are defined by f;(z) = TPz fori=1,...,k.
The function g is convex and nondecreasing in each component (on R’i), and the
functions f; are convex and nonnegative for each i = 1,...,k, so the composition
h(z) = g(fi(x),..., fu(z)) is a convex function of x.

Worst-case robust approximation

The ideas of worst-case robust optimization presented in the previous section apply
to linear norm approximation problems where the problem data is uncertain. Here,
as an example, we consider the following worst-case robust approzimation problem:

minimize sup{||Az —b|, | A € A}, (7.42)

where z € R" is the variable, A C R™*" is a given uncertainty set of the feature
matrix A € R™*" and b € R™ is a given (fixed) response vector. We will discuss
several examples where the problem (7.42) can be expressed as a tractable convex
optimization problem.
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Finite set of feature matrices

When the uncertainty set A in (7.42) is a finite set of matrices, i.e.,
A={A,..., A} CR™" (7.43)
the problem (7.42) reduces to
minimize max;—1 .. [|Aiz — b, (7.44)
which can be expressed in the epigraph form as
minimize ¢
subject to  [|A;x —bll, <t, i=1,...,F,

where © € R™ and t € R are the variables. In fact, we can show that the problem
(7.44) also applies to the case where the uncertainty set A given by (7.43) is replaced
by its convex hull, i.e.,

k

A=conv{A;,..., Ay} = {Z 0;A;

i=1

0cRF 00, 1T91}.

(See exercise 7.3.)

Ellipsoids of feature vectors

Suppose the uncertainty set A in (7.42) is given by

T
Az{A:[al an] c R aieé’i,izl,...,m}, (7.45)
where
Ei:{@i+Piu|||u||2§1}§R", 1=1,...,m,
and the matrices P, € R™*"™ and the vectors a; € R” for i = 1,...,m are given.

This uncertainty structure means that the ith feature vector (i.e., the ith row of
the feature matrix A) is known to lie within some ellipsoid &£; in R" for each
t=1,...,m. Recall (from example 7.10) that when P; is singular, the ellipsoid &;
is flat with dimension rank P;, and when P; = 0, there is no uncertainty in the ith
feature vector.

With this uncertainty set, the objective of (7.42) can be evaluated as

m 1/2 m 1/2
sup [|[Az — b||, = sup Z (aTx — bi)2 = Z sup (alx — bi)2 .
AeA Ae A i=1 i=1 a; €E;
Noticing that

2
2
sup (alz —b;) = (sup lal 2 — b1|> ,
a; €E; a; €E;
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evaluating the objective of the problem (7.42) reduces to evaluating the supremum
of the absolute value of the linear function al x —b; over a; € &;, foralli =1,...,m.
Since

SUP,, e, [afx —bi| = sup{|(a + Pau)’x — b| | [Jull, < 1}
= sup{|a]z — b +u" Pla| | |Jull, <1}
= laf = — by +sup{|u” Plz| | [Ju], < 1}
= |aj @ = bi| + [Pzl

where the last equality follows from the definition of the dual norm (see remark A.2),

we have
m

1/2
_ 2
sup || Az — bf|, = (Z(Ia?w—bi + 1P 2ll,) > :
AcA

i=1
As a result, the problem (7.42) under the uncertainty set A given by (7.45) can be
expressed as

minimize  ||t]|,
subject to |alx —b;| + ||Plz|l, <t;, i=1,...,m,

or equivalently,

minimize  ||¢]|,
subject to @}z —b; + |Plx|l, <t i=1,...,m
_&?x+bi+||PzT$||2§ti7 i=1,...,m,

where z € R" and t € R™ are the variables.

Ellipsoid of feature matrices

Suppose the uncertainty set A in (7.42) is an ellipsoid of feature matrices, i.e.,

k
A= {AO +) wid;
i=1

where Ag, A1,...,Ar € R™*™ are given. We consider a simple case where k = 1,
i.e., u € R is scalar, so the set (7.46) reduces to

[ull, < 1} ; (7.46)

A= {Ag+ud; | |u] <1}.

This uncertainty structure essentially means that the feature matrix A is known to
lie within the line segment connecting the two matrices 4y — A; and Ag + A; in
R™*". Therefore, the worst-case objective in the problem (7.42) is given by

supacq |[Az =0, = sup{|[(Ao+udi)x —blly | |ul <1}
= max{||(Ao — A1)z — bll5, [[(Ao + A1)z — b[[,},
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where the last equality follows from the fact that ||(Ag + uA1)z —b||, is a convex
function of u, and hence its maximum over the interval [—1,1] is attained at one
of the endpoints v = —1 and v = 1. The problem (7.42) corresponding to this
objective can then be expressed as

minimize ¢
subject to  ||(Ag — A1)z —bl|, <t
[(Ao + A1)z — b, < ¢,

where z € R™ and t € R are the variables.
When the uncertainty set A is given by (7.46) with k& > 1, the problem (7.42) is
still tractable, but this result is not easy to show; see the references.

Numerical example

We consider a numerical example to compare the ideas of stochastic, worst-case
robust, and nominal least squares in the context of linear approximation. In par-
ticular, consider the system of linear equations

A(u)z =b (7.47)

in the variable x € R", where the data matrix A(u) € R™*" is parameterized by
u € R as
A(u) = Ag +udy, wel-1,1], (7.48)

and Ay, A; € R™*" are given. The vector b € R™ is given and fixed.

The nominal least squares applied to the system (7.47) simply ignores the vari-
ation of the data matrix A(u) and seeks for a solution that minimizes the approxi-
mation error with respect to the nominal data matrix Ay, which corresponds to the
problem

minimize || Aoz — b|3, (7.49)

where € R" is the variable. Assuming m > n and Ay has full rank, the solution
to this problem is given by

2™ = (AT Ag) " A,

In stochastic least squares, we assume that the parameter u in (7.48) is a uni-
formly distributed random variable over the interval [—1,1], and we seek for a
solution that minimizes the expected approximation error, which corresponds to
the problem

minimize B ||A(u)z — b||3, (7.50)

where x € R" is the variable. Recall from example 7.1 that this stochastic program
is equivalent to

minimize ||Agz — b||§ + HPl/QatHg,

where
P =E (uA))" (ud,) = Eu?AT A; = (1/3)AT A;.
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Assuming AL Ay + P is invertible, the solution to this problem is given by
sto -1
5% = (AT Ag + P) AlD.

Finally, the in worst-case robust least squares, we seek for a solution that mini-
mizes the worst-case approximation error, which corresponds to the problem

minimize sup,ep_q,1 [|[A(w)r — b2, (7.51)

where x € R" is the variable. According to the discussions in the previous section,
this problem can be expressed as

minimize ¢
subject to  ||(Ag — A1)x — b”; <t
I(Ao + Ar)z — b3 < t,

where x € R™ and ¢t € R are the variables. We denote the solution to this problem
by x™°.

We solve the problems (7.49), (7.50), and (7.51) for a randomly generated in-
stance with m = 25 and n = 20, where ||Agl|, = 10 and ||A]|, = 1 (so the variation
in the data matrix A(u) is roughly 10% of Ay). Figure 7.6 shows the approxima-
tion errors ||A(u)x — b||, of the three solutions z"°™, 25, and z“° as functions of
the parameter u, which illustrates the sensitivity of the approximation error to the
variation in the data matrix A(u) for the three solutions. Among the three solu-
tions, the nominal least squares solution £"°™ has the smallest approximation error
at the nominal data matrix Ay (corresponding to u = 0), but its approximation
error is very sensitive to perturbations in the data matrix, i.e., the error increases
significantly as u deviates from 0 and approaches £1. The worst-case robust least
squares solution x%° has the largest approximation error at the nominal data ma-
trix Ag, but it leads to the smallest approximation error at the endpoints u = £1
(corresponding to the worst-case scenarios), and the error does not increase much as
u varies within [—1,1]. The stochastic least squares solution z°'° balances between
the nominal performance and the worst-case performance, and it has the smallest
expected approximation error across u € [—1,1].

Figure 7.7 shows the distributions of the approximation errors ||A(u)x — b||, for
the three solutions z"°™, z5%, and 2™ when wu is uniformly distributed over [—1, 1].
Notice that the approximation error amplitudes corresponding to the nominal least
squares solution z™°™ spread most widely, while the approximation error amplitudes
corresponding to the stochastic and worst-case robust least squares solutions z°%°
and V¢ are more concentrated around a smaller value, which again illustrates that
the stochastic and worst-case robust least squares solutions are less sensitive to the
variation in the data matrix A(u) than the nominal least squares solution.

Robust linear discrimination

We consider the problem of linear discrimination introduced in §4.4. Suppose we are
given a dataset consisting of two groups of points {z1,..., 2z} and {y1,...,yn} in
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Figure 7.6 Approximation errors ||A(u)x — b, of the nominal, stochastic,
and worst-case robust least squares solution z"°™, z°° and z%° (from the
problems (7.49), (7.50), and (7.51), respectively) as functions of the param-
eter u € R in the data matrix A(u) = Ao + uA;. The dashed vertical lines
indicate the interval [—1,1] of the parameter u, in which the data matrix
A(u) is assumed to vary.
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Figure 7.7 Distributions of the approximation errors ||A(u)z — b||, under the
same "™, 2°°, and =“° as in figure 7.6, when the parameter u in the data
matrix A(u) = Ap + uA; is uniformly distributed over the interval [—1,1].
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R"™. A linear discrimination problem aims at finding an affine function f: R™ - R
of the form f(z) = a’x — b such that

flzi) >0, i=1,....,M,

and
fly;) <0, i=1,...,N

This can be formulated as the feasibility problem

find (a,b)
subject to a’w; —b>0, i=1,...,M (7.52)
ay; —b<0, i=1,...,N,
where a« € R"™ and b € R are the optimization variables. The basic feasibility

problem (7.52) usually has infinitely many solutions. Hence, it is reasonable to seek
for a solution that is in some sense robust.

Remark 7.2 Solution set of linear discrimination. The solution set of the problem
(7.52) is a convex polyhedral cone in R™"*. To show this, let

1] +e[5) w12

Then the solution set of the problem (7.52) can be expressed as

{z eRrR"!

which is the intersection of M + N halfspaces in R"™!, and hence is a polyhedron.
The solution set is also a cone (without the origin) since if z is a solution, then az is
also a solution for any o > 0.

2T <0, i=1,...,N

TE>0, i=1,.... M }

Noticing that the problem (7.52) is equivalent to the problem

find (a,b)
subject to aTx; —b>1, i=1,...,M (7.53)
ay; —b< -1, i=1,...,N

(see exercise 4.7), and since the problem (7.53) is homogeneous in the variables a
and b, it is natural to seek for a solution that minimizes the norm of the normal
vector a of the separating hyperplane. This leads to the following optimization
problem:
minimize  ||al|,
subject to aTx; —b>1, i=1,...,M (7.54)
aly; —b< -1, i=1,...,N

with variables a € R"™ and b € R, which is a convex program with convex objective
and linear inequality constraints.
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7.3.1

Geometric interpretation

In fact, the problem (7.54) has a very nice geometric interpretation. To see this,
we first perform a change of variable a = a/t and b = b/t, where t > 0 is a scaling
factor. Then the problem (7.54) can be rewritten as

minimize  ||a||,/t

subject to alTa;—b>t, i=1,....M
aly,—b<—t, i=1,...,N
t>0

(7.55)

with variables @ € R™, b € R, and t € R. Notice that for any feasible point (a, b, t),
if we scale all the variables by some positive factor o > 0, then the resulting point
(aa, ab, at) is also a feasible point with exactly the same objective value. Hence,
the problem (7.55) also has infinitely many solutions. To remove this ambiguity, we
can further impose the constraint ||a||, < 1, then the problem (7.55) becomes

maximize ¢
subject to alz; — b >t, .
! @ _ (7.56)
aty; —b<—t, i1=1,...,N
|, < 1.

o IN |V

t>0, |

This problem is also a convex optimization problem, with linear objective, M +
N +1 linear inequality constraints, and one convex quadratic inequality constraint.
Noticing that since the first two inequality constraints in the problem (7.56) are
homogeneous in the problem variables, the last inequality constraint ||@||, < 1 must
be tight at the optimal point, i.e., we have ||a*|, = 1 when (@*,b*,t*) is an optimal
point of the problem (7.56).

Remark 7.3 To prove the equivalence between the problem (7.56) and the original
problem (7.54), suppose (&@*,b*,t*) is an optimal point of the problem (7.56), and
suppose (a*, b*) is an optimal point of the problem (7.54). Let a = a@*/t* and b = b* /t*,
then (a,b) must be a feasible point of the problem (7.54) with objective value

lall, = lla™[l,/t" = 1/t".
Since (a*,b*) is an optimal point of the problem (7.54), we have
la*ll, < llall, = 1/t". (7.57)

Conversely, let @ = a*/||a*||,, b = b*/||a*|,, and t = 1/||a*||,, then (@, b,t) must be a
feasible point of the problem (7.56) with objective value

t=1/la" |,
Similarly, since (a*,b*,¢*) is an optimal point of the problem (7.56), we have
t">t=1/lla’|,,

i.e.,

la*l, > 1/¢. (7.58)
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Put together the inequalities (7.57) and (7.58), we have
lla™lly = 1/t".

This says that, the optimal point (a*,b") of the problem (7.54) can be obtained from
the optimal point (@*, b*,t*) of the problem (7.56) by performing the change of variable
a* =a*/t* and b* = b*/t*, and vice versa (with t* = 1/|la*||,).

We can give the problem (7.56) the following geometric interpretation. Let
(a,b,t) be a feasible point of the problem (7.56). If [|a|l, = 1 (which is necessarily
true at the optimal point), then a’z; — b is the distance from the point z; to the
hyperplane

{zeR"|aTz =1},

and b — aT'y; is the distance from the point y; to the same hyperplane. Therefore,
the problem (7.56) can be interpreted as finding a hyperplane that separates the
two groups of points {z1,...,2p} and {y1,...,yn} that has the largest distance
to the closest point in either group, i.e., finding a separating hyperplane with the
largest margin between the groups. In other words, the problem (7.56) finds the
thickest slab (i.e., the region between two parallel hyperplanes) that separates the
two groups of points, where the optimal value ¢* of the problem (7.56) corresponds
to the half width of this slab (see also exercise 7.5). Because of this geometric
interpretation, the problem (7.56) is sometimes called the mazimum margin linear
discrimination problem.

Figure 7.8 illustrates this geometric interpretation of the problem (7.56) on a
randomly generated dataset in R2.

Relaxing the separability constraint

In practice, the strict constraint ¢ > 0 in the problem (7.56) is usually relaxed to
the nonnegative constraint ¢ > 0, or simply removed so that ¢ € R (which we will
see soon that are equivalent). In the second case, the problem (7.56) becomes

maximize t

subject to CZLTJ% —Z) 2t i=1,....M (7.59)
ay;—b<—t, i=1,...,N
lall, <1,

where @ € R", b € R, and t € R are the optimization variables.

We can show that the optimal value t* of the relaxed problem (7.59) is positive if
and only if the original problem (7.56) is feasible, i.e., if and only if the two groups
of points {z1,...,xa} and {y1,...,yn} are linearly separable. Let (a@*,b*,t*) be
an optimal point of the problem (7.59). If t* > 0, then we have

Ty >t + 05 >0 > b —t* > a Ty,

foralli=1,...,M and j = 1,..., N, which means that {z | @7z = b*} defines a
separating hyperplane of the two groups of points {z1,...,zyp} and {y1,...,yn}-
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Figure 7.8 The dots and circles represent two groups of points in R? that
are linearly separable. The solid line represents the separating hyperplane
(which is a line in R?) that solves the problem (7.56), and the two dashed lines
represent the two parallel hyperplanes that define the thickest slab (shown
shaded) that separates the two groups of points. The distance from the solid
line to either of the dashed lines is the optimal value ¢* of the problem (7.56).
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Conversely, if the two groups of points are linearly separable, then the problem
(7.56) is feasible, and hence there is a positive ¢ satisfying the constraints of the
problem (7.59), so the optimal value t* of the problem (7.59) must be positive.

According to the previous discussion, the problems (7.56) and (7.59) are equiva-
lent when the given two groups of points {z1, ...,z } and {y1,...,yn} are linearly
separable. On the other hand, if t* = 0 achieves the optimal value of the relaxed
problem (7.59), then the original problem (7.56) must be infeasible, where in this
case, the two groups of points {z1,...,za} and {y1,...,yn} are not linearly sep-
arable. Note that the optimal value t* of the relaxed problem (7.59) cannot be
negative, since the point (@, b, t) = (0,0,0) is always feasible.

The separating hyperplane shown in figure 7.8 was obtained by solving the
relaxed problem (7.59) as a surrogate to the original problem (7.56).

Interpretation via Lagrange duality

Intuitively (and also indicated by figure 7.8), when the given two groups of points
{z1,...,zp} and {y1,...,yn} are linearly separable, the optimal value t* of the
problem (7.59) corresponds to the half distance between the convex hulls of the two
groups of points {z1,...,z} and {y1,...,yn}, i.e.,

t* = (1/2) dist(conv{x1,...,xa}, conv{ys,...,yn})

1
- 2mf{||x ~yl,

This result can be shown by analyzing the dual problem of the problem (7.59).
The Lagrangian (for the problem of minimizing —t) of the problem (7.59) is
expressed as

(7.60)

x € conv{zy,...,xp}
y € conv{yy,...,yn} '

L((a@, b, ), (u, v, w))

M N
= —t+ Y w(t—a"z+b)+ > vt +a"y; —b)+w(|la], — 1)
=1 i=1

M N
= —t+ @+ Tu+ (t-b)1Tv—a’ <Z i — wa) +w([all, — 1)
1=1 =1

M N
(1Tu+1T0 — 1)t + (17w — 1T0)b — a” (Z Uiz — Z%@ﬁ) +w([lall, - 1),
i=1 i=1

where u € RM, v E RN, and w € R are the dual variables.

To obtain the dual function, we need to minimize the Lagrangian over the primal
variables (a, b, t). Noticing that the Lagrangian is linear in ¢ and b, for any dual
feasible point (u, v, w), we must have

1Tu+1T0 - D)t 4+ 1Tu —1T0)b = 0,
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i.e.,
1Tu+1Tv =1, 1Tu=17y, (7.61)

since otherwise the Lagrangian can be made arbitrarily negative by scaling ¢ and
b, and the dual function would hence be unbounded below. The condition (7.61)
therefore implies the constraints

17w =1/2, 17w =1/2, (7.62)

on the dual variables u and v.
When (7.62) holds, the dual function g of the problem (7.59) is expressed as

glu,v,w) = inf L((@,b,1), (u,v,w))
(a,b,t)

M N
= inf (&T (Z Wi Tq — Z%%) + w(lall, — 1))
“ i=1 i=1

M N
= —w+inf <—5LT (Z UiTi — Z%?ﬁ) 'HU&Hz) :
=1 =1

To evaluate the infimum over a, we can use the Cauchy-Schwarz inequality to obtain

M N M N
dT (Z U; T; — Z 'Uiyi) S ||(AJ',||2 Z Ui Ty — Z ViYi
i=1 i=1 i=1 i=1

)

2

and hence

M N
ar (z wrs zy> +uwllal,
=1 =1

Y

—lally

M N
Zuiﬂfifzviyi +wllall,
i=1 i=1 2

Jall <w - ) .

, the right-hand side of the above inequality
2

M N
E Ui — E ViYi
i=1 i=1

M N
When w > ‘Zi:l Uil — D i Vil
is nonnegative for any @ € R", so the infimum over & is 0 (which is achieved
at @ = 0). On the other hand, when w < HZﬁl T — Zfil Vil

, by taking
2

a= A\ (Zf\il UL — Ziil viy,) for some A > 0, the above inequality is tight and

the right-hand side goes to —oo as A — o0, so in this case, the infimum over a is
—00. Therefore, the dual function g reduces to

M N
—w, w2 Hzizl UiLq — Zi:1 ViYi )

—o00, otherwise,

g(u’v’w) = {
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so the dual problem of the problem (7.59) is

maximize —w

subject to w > HZﬁl W;T; — Zfil Vil
1Tu=1/2, 1Tv=1/2
u=0, v=0

2

with variables u € R™, v € RY, and w € R. This is essentially the epigraph form
of the problem

minimize Hsz\il W;T; — Zfil ViV ,
subject to 1Tu=1/2, 1Tv=1/2 (7.63)
u=0, v>=0

with variables © € RM and v € RV.

The constraints in the dual problem (7.63) imply that 2 Zi\il u;x; is a convex
combination of the points {z1,...,2}, and 2 Zf\il v;9; is a convex combination
of the points {y1,...,yn}, so the objective of the dual problem is to minimize the
half distance between a point in the convex hull of {z1,..., 25} and a point in the
convex hull of {y1,...,yn}, i.e.,

minimize  (1/2)|lz — y|,
subject to x € conv{xy,..., T} (7.64)
y € conv{y,...,yn}.

Given the fact that strong duality holds for the problem (7.59), the optimal value ¢*
of the primal problem (7.59) is equivalent to the optimal value of the dual problem
(7.64), from which (7.60) follows.

7.3.3 Robustness to weight perturbations

Given two groups of points {x1,...,zn} and {y1,...,yn} in R" that are linearly
separable, and let f(x) = a’2—b be an affine function that separates the two groups
of points. The weight error margin of this separating hyperplane is defined as the
norm of the smallest w € R™ such that the affine function

fl@)=(a+w)'z—b (7.65)

fails to separate the two groups of points. In this context, the vector a is often called
the weight vector. An alternative robustness criterion in robust linear discrimination
involves finding a separating hyperplane that maximizes the weight error margin,
i.e., finding the separating hyperplane that is most robust to perturbations in the
weight vector a.

To formulate this problem, for fixed separating hyperplane parameters a and b,
let ¢ > 0 be the weight error margin, then according to the definition, we have the
separation conditions

(a+w) ez —b>0, i=1,..., M, (7.66)
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and

(a+w)y; —b<0, i=1,...,N, (7.67)
hold for all w € R™ with |lw||, < ¢. Hence, according to the Cauchy-Schwarz
inequality, we have

whz; > —|lwllylleilly > —tllzilly, i=1,....M,

and
wy; < lwllyllyilly < tllyilly, i=1,...,N.

This shows that the separation conditions (7.66) and (7.67) are implied by the
following inequalities:

alz; —t|zill, > b, i=1,..., M,

and
aly; +tllyilly, <0, i=1,...,N.

Therefore, the mazimum weight error margin linear discrimination problem can be
formulated as

maximize t

subject to  a’z; —b > tl|zg,, i=1,...,M (7.68)
aTy; —b < ~t|yilly, i=1,...,N '
lall, <1

with variables ¢ € R", b € R, and t € R. Note that, again, the last inequality
constraint [jall, < 1 is necessary to remove the ambiguity in scaling the variables
a, b, and t. The problem (7.68) is a convex optimization problem, with linear
objective, M + N linear inequality constraints, and one convex quadratic inequality
constraint.

The problem (7.68) can be written in the form of (7.54); see exercise 7.6. We can
also show (cf. page 275) that the optimal value t* of the problem (7.68) is positive
if and only if the two groups of points {z1,...,xp} and {y1,...,yn} are linearly
separable.

Remark 7.4 Geometric interpretation. We consider a special case of the problem
(7.68) to provide a geometric interpretation. Suppose the given two groups of points
{z1,...,zx} and {y1,...,yn} are separable by the linear function f(z) = o™« (which
happens, e.g., when the two groups of points are centered at the origin), and consider
the following special case of the problem (7.68):

maximize ¢t
subject to  a”x; > t||zi|,,
Wy < —tlylly i=1,. N

||a||2 <1

(7.69)

with variables a € R™ and t € R. Let (a,t) be a feasible point of the problem (7.69)
with [jal|, = 1 (which is necessarily true at the optimal point), then we can define

cosa; =a’ xif||zill,, i=1,...,M,
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which is the cosine of the angle between the point z; and the normal vector a of the
separating hyperplane {z € R™ | a¥z = 0}, and

cos fi = —a"yi/|lyill,, i=1,....N,

which is the cosine of the angle between the point y; and the normal vector —a
of the same separating hyperplane. In both cases, this cosine value is nonnegative
and is equivalent to the sine of the angle ; between the corresponding data point
vi € {z1,...,xm}U{y1,...,y~n} and the separating hyperplane itself, i.e.,

ing, | cosar=alvi/lvilly,  vi€{zr,. o)
i cos Bi = —a"vi/|villy, vi € {y1,...,yn}.

This idea is illustrated in figure 7.9. Therefore, we can give the problem (7.69) the
following geometric interpretation: Unlike the problem (7.59) which tries to maxi-
mize the distance between the separating hyperplane and the two groups of points
{z1,...,zm} and {y1,...,y~n}, the problem (7.69) tries to find a hyperplane that
separates the data points that leads to the largest worst-case (i.e., minimum) angle
between the data points and the separating hyperplane.

This perspective applies to the general problem (7.68) with nonzero b (with careful
notation and interpretation).

Figure 7.10 shows an example of the maximum weight error margin linear dis-
crimination on a randomly generated dataset in R?. The separating hyperplane
{z € R" | a*Tz = b*} (shown solid) is defined by the optimal point (a*,b*,t*)
of the problem (7.68), where the optimal value t* corresponds to the weight error
margin of this separating hyperplane. The shaded region represents the set given
by

{zeR" | =t"|2]|, < aTz b < t*)1[l5 }s (7.70)

which corresponds to the set of all separating hyperplanes in the form (7.65) that
can be obtained by perturbing the weight vector a* with w € R™ within the weight
error margin, i.e., |w||, < t*. Geometrically, the set given by (7.70) forms a banded
region bounded by two quadratic surfaces.

Support vector classifiers

When the two groups of points {z1, ...,z } and {y1,...,yn} in R"™ are not linearly
separable, we might still want to find an affine function f: R™ — R of the form
f(x) = aTz — b that can approximately separate the two groups of points.

We start from the linear discrimination feasibility problem (7.53), which is in-
feasible when the two groups of points are not linearly separable. In this case, we
may introduce auxiliary variables v € R™ and v € R” to relax the constraints in
(7.53), so that we have the problem

find (a,b,u,v)

subject to aTz; —b>1—-w;, i=1,...,M
aly; —b< 14w, i=1,...,N
u>=0, v>=0,

(7.71)
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Y

Figure 7.9 The points = and y are two data points from different groups in
the problem (7.69), which are separated by the hyperplane {z | a”z = 0}.
The angle « is the angle between the point = and the normal vector a of
the separating hyperplane, and the angle /3 is the angle between the point y
and the normal vector —a of the same separating hyperplane. The angle 0
is the angle between the data point (either z or y, only shown for z) and the
separating hyperplane itself, which is the complement of the angle a or 5.

Figure 7.10 The dots and circles represent two groups of points in R? that
are linearly separable. The solid line represents the separating hyperplane
that solves the problem (7.68). The shaded region shows the set (7.70), which
corresponds to the set of all separating hyperplanes that can be obtained by
perturbing the normal vector of the separating hyperplane within the weight
error margin.
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where a e R™, b€ R, v € RM, and v € RY are the optimization variables.

The relaxed problem (7.71) is always feasible, since for any choice of a and b,
we can always make the auxiliary variables u and v sufficiently large so that the
constraints are satisfied. In this case, for fixed values of a and b, the smallest
values of u and v that make the separation constraints feasible can be interpreted
as the margin violations or overlap of the two groups of points in {x1,..., 25} and
{y1,...,yn}, respectively, with respect to the ‘separating slab’ defined by

{zeR"|-1<aT2-b<1}, (7.72)
whose boundary consists of two parallel hyperplanes
{zeR"|a"2=b—-1} and {z€R"|a’z=0b+1}. (7.73)

Note that if the smallest feasible u; for some x; € {x1,...,z5} is nonzero but less
than 1, then the point x; stays within the slab, but is not misclassified, since we
still have a”x; —b > 1 —u; > 0. If u; > 1, then the point z; is misclassified, since in
this case aTz; — b < 0. We have similar results for the variables v; and the points
y;. If the two groups of points are linearly separable, then there is a separating
hyperplane such that the margin violation of both groups is zero, i.e., the problem
(7.71) is feasible with u = 0 and v = 0.

The next question is how to choose a separating hyperplane based on the problem
(7.71) so that the margin violation is in some sense small, which forms the class of
support vector classifiers (or support vector machine).

Margin violation penalties

The basic idea of support vector classifiers is to choose the separating hyperplane
by minimizing some penalty function of the margin violations u and v, based on
the problem (7.71). We discuss several different choices of the penalty function in
the following paragraphs.

Least squares penalty

One natural approach to refine the problem (7.71) is to minimize the sum of the
squares of the margin violations, which leads to the following optimization problem:

minimize S, u2 4+ N | 02
subject to aTz; —b>1—w;, i=1,...,M
a’y; —b< —1+wv, i=1,...,N

u=0, v=0

(7.74)

with variables a € R, b € R, v € R™, and v € RY. This problem is a convex
optimization problem with convex quadratic objective and linear inequality con-
straints.

Since the objective of the problem (7.74) corresponds to adding a least squares
(or quadratic) penalty on the margin violations, the problem (7.74) is sometimes
called the least squares support vector classifier. As a result of the quadratic penalty
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function, this type of classifier is expected to find a separating hyperplane that
prevents large margin violations, but there could still be many points that are
misclassified or within the separating slab.

Figure 7.11 illustrates the separating hyperplane obtained by solving the problem
(7.74) on a randomly generated dataset in R*. The points in {z1,..., 25} are
represented by circles, and the points in {y1,...,yn} are represented by dots. The
solid line represents the separating hyperplane, while the separating slab defined
by (7.72) is shown shaded. It is observed that there are 2 misclassified points in
the group {z1,...,zp} (i.e., the circles on the left-hand side of the separating
hyperplane), and there are 3 misclassified points in the group {y1,...,yn} (i.e., the
dots on the right-hand side of the separating hyperplane). There are also several
points that are within the separating slab but are not misclassified. The data points
that are on outside the shaded region are all correctly classified. In particular, these
points are strictly separated by the separating slab (and, of course, strictly separated
by the separating hyperplane).

Sparse margin violations

Another type of support vector classifiers is to minimize the total number of points
that violate the separation constraints in (7.71), which leads to the cardinality
minimization problem

minimize cardwu + cardv

subject to aTz; —b>1—w;, i=1,...,M
aly; —b< —1+wv, i=1,...,N
u=0, v=0

(7.75)

with variablesa € R", b e R, u € RM, andv € RY , where the cardinality functions
card u and card v denote the number of nonzero entries in v and v, respectively.
The problem (7.75) is a very hard combinatorial optimization problem, which can
become computationally intractable when the total number of points M + N is
large.

In practice, the problem (7.75) is often approximately solved via the ¢;-norm
heuristic, which reduces to solving the linear program

minimize 1Tu+ 17w

subject to Tz, —b>1—w;, i=1,...,M
aTy; —b< -14vwv;, i=1,...,N
u>=0, v=0.

(7.76)

Note that the variables u and v are nonnegative, so the ¢1-norm of these vectors is
equivalent to the sum of their entries, as shown by the linear objective above.
Figure 7.12 illustrates the separating hyperplane obtained by solving the prob-
lem (7.76) on the same dataset shown in figure 7.11. Compared to the results from
the least squares support vector classifier via the problem (7.74), the separating
hyperplane obtained by solving the problem (7.76) results in the same misclassified
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Figure 7.11 The circles and dots represent two groups of points {z1,...,zam}
and {y1,...,y~} in R?, respectively, which are not linearly separable. The
solid line represents the separating hyperplane obtained by solving the prob-
lem (7.74), and the shaded region represents the separating slab with respect
to this separating hyperplane, where its boundaries (shown dashed) are de-
fined by (7.73).

Figure 7.12 Separating hyperplane (shown solid) and the corresponding slab
(shown shaded) obtained by solving the problem (7.76) on the same dataset
shown in figure 7.11. The boundaries of the separating slab are defined by
(7.73) and are shown dashed.
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points, but the total number of points that are within the separating slab is signif-
icantly reduced. On the other hand, there are three misclassified points stay even
outside the separating slab, which correspond to margin violations that are larger
than 2. This is because minimizing the ¢;-norm of the vectors v and v encourages
the margin violations to be sparse, so the separating hyperplane obtained by solving
the problem (7.76) is expected to have only a few points that are misclassified or
within the separating slab, where the compromise then is that the maximum value
of the margin violations might be large.

Standard form support vector classifier

The standard form of support vector classifier takes the ¢;-norm as the penalty
function and additionally considers the trade-off between the margin violation and
the margin width (é.e., the separating slab thickness). In particular, it solves the
following optimization problem:

minimize ||, +v(1Tu + 17v)

subject to aTz; —b>1—w;, i=1,...,M
aTy; —b< -14vwv;, i=1,...,N
u=0, v=0,

(7.77)

where @ € R, b € R, u € RM, and v € R" are the optimization variables,
and v > 0 is a penalty parameter that controls the trade-off between the margin
violation and the margin width.

Notice that the thickness of the separating slab defined by (7.72) is equal to
2/||al|y (see also remark 7.3), so minimizing the first term ||a||, in the objective of
(7.77) is equivalent to maximizing the margin width. The second term 17w + 17
in the objective of (7.77) is equivalent to the objective of the problem (7.76), which
encourages the margin violations to be sparse. Therefore, the coefficient v > 0 can
be interpreted as the relative weight of the total number of points that violate the
separation conditions (which we want to minimize), compared to the thickness of
the separating slab (which we want to maximize). In particular, when ~ is very
large, the problem (7.77) is expected to find a separating hyperplane that has very
few margin violations, which might result in a small margin width; when ~y is very
small, the problem (7.77) is expected to find a separating hyperplane that has a
large margin width, which might result in many margin violations. Under this
interpretation, the problem (7.76) can be viewed as a special case of the problem
(7.77) with v — oo, where the margin width is not considered and the margin
violation is the only concern.

Figure 7.13 and figure 7.14 illustrate the separating hyperplanes obtained by
solving the problem (7.77) with v = 0.01 and v = 1, respectively, on a randomly
generated dataset in R?. When v = 0.01, the separating hyperplane leads to a
large margin width, but there are many points that are misclassified or within the
separating slab. When taking a larger v = 1, the thickness of the separating slab
decreases, with the advantage that there are only a few points that are misclassified
or within the separating slab.
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Figure 7.13 The circles and dots represent two groups of points that are
not linearly separable. The solid line represents the separating hyperplane
obtained by solving the problem (7.77) with v = 0.01, and the shaded region
represents the separating slab with respect to this separating hyperplane,
where its boundaries (shown dashed) are defined by (7.73).

Figure 7.14 Separating hyperplane (shown solid) and the corresponding slab
(shown shaded) obtained by solving the problem (7.77) with v = 1 on the
same dataset shown in figure 7.13.
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Exercises

Stochastic optimization

7.1 Chance constraint with log-concave distribution. Let f: R™ x R? — R be a function with
variable z € R™ and random parameter w € R?. Assuming that
e the function f is jointly convex in z and w, and
¢ the random parameter w has a log-concave distribution p(w),

we want to show that the chance constraint
prob(f(z,w) < 0) > n
can be expressed as a convex constraint in x.
(a) We first define the function g: R™ x RY as
L flz,w)<0
g(z,w) = {

0, otherwise.

Show that the function g is log-concave in (z,w).
Hint. Recall (from exercise 2.11) that a function h: R™ — R with convex domain
and h(z) > 0 for all z € dom f is log-concave if and only if

h(bz + (1 = 0)y) = h(z) h(y)' ™"
for all z,y € domh and 6 € [0, 1].

(b) If a function h: R™ x R* — R is log-concave (jointly in its two arguments), then
the function H: R™ — R defined by the integration

H(z) = / W) dy

is a log-concave function of z (where the integration is over R¥) [ , , ].
Use this result to show that the probability prob(f(z,w) < 0) is a log-concave
function of z.

¢) Formulate the chance constraint prob(f(z,w) < 0) > n as a convex constraint of x.
P ) n

7.2 | , page 16] Traditional Chebyshev chance constraint bound. Consider the chance
constraint given by prob(f(z,w) < 0) > n with 5 € (0,1), where f: R®" x R? - R is a
function with variable x € R" and random parameter w € RY.

(a) Show that we have the following bound on the probability prob(f(z,w) > 0):
prob(f(z,w) > 0) < E (f(z,w)/a+ 1)°

where o > 0 is any positive scalar. This bound is sometimes called the traditional
Chebyshev bound for chance constraints, to distinguish it from the Chebyshev bound
in (7.28).

(b) The conservative approximation of the chance constraint prob(f(z,w) < 0) > n
based on the traditional Chebyshev bound is given by

Eo(f(z,w)/a+1)* < a(l —n), (7.78)
which can be expressed as

2E f(z,w) + (1/a) E f(z,w)* + an < 0. (7.79)
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7.3

7.4

7.5

i. Is the inequality (7.79) a convex constraint jointly in x and a? If not, what kind
of assumption on the function f would make it convex?

ii. How could choose a to make the approximation (7.79) as tight as possible?
What is the tightest approximation we can get? What about its convexity
properties? Is there any requirement on the distribution of f(z,w) to use this
tightest approximation?

Hint. One way to see the convexity of the tightest approximation is via partial
minimization of a convex function; see exercise 2.12.

(¢) The approximation (7.78) could also be expressed as
na’ 4+ 2E f(z,w)a + E f(z,w)* < 0. (7.80)

Answer the same questions i. and ii. from (b), for the approximation (7.80).

Worst-case optimization

Robust approximation with convex hull of finite matrices uncertainty set. Consider the
worst-case robust approximation problem

minimize sup{||Az —b| | A € A},

where x € R" is the optimization variable, b € R™ is a given fixed vector, and the feature
matrix A € R™*" is uncertain and belongs to the uncertainty set A C R™*™. The norm
| - || can be any norm on R™. Here we assume the uncertainty set A is given by

A=conv{A,,..., Ay},

where the matrices A1,..., Ay € R™*"™ are given. Express this problem as a convex
optimization problem. When does the problem becomes a linear program?

[ , | Robust approzimation with norm ball uncertainty set. Consider the worst-
case robust approximation problem

minimize sup{|| Az —b|, | A € A}, (7.81)

where x € R" is the optimization variable, b € R™ is a given fixed vector, and the feature
matrix A € R™*" is uncertain and belongs to the uncertainty set

A={A+U[|Ull; <7}, (7.82)

where A € R™*" is a given nominal matrix and v > 0 is a given norm bound on the
uncertainty matrix U € R™*™. We should carefully parse the norm |||, in (7.81) and
(7.82), where the first one is the Euclidean norm on R™ and the second one is the spectral
norm on R™*"™. Express the problem (7.81) as a convex optimization problem. You need
to evaluate the inner supremum in the problem (7.81) to get a closed-form expression of
the objective function.

Robust discrimination and support vector classifiers

Consider the maximum margin linear discrimination problem (7.56). Show that at an
optimal point (a*,b*,t*) of the problem (7.56), there must be at least one index i €
{1,...,M} such that @*Tz; — b* = t*, and at least one index ¢ € {1,..., N} such that
@ Ty; — b* = —t*. In other words, the optimal value ¢* of the problem (7.56) is equal to
the distance from the separating hyperplane {z € R" | @a*Tz = l;*} to the closest point in
both groups of points {x1,...,znm} and {y1,...,yn}.
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Consider the maximum weight error margin linear discrimination problem (7.68). Suppose
the given two groups of points {z1,...,zam} and {y1,...,y~} are linearly separable. Show
that the problem (7.68) is equivalent to the following problem:

minimize  ||al],
subject to  a’x; —b > ||zill,, i=1,...,M
aTyl_b§_||y’b||27 Z:177N

with variables @ € R™ and b € R. y
Hint. Using the change of variables @ = a/t and b = b/t with ¢ > 0.

Worst-case margin violation. Consider feasibility problem (7.71) corresponding to the
support vector classifier. Suppose we want to find a separating hyperplane that minimizes
the worst-case margin violation, which is given by

max {ui,v;} = max{ull . loll.o }

i=1,...,

j=1,...,N

(a) Formulate this problem as an LP.

(b) What does a solution of this worst-case margin violation minimization problem look
like? Consider the cases when the two groups of points {z1,...,zm} and {y1,...,yn}
are linearly separable and when they are not linearly separable.

(c) Is this problem formulation useful in practice? If not, can you think of any modifi-
cations to make it more useful? You should not formulate the modified problem as
a nonlinear program.
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Chapter 8

Latent factor estimation

Mixture models

The inverse problem

Let (x;,9:), i =1,...,m, be a dataset of m samples, where z; € R™ are the feature
vectors and y; € R are the corresponding responses. The following inverse problem
fits a general machine learning model to this dataset:

minimize Y .-, fo(@i, yi) (8.1)

where the variable # € R"™ represents the model parameters, and the function
fo: R" x R — R is a cost function that measures the error of fitting each data
point (z;,y;) with the model parameterized by 6.

A mizture model, or hierarchical model, extends the basic machine learning
model with inverse problem (8.1) by assuming that there are multiple models that
can explain the data, and that each data point is generated by one of these models.
Specifically, let 01,...,0;, € R"™ be the parameters of k different models, and let
zi € {e1,...,ext C R* be the one-hot encoded label of the model that generates
the data point (x;,y;), where e; is the jth standard basis vector in R*. The inverse
problem corresponding to this mixture model is then given by

. k
minimize o > j=1 %ij fo; (%, yi) (8.2)
subject to  z; € {e1,...,ex}, i=1,...,m,
where z; e RF fori=1,...,m (with z;; being its jth component) and 61,...,6; €
R" are the variables of the problem. The one-hot labels z1,..., z,, are sometimes

called the (discrete) hidden or latent factors of this mixture model, since they are
not observed in the dataset and need to be inferred from the data.

Note that for simplicity of presentation, in the following discussion we assume
that the cost functions fp, for i = 1,...,k in (8.2) share the same functional form,
but have different parameters 6; € R™. These results are readily extended to the
general case where the cost functions might have different functional forms.



294

8 Latent factor estimation

8.1.2

Interpretation

We can rewrite the problem (8.2) to better understand its structure:

minimize >~ 277,
subject to ;= fo,(ws,y:), i=1,....,m, j=1,....k (8.3)
z; € {O,I}k, cardz; =1, i=1,...,m,

where r; € RF for i = 1,...,m are auxiliary variables. The variables r; can be
interpreted as the vector of costs, or errors, of fitting the data point (z;,y;) with
the k different models. The constraints on z; for i = 1, ..., m enforce z; are standard
basis vectors, so each data point is assigned to exactly one model. Therefore, for
the ith data point, the value zIr; is essentially the cost of fitting that data point
with the model assigned to it by z;, and our goal is to find the model parameters
f1,...,0, and the assignment variables z1, ..., z,, that minimize the total cost of
fitting all data points.

From a hierarchical modeling perspective, we can interpret the problem (8.3) as
follows. By solving the problem (8.3), we first separate the m data points into k
different groups, according to the assignment given by the latent factors z1, ..., zm,
and then fit a model with parameter 6; to the data points in the ith group, indi-
vidually for i = 1,...,k, so that the model fitting error of all groups is minimized.

Relaxation and biconvex formulation

It is easily seen that the problem (8.3) is not a convex optimization problem. In
fact, it is NP-hard in general, even when the cost functions fy, for ¢ =1,...,k are
convex in 6;.

Remark 8.1 Proof of NP-hardness. We reduce the well-known NP-hard problem of
clustering to the problem (8.3). Consider the problem of clustering m data points
Z1,...,Zm € R™ into k groups, where the goal is to find a partition of the data points
into k disjoint subsets such that the total within-cluster variance (measured by the
squared Euclidean distances to the cluster centers) is minimized. This problem can
be formulated as follows:

m T
i=1% T

subject to 7y = [0, — a3, i=1,...,m, j=1,...,k (8.4)
2z €{0,1}", cardz =1, i=1,...,m,

minimize )

where the variables 61, ...,6, € R™ are the cluster centers, r;; is the squared distance
from the data point z; to the cluster center 6;, and z; € R¥ is the one-hot assignment
of the data point x; to one of the k clusters for ¢ = 1,...,m. The problem (8.4)
is a special case of the problem (8.3) with the cost functions fp,: R" x R — R for
i=1,...,k defined as
foi(z,y) = 10: =z — yll3,

and the dataset given by (z;,y; = 0), ¢ = 1,..., m. This shows that the problem (8.3)
is at least as hard as the clustering problem (8.4), and is therefore NP-hard.

We will discuss the clustering problem later in more detail in §8.2.
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Suppose the cost functions fp, fori =1,...,k in the problem (8.3) are convex in
0;, then the problem (8.3) is an integer constrained biconvex optimization problem,
since the objective is convex in 6y, ...,0; when z1,...,z,, are fixed, and is linear
(and therefore convex) in zi,...,2, when 6,...,0; are fixed. Hence, when the
dataset in (8.3) is not too large, i.e., when m is small, this problem can be handled
by enumerating all possible assignments of the data points (z1,%1), ..., (Zm, Ym) to
the £ models. In particular, we can solve the convex optimization problem

minimize > ., Zl'r;
subject to  ri; = fo, (zs,y:), i=1,...,m, j=1,... .k,
with variable 61,...,0, € R"™, for the k™ possible choices of the latent factors

Zly.. .y 2m € R* satisfying the constraints in (8.3), and then picking the one that
gives the smallest objective value.

Heuristic via biconvex relaxation

In the most general case, when m is large, the problem (8.3) has to be solved
approximately via some heuristics. To do this, we could first relax the integer
constraints
2 €{0,1}", cardz =1, i=1,....m,
to the convex constraints
0<z=<1, 1Tz =1, i=1,...,m,
so the problem (8.3) becomes

minimize > ., zl'r;
subject to  ri; = fo, (xi,yi), i=1,...,m, j=1,...,k (8.5)

0<2z=<1, 1Tz =1, i=1,...,m,

which is a biconvex optimization problem with variables 61,...,0, € R"™ and
Z1,...,2m € RF (assuming the functions fy, are convex in 6; for t = 1,...,k).
Now to (approximately) solve (8.5), we can use the alternating minimization

heuristic discussed in §3.1.3, which iterates between solving the convex subproblems
{7
subject to 0=z =1, 1Tz =1, i=1,...,m,

minimize >.", 2

(8.6)

where 7; = (fg, (Ti,Yi)s - - - s, (z4,y:)) for i = 1,...,m are fixed problem data, and

minimize > ", Zl'r; (8.7)

subject to  ri; = fo, (zs,y:), i=1,...,m, j=1,...,k, '
until the objective values of the two subproblems converge. Note that in the problem
(8.6), the variables are z1,...,2,, € R*, and the model parameters 0y, ...,0, € R"
are fixed to the values obtained from the previous solution of the problem (8.7),
which, on the other hand, has variables 6;,...,0;, € R", and the problem data
%1, ..., %, € RF are fixed to the values obtained from the previous solution of the

problem (8.6).
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Interpretations

We can give the relaxation (8.5) the following interpretation. The original problem
(8.3) constraints the latent factors z1,..., 2, € R" to be one of the standard basis
vectors eq,...,e, € R¥. Therefore, solving this problem consists in finding the
optimal ‘hard’ assignment of the data points to the k models, where each data
point is assigned to exactly one model. In this case, the cost of fitting each data
point is only determined by the model assigned to it. The relaxed problem (8.5),
however, allows the latent factors z1,..., z,, to be any vectors in the convex hull of
{e1,... ek}, i.e., to stay within the probability simplex

{zeRF|0=<2=1, 1Tz=1}.

Solving this problem therefore tries to find a ‘soft’ assignment of the data points
to the k models, where the jth component of z; € R for i = 1,...,m can be
interpreted as the probability of assigning the data point (z;,y;) to the jth model
with parameter 0; for j = 1,...,k. Now the total cost of fitting the ith data point is
the weighted average, or expectation, of the costs of fitting that data point with the
k different models, where the expectation is taken with respect to the distribution
given by the latent factor z;.

We could also give the two subproblems (8.6) and (8.7) in the alternating mini-
mization heuristic some interpretations. In the problem (8.6), the model parameters
are fixed to 61, ..., 0, so the model fitting costs evaluated for each data point un-
der all £ models are fixed. Hence, the goal of this problem is to find the optimal
assignment of the data points to the k models, so that each data point has larger
assignment probability to the model that fits it better, and smaller assignment
probability to the model that fits it worse, in order to minimize the total expected
cost of fitting all data points. On the other hand, in the problem (8.7), the latent
factors Z1, ..., Z, are fixed, so each data point is assigned to the k models with fixed
probabilities. In this case, solving the problem finds the optimal model parameters
01,...,0, where the parameter #; for the ith model tends to fit the data points
that are assigned to it with larger probabilities better.

Remark 8.2 Tightness of the probability relazation. In fact, solving the subproblem
(8.6) under the probability simplex constraints on z1,...,zm € RF fori=1,....,m
always gives a solution where each z; € {e1,...,ex} is a standard basis vector, given
that there are no ties in the costs of fitting each data point with the k different models,
i.e., the vectors 71, ...,7m € R for i = 1,..., m have unique minimum components.
Intuitively, this is because if the vector 7; has a unique minimum component, say
the jth component, then an optimal point of the problem (8.6) must assign all the
probability mass of z; to the jth component, so that z; = e; reduces to a standard
basis vector in R¥. (See also exercise 8.1 for a detailed proof of this result.)

Applying this observation to the problem (8.3) implies that its relaxation (8.5) is
actually tight, i.e., it always gives a solution where the latent factors zi,..., 2, are
one-hot encoded vectors, as long as there are no ties in the model fitting costs for each
data point under the k different models at the optimal point. This does not always
happen, though, and in these cases, the relaxation (8.5) can be useful in the sense that
it is more convenient to incorporate regularization and constraints on the probability
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distributions zi,...,%n € RF (e.g., those disciplined modules discussed in §4.3 and
§6.3), so that we can break the ties with some prior knowledge; see also §8.1.4.

Cost functions

In this section, we introduce some example choices of the cost functions fp, for
t=1,...,k in the problem (8.3) that lead to different types of mixture models.

Regression models

We could take the functions fy,,..., fs,: R" Xx R — R in the problem (8.3) to be
of the form

fﬁz(xay) :¢($T01—y)7 1= 1a7k7 (88)
where ¢: R — R is a penalty function. Examples of ¢ include, e.g.,

o the quadratic penalty function ¢(u) = u?;

o the ¢,-norm penalty function ¢(u) = |u|” for p € [1,00) (see remark 4.2);

o the Huber penalty function ¢(u) = u? for |u| < § and ¢(u) = 25|u| — 62 for
|u| > 0, where 6 > 0 is a parameter.

The basic problem (8.1) with cost function of the form (8.8) and quadratic penalty
#(u) = u? consists in fitting a linear approximation or regression model to the
dataset (z;,yi), i =1,...,k. Hence, the corresponding mixture model with inverse
problem (8.3) is sometimes called a mizture of linear regressions. When the penalty
function ¢ is chosen as the Huber penalty, the corresponding mixture model is
sometimes called a mizture of robust linear regressions.

Example 8.1 Mixture of linear regressions. We consider a basic example of a mixture
of linear regressions, corresponding to the inverse problem

m T
i=1 % T

subject to nj:(:vzrejfyi)?, i=1,...,m, j=1,...,k (8.9)
2z €{0,1}", cardz =1, i=1,...,m,

minimize )

where 601,...,0, € R™ and z,...,2, € RF are the optimization variables. We
approximately solve this problem by the probability simplex relaxation and alternating
minimization heuristic, where we iterate between solving the following two convex
subproblems until convergence. The first subproblem is given by

e m T ~
minimize i1 % Ti
subject to 0=<2z <1, 1Tz =1, i=1,...,m,
where z1,...,2m € R” are the variables and

(@F0: — i)

@0, — )
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Figure 8.1 Mizture of linear regressions. Plot of the dataset used in exam-
ple 8.1 and the fitted linear models (shown as lines). Each data point is
shown with a marker corresponding to the group it is assigned to by the
estimated latent factors z1,. .., zm from solving (8.9).

are fixed problem data obtained from the previous solution of the second subproblem
minimize Z:’;l L,
. 2 .
subject to 1 = (xF0; — )", i=1,...,m, j=1,...,k

where 01,...,0, € R" are the variables and z1,..., 2%, € RF are fixed problem data
obtained from the previous solution of the first subproblem.

Figure 8.1 shows an example of fitting a mixture of linear regressions to a randomly
generated dataset by approximately solving the problem (8.9) with the alternating
minimization heuristic. The dataset (z;,y:), ¢ = 1,...,m, consists of m = 600 data
points, where the feature vectors z; = (¢;,1) € R? for i = 1,...,m, and the corre-
sponding responses y; € R are generated by one of k = 3 different linear models, with
additive noise. After solving the problem (8.9), the data points are partitioned into
three groups according to the estimated latent factors z1,...,2zm € R¥, by assigning
the ith data point to the jth group corresponding to the largest component of z; for
i=1,...,m, and are plotted in different markers. The fitted linear models are plotted
as lines.

Classification models

We have seen in remark 8.1 that the clustering problem (8.4) corresponds to a
special case of mixture models that can be used for classification. As another
example, suppose we are given a dataset (z;,y;), ¢ = 1,...,m, where x; € R" are
the feature vectors and y; € {—1, 1} are the corresponding binary class labels. We
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could consider cost functions in the problem (8.3) given by
fg,i(.’lf,y) = IOg(l +eXp(—yxT9i)), i = 17"'7ka (810)

which is essentially the negative log-likelihood of a logistic model (see §4.2.2). This
cost function is sometimes called the logistic loss function, and the corresponding
mixture model with inverse problem (8.3) is sometimes called a hierarchical logistic
regression. Besides, we could consider the cost functions given by

fo,(x,y) = max{0, 1 —yzT6;}, i=1,...,k, (8.11)

which is sometimes called the hinge loss function. Optimizing with respect to such
cost function in (8.3) consists in fitting multiple support vector classifiers to the
dataset (see §7.4.1, page 284). Furthermore, we may also consider the exponential
loss function given by

f9i(xay) :exp(—yxTﬁi), 1= 13"'71/”'5 (812)

which assigns exponentially larger cost to the data points that are misclassified by
the model with parameter 6; than to those that are correctly classified by it. In
these cost functions, the term yz76; is called the margin of the data point (z,y)
with respect to the model with parameter ;. All these costs are nonincreasing
functions of the margin, so a larger margin of some data point corresponds to a
smaller cost and is hence a better classification of the data by the model. The
graphs of logistic, hinge, and exponential loss functions are shown in figure 8.2.

As a more complex example, we could generalize the logistic loss function to the

multiclass setting. Suppose we are given a dataset (X, y(®), i =1,...,m, where
. @) @ 17 .
X@ = [ i) e xy ] e R 4 e {ey,. .. et TR,

are the feature matrices and the corresponding one-hot class labels for the ith data

point. In this context, the vector xy) € R" (whose transpose forms the jth row

of the feature matrix X)) is the feature vector contributing to the jth class, for
j =1,...,q. For classification problems on this dataset, we could consider cost
functions in the problem (8.3) that are of the form

exp(x10;)
f9i (Xv y) == log(yTu/lTu), u = ’ (813)
eXp(quei)
for ¢ = 1,...,k, where :rlT,...,x?; are the rows of the matrix X € R?*"™. The

cost function given by (8.13) is essentially the negative log-likelihood of a multiclass
logistic model, and is a convex function of 6; (see exercise 4.4, page 141). The
mixture model corresponding to the inverse problem (8.3) with cost function (8.13)
is sometimes called a hierarchical multiclass logistic regression.
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Figure 8.2 Graphs of the logistic, hinge, and exponential loss functions, given
by (8.10), (8.11), and (8.12), respectively. The solid curves correspond to the
cost function for the positive class (y = 1), and the dashed curves correspond
to the cost function for the negative class (y = —1). The exponential loss
assigns the largest cost to the misclassified data points.
8.1.4 Regularization and constraints

Sometimes we might want to add some regularization terms or constraints to the
mixture model inverse problem (8.3) (or the relaxed problem (8.5)) to incorporate
some prior knowledge about the latent factors z1,...,z, € R” or the model param-
eters 1,...,0; € R". Many disciplined modules that we have discussed in part II
are readily adapted. For example, we could add the entropy regularization term

m k
Y Z Z zi; log 245,

i=1 j=1

where v > 0 is a regularization parameter (see §4.3, page 134), to the problem (8.5)
to encourage the distributions z1, ..., z;, € RF over the k models to be as stochastic
(i.e., uniform) as possible, so that the data points are assigned to multiple models
with more balanced probabilities. We give more ideas that are useful to the mixture
model inverse problems in the next several paragraphs.

Parameter alignment

Note that the problem (8.3) is invariant to any permutation of the model parame-
ters #1,...,0; and the corresponding latent factors 21, ..., z,,. This is because any
permutation of the model parameters and the corresponding latent factors does
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not change the cost of fitting the data points, and hence does not change the ob-
jective value of the problem (8.3). Therefore, it is sometimes useful to add some
constraints to the problem (8.3) to break this symmetry and align the model pa-
rameters 61, ..., 6 in some way (usually based on the prior knowledge), so that the
solution of the problem is more interpretable.

Another potential application scenario where we might want to explicitly align
the model parameters is when we have multiple datasets that are generated by
the same set of models, and we want to fit a mixture model to each dataset. If the
model parameters 61, ..., 0, are not aligned across different datasets, then the fitted
models for different datasets might not be comparable, since the ith model for one
dataset might correspond to the jth model for another dataset for some ¢ # j.

Parameter alignment in fitting mixture models could be achieved by adding reg-
ularization terms and constraints that might be helpful in identifying the model
parameters to the problem (8.3), based on the prior information about the models
that generate the data. For example, if we know that the ith model with parameter
0; is nonnegative, we could add the nonnegativity constraint 6; > 0 to the problem
(8.3). When fitting the mixture model multiple times or to different datasets, this
restricts the nonnegative model parameters to be assigned to the same model across
different fits. Similar techniques can be applied to incorporate prior information
about, e.g., monotonicity, sparsity, or smoothness properties in the model param-
eters. As long as the regularization terms and constraints added to the problem
(8.3) are convex, the biconvex relaxation and alternating minimization heuristic on
page 295 can still be applied to approximately solve the resulting inverse problem.

Time series

When the given dataset (z(t),y(t)), t = 1,...,m, for the problem (8.3) is a time
series, the latent factors z(1),...,z(m) € R* to be estimated are often expected to
be piecewise constant, since the data points in a time series are often generated by
the same model for a contiguous period of time.

To achieve this required property, we could add the following regularization term
to the problem (8.3):

S e+ 1) — =), (8.14)

where v > 0 is a regularization parameter. This is essentially the total variation
smoothing regularization (for time series of vectors; see also §5.3.3) applied to the
latent factors z(1),...,z(m), which encourages the latent factors to be piecewise
constant over time.

Example 8.2 Hierarchical logistic regression for time series. We consider a simple
numerical example to illustrate the ideas discussed in the last several paragraphs.
Suppose we are given a dataset (z(t),y(t)), ¢ = 1,...,m, where z(t) € R" are the
feature vectors and y(t) € {—1, 1} are the corresponding responses at time ¢. We want
to fit a mixture of k = 2 logistic regression models to this dataset, which corresponds
to the inverse problem (8.3) with cost function given by (8.10). We want the latent
factors z(1),...,z(m) € R? to be piecewise constant over time, so we add the total
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8.2

8.2.1

variation regularization term given by (8.14) to the problem (8.3). Additionally, we
have the prior information that the model parameters #; € R" is nonnegative and
monotone nonincreasing, i.e.,

0, > 0, 011> > 01,
and 62 € R"™ is nonpositive and monotone nondecreasing in the same order, i.e.,
0> =0, 021 <+ <o

Put together, the resulting (biconvex relaxed) inverse problem for this hierarchical
logistic regression model is given by

minimize Y o, 2(8) () + T 2+ 1) — 28],

subject to  7(t) = log(1 + exp(—y(t)z(t)"6:)), t=1,...,m, i=1,2
0=<z(t) =1, 1T2)=1, t=1,...,m (8.15)
01 =0, 91,1 > 291,n

02 20, 021 <--- <02,

where 01,02 € R", 2(1),...,2(m) € R? are the optimization variables, and v > 0 is a
regularization parameter.

Figure 8.3 shows an example of fitting this hierarchical logistic regression model to a
randomly generated dataset with n = 5 and m = 200 by solving the biconvex problem
(8.15) via alternate convex search, for different values of 7. The estimation from (8.15)
and the ground truth are shown solid and dashed, respectively. The cross marks in the
first row of the figure show the estimated group assignments 2(1),...,2(m) € {1, 2},
i.e., the largest component index of the estimated latent factors z(¢) for ¢t =1,...,m,
which is given by

2(t) = argmax z;(t), t=1,...,m. (8.16)

ie{1,2}

When v is small, i.e., the total variation regularization is weak, the estimated group
assignments are very noisy, and the data points are frequently assigned to different
groups over time. On the other hand, when ~ is large, the estimated group assign-
ments shows a clear piecewise constant pattern, where the data points are assigned
to the same group for a contiguous period of time. As a result, the estimated model
parameters 61,02 € R™ are more close to the true model parameters (shown dashed)
when -y is large than when + is small, as shown in the bottom two rows of figure 8.3.

Clustering

The clustering problem

Suppose we have m data points x1,...,z,, € R", and we want to partition these
data points into k groups or clusters, where k is a given positive integer. Usually,
we have k < m and we want the data points in the same cluster to be similar to
each other, and the data points in different clusters to be different from each other
as much as possible. Figure 8.4 shows a simple example in R? with m = 300 data
points and k = 3 clusters.
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Figure 8.3 Hierarchical logistic regression for time series. Plot of the es-
timated group assignments 2(1),...,2(m) € {1,2} given by (8.16) (shown
as cross marks; first row) and the estimated model parameters 61,60, € R"™
(shown solid; second and third rows) from solving the problem (8.15) with
different values of the regularization parameter «y. The corresponding ground
truth group assignments and model parameters are shown in dashed curves
for comparison.
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Figure 8.4 Clustering. Plot of 300 points in R? (left, shown as dots) which
can be clustered into 3 groups (right, shown in different markers).
A clustering objective
Let p1,...,ur € R™ be the cluster representatives for the k groups, then a formu-
lation of the clustering problem is given by
minimize Y ., min{”xi —,uj||§ ‘ Jj= 1,...,]{:} (8.17)
where the optimization variables are p1, ..., ux € R™. Geometrically, this clustering
objective consists in finding k cluster representatives 1, ..., ur € R™ so that the

total (squared) Euclidean distance between the data points and their closest cluster
representatives is as small as possible. In other words, the problem (8.17) consists
in partitioning the data points x1,...,x,, into k groups so that the data points in
the same group are similar to each other as much as possible, in the sense that they
are close to the same cluster representative.

We can rewrite the problem (8.17) more explicitly by introducing the cluster
assignment variables ¢ € R, where ¢; € {1,...,k} is the cluster index of the ith
data point for ¢ = 1,...,m. Then the problem (8.17) is equivalent to

e . m 2
minimize > .7 ||z — pe, |5
. m (8.18)
subject to ce{l,...,k}",
where the optimization variables are ¢ € R™ and pq,...,ur € R™. Obviously,

minimizing the objective of (8.18) requires each data point to be assigned to the
cluster representative that is closest to it, i.e., an optimal cluster assignment ¢* €
R must satisfy

. 2 .
¢f = argmin |jz; — /L;sz 1=1,...,m,
je{1,....,k}
where 43, ..., 5 € R™ are the corresponding optimal cluster representatives. The

equivalence between the problems (8.17) and (8.18) then follows directly.
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Mixture model interpretation

A simple change of variables transforms the problem (8.18) into a special case of the
mixture model inverse problem of the form (8.3). In particular, we can introduce
the latent factors z1,...,2, € Rk, where z; € {e1,...,er} is the standard basis
vector that provides a one-hot encoding for the cluster assignment of the data point
x;, then the problem (8.18) is equivalent to

minimize Y i, 217
subject to 7 = ||lz; — ,uj||§, i=1,....m, j7=1,...,k (8.19)
7 €{0,1}*, cardz =1, i=1,...,m,
where the optimization variables are z1,..., 2y, € R and i, ..., 1k € R™.
As a result, the clustering problem (8.18) can be interpreted, in terms of (8.19),
as an inverse problem for fitting a mixture model to the dataset x1, ..., x,,, where

the base models correspond to finding the best representative singleton of a group
of points, i.e., a point that minimizes the total Euclidean distance to the points in
that group (see also exercise 4.2).

The k-means algorithm

We can approximately solve the nonconvex problem (8.19) by the probability sim-
plex relaxation and alternating minimization heuristic described on page 295. In
particular, we can relax the problem (8.19) to the biconvex program

minimize Y. 217,
subject to 1 = ||lz; — ,uj||§, i=1,....m, j=1...,k (8.20)

0<z=<1, 1Tz =1, i=1,...,m,

where the optimization variables are z1,...,2z, € R* and U1,y ik € R™. Then
we iterate between solving the following two convex subproblems:

. . . m T~
minimize Lzl
_ 2i1 % T - , (8.21)
subject to 0=z, <1, 1'z =1 +1=1,...,m
with variables z1,..., 2, € Rk, where
_ _ 2 _ 2 .
T = (||:E2 —fllzs oo i — uk\|2> eRF, i=1,...,m,
are problem data for fixed cluster representatives fi1,..., i € R"™, and
minimize Y., 2, (8.22)
subject to Tij:Hl'i—'LLj”;, i=1,....m, j=1,....k ’
with variables p1,...,u; € R™ and fixed cluster assignments z1,...,Z, € R*.

The subproblems (8.21) and (8.22) both have closed-form solutions. For fixed
cluster representatives fi1,..., i € R", suppose there is no tie in the distances
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_ 2 _ 2 . , :
lz; — i1 ll5 - - |z — fell for @ = 1,...,m, i.e., the closest cluster representative
to each data point is unique with index, say,
. . TE S
Ji = argmin ||ml_/’(‘.7||2? t=14...,m,
J€{1,....k}

then the optimal point of the problem (8.21) is given by

zi =ej, 1=1,...,m,
where e1,...,er € RF are the standard basis vectors in R” (see also remark 8.2).
On the other hand, when the cluster assignments Z1,..., %, € RF are fixed, the

optimal point of the problem (8.22) is given by

NJ*: Z:il zij‘ri ]:1 k
D DT Y
which is a convex combination of the data points x1,...,x,, for j = 1,... k, with
coefficients proportional to the cluster assignments Zi;,...,Zy,;. Note that when
Z1,.-.y2m €{e1,..., e}, t.e., each data point is assigned to exactly one group, the
optimal cluster representatives u7, ..., uj given above are simply the means of the
data points in each group (cf. exercise 4.3).
Applying the ideas presented above directly to the original clustering problem
(8.18) leads to the well-known k-means algorithm, which is summarized below.

Algorithm 8.1 k-MEANS ALGORITHM.

given the dataset x1,...,z,» € R™ and an initial choice of cluster representatives
f1,..., 0k € R™.

repeat

1. Cluster assignment. Assign each data point to the nearest cluster representative:

¢ = argmin ||lz; — ]2, i=1,...,m.
je{1,....k}

2. Group formation. Form the groups based on the cluster assignments:
Gy={ie{l,....m}|& =3}, j=1,...,k

3. Representative update. Set cluster representatives to be the mean of the data
points in each group:

= (1G) Y @ G=1. k.
i€G;

until convergence.

Since algorithm 8.1 for approximately solving the problem (8.18) is equivalent to
applying the alternative convex search heuristic to the biconvex program (8.20), it
is guaranteed that after each iteration, the objective of (8.18) is nonincreasing and
hence converges.

Figure 8.5 shows several example iterations of the k-means algorithm 8.1 applied
to a randomly generated dataset. Figure 8.6 shows the final clustering result on
this dataset and the convergence path of the cluster representatives jiy, ..., /i, € R"
over iterations.
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Figure 8.5 Three example iterations of the k-means algorithm. The cluster
representatives are shown thicker. In each row, the left plot shows the cluster
assignment step (algorithm 8.1, step 1), and the right plot shows the updated
cluster representatives according to step 3 of the algorithm.
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Figure 8.6 Final clustering result corresponding to figure 8.5. The cluster
representatives are shown thicker, and the final representatives are shown
larger. The convergence path of the cluster representatives over iterations is
shown as dashed curves.
8.2.3 Clustering with prior information

Representing a clustering problem in terms of the biconvex program (8.20) is par-
ticularly useful when we want to add some regularization terms or constraints to
incorporate some prior knowledge about the cluster representatives u1, ..., ur € R"
or the cluster assignments z1,...,2z, € R*. In these cases, there might not be
closed-form solutions for the subproblems (8.21) and (8.22), but they are still con-
vex optimization problems that can be solved efficiently (provided the regularization
terms and constraints are convex).

We will give some examples of incorporating prior information into clustering
problems as follows. Here we restrict our discussion to constraints, although many
of them can also be turned into regularization terms if properly translated (see, e.g.,
§6.1.1, page 196).

Assignment and relation constraints

We could add some constraints on the cluster assignments of the data points, which
can be useful when we have some prior information about the relationships between
the data points. Suppose we know that the data point x; is only allowed to belong
to one of a specific subset of clusters, say, S; C {1,...,k}, then we can add the
following assignment constraint to the problem (8.20):

Zij:O, jE{l,,k}\SZ,
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where z;; is the jth component of the cluster assignment variable z; € R" in (8.20).
As an extreme case, if we know that the data point x; must be assigned to the jth
cluster for some j € {1,...,k}, then we have the constraint

Zij = 1.

These constraints can be expressed as a finite number of linear equality constraints
in the latent factor variables z1, ..., z, € R* of the problem (8.20).

We could also consider the pairwise relationships between the data points z,
and x4 for p,q € {1,...,m}. For example, if we know that the data points x,
and z, must belong to the same cluster, then we can add the following must-link
constraint to the problem (8.20):

Zp = Zq,

or equivalently,
Zpj = Zqj> ] = 1,...7]6, (823)

which are all linear equality constraints. Conversely, if we know that the data points
zp and x4 must belong to different clusters, then we have the cannot-link constraint
given by

Zpj+ 245 <1, j=1,... k. (8.24)

When z,, z, € {e1,..., e}, the constraint (8.24) requires that for each j = 1,...,k,
only one of z,; and z4; can be equal to 1, which therefore ensures that the data
points x;, and z, are not assigned to the same cluster. However, we should carefully
interpret the cannot-link constraint (8.24) when z,,z, € R” just stay in the prob-
ability simplex in R¥ as in the problem (8.20). In this case, the constraint (8.24)
says that, for each j = 1,...,k, if 2,; is close to 1, i.e., the data point x,, is likely to
be assigned to the jth cluster, then z,; must be close to 0, so the data point x4 is
unlikely to be assigned to the same cluster. In other words, the data points z, and
x4, cannot be assigned to the same cluster both with high probability. Similarly,
from a probabilistic perspective, the must-link constraint (8.23) says that the data
points x, and x, must be assigned to the same cluster with equal probability.

Size constraints

We could add some constraints on the sizes of the clusters, i.e., to control the
number of data points assigned to each group. For example, let

m
S5 = E Zigs ]ZL...,k,
i=1

be a size measurement of the jth cluster for j = 1,...,k, where z;; is the jth
component of the cluster assignment variable z; € RFfori=1,...,m, according to
the problem (8.20). Note that when z1,..., 2, € {e1,...,ex}, the size measurement

s; becomes an integer and is exactly the number of data points assigned to the jth
cluster. The size constraint

LjSSjSij jzl,...,k, (825)
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Figure 8.7 The nominal clustering result (left) from the problem (8.20), and
the balanced clustering result (right) under the constraint (8.26), on the same
dataset. The final cluster representatives are shown thicker.

with given lower and upper bounds L;,U; € R for j = 1,...,k, require that the
size of the jth cluster must be between L; and U;. A special case of this constraint
is the balance constraint, which is given by

’sj—%lge, j=1,... .k, (8.26)

for some small given € > 0. This constraint requires that the size of each cluster
must be close to m/k, which hence ensures the number of points in all clusters
should approximately be the same. We could express the balance constraint (8.26)
in the form of (8.25) as

%—egsjg%ﬂ, j=1,... k.

Example 8.3 Balanced clustering. We compare the clustering results between the nom-
inal clustering problem (8.20), and the problem with the additional balance constraint
(8.26), on a random generated dataset with m = 300 data points. The dataset was
generated so that the size of the top and bottom left groups is around 80, while the
size of the bottom right group is around 140. Our goal is to cluster these data points
into k = 3 groups, and we set € = 3 in the balance constraint (8.26), which requires
that the size of each cluster should be between 97 and 103.

Figure 8.7 shows a set of clustering results from solving these two problems via alter-
nate convex search, where the nominal clustering results are shown in the left plot,
and the balanced clustering results are shown in the right plot. We have several
observations from the figure:

e The nominal clustering result is more consistent with the natural (i.e., visual)
grouping of the data points, while the balanced clustering result is more distorted
to the right.

e The balanced clustering assigns more data points distributed in the middle of
the dataset to the top and left clusters, so that the sizes of the three clusters are
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more balanced than those in the nominal clustering. As a result, the sizes of the
three clusters from the nominal clustering are 84, 77, and 139, while the sizes of
the three clusters from the balanced clustering are 98, 99, and 103.

A simple generalization of the size constraint (8.25) is the capacity constraint,
which is given by

m
C_;ninézwizijgcjr‘naxv j:17"'ak7
i=1

where w € R™ is a given weight vector for the data points, with the sth component
representing the cost of assigning data point z; to any cluster, and C'J'-nin, Ci*reR
are given lower and upper bounds for the total cost for the jth cluster. These con-
straints are all linear inequality constraints in the latent factor variables z1, ..., z;, €
R" of the problem (8.20).

As a more complex example, suppose the data points are partitioned into ¢
categories G1,...,G4 C {1,...,m} with

a
UGi:{l,...,m} and G;NG; =0 fori#j,
i=1

and we want to control the number of data points assigned to each cluster in each
category. If the category G, should make up between L, and U, fraction of each
cluster for p = 1,...,q, then we can add the following constraints to the problem
(8.20):
Lys; < Z zij SUpsj, p=1,...,q, j=1,...,k,
i€G,

where L,,U, € [0,1] are given for p =1,...,q. Substituting s; = >/ z;; into the
above constraints, we can express them as

m

m
LpY 2z <Y 2i; Uy Y zij, p=1....q, j=1,...,k
=1 =1

i€Gp i=

which are linear inequality constraints in z1, ..., z,, € R". Similarly, if we want the
proportion of the data points in category G), in each cluster to be approximately
np € 10,1] for p=1,..., ¢, then we have the following constraints:

m

S uii—mpd s <6 p=1,....q, j=1....k

i€Gp i=1

where € > 0 is a given acceptance threshold.

Geometric constraints

When the data points z1, ...,z € R" have some geometric meaning, e.g., they are
locations of some objects in a physical space, we might want to add some geometric
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Nominal Location constrained

Figure 8.8 The nominal clustering result (left) from the problem (8.20), and
the geometrically constrained clustering result (right) under the constraint
(8.27), on the same dataset. The final cluster representatives are shown
thicker. The dashed circles in the right plot show the location constraints for
the cluster representatives.

constraints on the cluster representatives pq,...,ur € R™ to the problem (8.20).
For example, the linear inequality constraint

Azuljbla i:17"'5k7

where A; € RP**™ and b; € R are given for i = 1,..., k, requires that the cluster
representative p; must lie in the polyhedron {u € R" | A;u =< b;}. Similarly, if
;i should lie in the ball {u € R" | ||lu — ¢||, < 74} for some given center ¢; € R"
and radius r; > 0, then we can add the following convex constraint to the problem
(8.20):

||/J,i—Ci||2§’l“i, 221,71{? (827)

These ideas are readily adapted to other geometric shapes such as ellipsoids.

Example 8.4 Clustering with location constraints. We compare the nominal and geo-
metrically constrained clustering on a randomly generated dataset with m = 300 data
points. In particular, we cluster these data points into k = 3 groups, via the problem
(8.20) with and without the additional location constraint (8.27), solved by alternate
convex search.

Figure 8.8 shows a set of clustering results from these two problems, where the nom-
inal clustering outcome is shown in the left plot, and the geometrically constrained
clustering outcome is shown in the right plot. The dashed circles in the right plot draw
the location constraints for the cluster representatives under (8.27), i.e., the cluster
representatives must lie in the corresponding circles. From the figure, we can see that
the location constraints significantly distort the clustering result. In particular, the
cluster representatives of the top and left clusters are located at the boundary of the
corresponding circles, which indicates that the location constraints are active for these
two clusters.
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Geometric constraints might also involve the data points z1,...,z, € R". As
an example, we might want the maximum distance between any data point in the
jth cluster and the corresponding cluster representative p; to be at most R;. In
other words, we want to ensure that the smallest ball centered at p; that contains
all the data points in the jth cluster has radius at most R; for j = 1,..., k. This
constraint can be expressed as

with
Gj = {z € {1,...,m} | argmax z;, :j} , j=1,...k, (8.29)
q=1,....k
where 21, ..., 2, € R" are the cluster assignment variables in the problem (8.20).

However, the constraint given by (8.28) and (8.29) is nonconvex. One possible
convex relaxation of this constraint is given by

where M > 0 is a sufficiently large constant, e.g., the diameter of the smallest
ball that contains all the data points x1,..., %, € R"™. For each i =1,...,m and
j=1,...,k,if z;; is close to 1, then the constraint (8.30) is approximately equivalent
to [|z; — pjl|, < Rj, which requires that the data point z; must be within the ball
centered at u; with radius R;. On the other hand, if z;; is close to 0, then the
above constraint is approximately [|2; — p;ll, < R; 4+ M, which is always satisfied
when M is sufficiently large. Therefore, the relaxation (8.30) requires that if the
data point x; is assigned to the jth cluster with high probability, then it must be
roughly within the ball centered at u; with radius R;.

Principal component analysis

This section deals with approximation problems involving a data matrix of the form

af
A=| : | eR™"
ap,
where af'| ... al are the row vectors of A. In practice, the vector a; € R™ is often
interpreted as the feature vector of the ith data point for ¢ = 1,...,m, where its

jth component a;; € R represents the jth feature value of the data point. In this
context, the jth column of A is then interpreted as the vector of the jth feature
across all data points.

In practice, it is commonly assumed that the number of data points m is much
larger than the number of features n, 7.e., m > n, so that the data matrix A is tall.
In the following discussion, we will additionally assume the data matrix A € R™*"
is standardized, i.e., each column of A has zero mean and unit variance, for the
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reason that will become clear later. In practice, we can always standardize a given
data matrix A by the following linear transformation:

A=(A-1")D7, (8.31)

where 1 € R"™ is the mean vector of the columns of A, i.e.,

1 m
:ujzﬁl_zlalja jzl,...7’l’L,

and
D = diag(oy,...,0,) € R™"

is a diagonal matrix with o; > 0 being the standard deviation of the jth column of
A, ie.,
m

1 1/2
2 .
Uj:<m2(aij—pj)> 5 ]:1,...,71.

i=1
The linear transformation (8.31) is sometimes called standardization or z-score nor-

malization of the feature matrix A. The resulting matrix A € R™*™ from (8.31)
has the same shape as A and is sometimes called the standardized feature matrix.

Low rank approximation

The problem of principal component analysis (PCA) is to find the best low rank
approzimation Z € R™*™ of the data matrix A € R™*" that minimizes the ap-
proximation error, in terms of the Frobenius norm, i.e., solves the problem

L 2
mln.lmlze A - Z||% (8.32)
subject to rank Z < k,
where the optimization variable is Z € R™*". The positive integer k < n is a given
problem parameter that specifies the maximum acceptable rank of the approxima-
tion matrix Z. Expanding this objective function according to the definition of the

Frobenius norm, we have

A 712 = - 2 o 2
1A= ZI7 = llas =zl = D> (ai; — 2)°,
i=1 i=1 j=1

J

where al,...,al and z{,...,2L are the row vectors of the matrices A and Z,

) m rm
respectively. Therefore, a direct interpretation of the problem (8.32) of low rank
approximation is to find a matrix Z € R™*" with rank at most £ such that the
sum of the squared distances between the corresponding row vectors of A and Z
is minimized. Equivalently, it seeks to minimize the quadratic error between the
corresponding entries of A and Z.
We could directly encode the rank-k constraint in (8.32) by factorizing the vari-

able Z into the product of two matrices X € R™* and Y € R¥*", so that Z = XV
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(We will see later that, this factorization is, of course, not unique.) Then the low
rank approximation problem (8.32) can be equivalently written as

minimize ||A — XYH?, (8.33)

with variables X € R™** and Y € R**".

Solution via singular value decomposition

It is easily seen that the problem (8.32) is nonconvex, because of the the rank
constraint. The equivalent problem (8.33) is also not convex, but it is biconvex in
the variables X and Y, since when one of them is fixed, the problem becomes a
convex quadratic program in the other variable. Even though both problems are not
convex optimization problems, they can, in fact, be solved (globally) in closed-form
via the singular value decomposition (SVD) of the data matrix A.

Assuming that the data matrix A € R™*" has rank A = r, we have the (com-
pact) SVD of A given by

A=UxVT,

where U € R™*" and V € R"*" are matrices with orthonormal columns, and
¥ = diag(oy,...,0,) € R™"

is a diagonal matrix with o1 > --- > o0, > 0 being the singular values of A (see
§A.2.2). Then the best rank-k (k < r) approximation Z* € R"™*" of A that solves
the problem (8.32) is given by

7* = Up S VyL, (8.34)

where Uy, € R™* and Vj, € R™** are the matrices consisting of the first k& columns
of U and V, respectively, and ¥; = diag(oq,...,0%) € R**¥ is the diagonal matrix
consisting of the first k singular values of A. Correspondingly, a factorization of the
best rank-k approximation Z* = X*Y™* that solves the problem (8.33) is given by

X*=U,5)? e R™F and v* =x/*V] e R, (8.35)

It is a famous result in linear algebra that the SVD solution given by (8.34) (and
(8.35)) is the best rank-k approximation of A that minimizes |4 — Z H% over all
matrices Z € R"™*" with rank Z < k. Although it is not very difficult to show
this result (at least semi-intuitively), we will not give the proof here but refer the
interested readers to the references.

Remark 8.3 Uniqueness of the SVD solution. We should note that solutions to the
factorized problem (8.33) are not unique. Since for an optimal point (X*,Y™) given
by (8.35), suppose W € R¥*¥ is any invertible matrix, then we have

(X*WYW'YY) = XY = 7%, (8.36)

which implies that the matrices X*W and W ~'Y™* provide another factorization of
the same optimal matrix Z* to the problem (8.32).
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As a special case, we could take the scaling factor in (8.36) to be a positive scalar
¢ > 0, then the scaled optimal matrices given by

CX* c Rmxk and c*ly* c Ran

are also optimal for the problem (8.33). From this, we could see that the set of optimal
points to the problem (8.33) is even unbounded.

Interpretations

We could give the problem of low rank approximation (8.32) (as well as the factor-
ized problem (8.33)) several interpretations from different perspectives.

Geometric interpretation

We could interpret each row al of the data matrix A € R™*™ as a data point in
R" for i = 1,...,m. Notice that requiring the approximation matrix Z € R™*" to
have rank at most k is equivalent to requiring that the row vectors of Z must lie in
a k-dimensional subspace of R"™. Therefore, we can interpret the problem (8.32) as
finding a k-dimensional subspace in R™ such that the sum of the squared distances
between the data points aq,...,a,, € R"™ and their projections z1,...,2,, € R"
(whose transposes are the rows of Z) onto this subspace is minimized. The following
example illustrates this idea.

Example 8.5 Low rank approzimation. Consider a data matrix A € R™*™ with
m = 600 and n = 2, where each data point, i.e., each row of A, is generated from a zero
mean multivariate Gaussian distribution. We plot the data points in R? in figure 8.9
(shown crosses), from which we see that the data points are distributed roughly in an
flat elliptical shape. This suggests that the data points are approximately distributed
along a line (through the origin) in R?.

We could apply the low rank approximation problem (8.32) to this dataset, with k = 1,
to find the best rank-1 approximation of the data matrix A. This is equivalent to
finding a one-dimensional subspace in R? (which is a line through the origin) that best
approximates the given data points, in the sense that the sum of the squared distances
between the data points and their corresponding projections onto the subspace is
minimized. This subspace obtained from solving the problem (8.32) is shown as the
dashed line in figure 8.9, and the circles indicate the projections of the data points
onto the subspace. We can see that the approximation captures the main direction
of the data points, 7.e., the major axis of the elliptical distribution, along which the
data points have the largest variation.

This geometric interpretation of the low rank approximation problem (8.32) is
universal no matter what data matrix A € R™*" we have. However, in practice,
we should be careful when the data matrix A is not standardized (in particular,
not centered). In this case, the data points aq,...,a,;, € R"™ might not be centered
around the origin, but the row vectors of the approximation matrix Z € R™*" are
still required to lie in a k-dimensional subspace of R", which contains the origin.
As a result, the approximation from (8.32) might be very poor. Numerically, this
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Figure 8.9 Plot of 600 data points in R? generated from a zero mean mul-
tivariate Gaussian distribution, shown as crosses, which correspond to the
rows of a data matrix A € R%°%2, The circles are the rows of the best
rank-1 approximation Z* € R%%2 of A from solving the problem (8.32)
with k = 1, which lies in a line through the origin (shown dashed).
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Figure 8.10 Plot of the same data points (shown crosses) as in figure 8.9,
but translated away from the origin. The dashed line shows the subspace
corresponding to the best rank-1 approximation of the dataset from solving
(8.32), and the circles indicate the projections of the data points onto this
subspace. Here the origin (shown dot) is not at the center of the data points.
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means that the optimal value of the problem (8.32) might be very large, compared
to the case when the data matrix A is centered. Practically, this means that the low
rank approximation from (8.32) might not capture the major variation direction of
the data points, which is often our main interest in applications. (We will see later
that this result can be obtained more formally from a statistical point of view.)

Figure 8.10 shows an example of this phenomenon, where we solve the problem
(8.32) with k = 1 on the same dataset as in figure 8.9, but translated away from
the origin by adding some constant to the data points. For this nonstandardized
dataset, the one-dimensional subspace (i.e., the line) corresponding to the solution
of (8.32) is no longer aligned with the major axis of the data distribution ellipse,
although the projections of the data points onto this line still gives the best rank-
1 approximation of the data points in terms of minimizing the sum of squared
distances.

For this reason, our initial assumption that the data matrix A is standardized
now makes more sense.

Statistical interpretation

The low rank approximation problem (8.32), or the idea of principal component
analysis, is traditionally interpreted from a statistical point of view. Suppose the
data points aq,...,a, € R"™ whose transposes form the rows of the data matrix
A € R™™ are instances of a random vector from some probability distribution
in R"™ with zero mean (i.e., A is columnwise centered). Statistically, the low rank
approximation problem (8.32) can be interpreted as finding & orthogonal directions
in R" such that the projection of the data points onto these directions has the top
k largest variance.

Remark 8.4 Proof of the statistical interpretation. We show this result for a simple
case where k = 1, and leave the generalization to k > 1 as an exercise (exercise 8.3).
Let v € R"™ be a unit vector that represents the direction of some one-dimensional
subspace in R", then

a?v,...@ﬁv eR
are the coefficients of the projection of the data points a; € R"™ onto this direction for
i =1,...,m. Assuming that the data points have zero mean, the empirical variance

of the projection coefficients af'v, ..., al v is given by

1 - T \2 _ 1 2 1 77
%Z(ai V) = —|lAv]; = 0" AT Av. (8.37)
=1

Therefore, finding the direction where the variance of the projection coefficients is
maximized is equivalent to solving the following optimization problem:
maximize 0T AT Av

. (8.38)
subject to  [jv]|, =1,

where the optimization variable is v € R"™.

Now since the matrix ATA € S% is symmetric positive semidefinite, it has an eigen-
value decomposition given by

AT A = QAQ", (8.39)
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where Q € R™ " is an orthogonal matrix of the eigenvectors of ATA and A =
diag(A1,..., ) € R™” is a diagonal matrix with \y > --- > X\, > 0 being the
eigenvalues of AT A (see §A.2.1). Since the matrix Q € R™ ™ is orthogonal, any unit
vector v € R"™ can be written as

v = Quw

for some vector w € R™ with |lw||, = 1. As a result, we have

T AT Av = wT QT QAQT Quw = wT Aw = Z Aw?.

i=1

Since > | wi =1, we have
n n
T AT Av = Z Aiw? < A wa = A,
i=1 i=1

which provides an upper bound on the objective of (8.38), i.e., the empirical variance
of the projection coefficients af v, ...,alv € R (scaled by m). Obviously, this upper
bound can be achieved by choosing w = e1, where e; € R" is the first standard basis
vector in R™. In other words, the direction v € R™ that solves the problem (8.38),
i.e., maximizes the variance of the projection coefficients, is given by the first column
of the matrix Q € R™™", i.e., v = Qe1, which is the eigenvector of AT A associated
with its largest eigenvalue A;j.
On the other hand, if
A=Uxv"

with U € R™*™ S e R™*", and V € R"*" is a (full) SVD of A, then we have

ATA=vyTUTusvT = veTevT,
i.e., the matrix V € R"™*" of the right singular vectors of A can be taken as the
matrix Q of eigenvectors of A7 A in (8.39), and the squares of the singular values of
A are the eigenvalues of AT A. Put together, we conclude that the direction v € R™
given by the first right singular vector vi = Ve; of A maximizes the variance of the

projection coefficients afv, ..., alv.

Recall that the best rank-1 approximation of A according to the problem (8.32) is
given by

7 = ulalvf = Avlvf, (8.40)
where u; € R™ and v1 € R" are the first columns of the matrices U and V, respec-
tively, and o1 is the largest singular value of A. The second equality in (8.40) follows
from the fact that since V is orthogonal, we have V7v; = e;, and thus

Avy = USV vy = USer = oyus.
Rewriting the right-hand side of (8.40) in terms of the rows of A, we have
(aTvr)ol
zZr =
(amvi)vi

This means that the optimal point Z* € R™*" of the problem (8.32) with k = 1
is given by the projection of the data points ai,...,a, € R™ onto the direction
v1 € R™ of the first right singular vector of A, which is shown to be the direction that
maximizes the variance of the projection coefficients.
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When the data matrix is centered at the origin, this statistical interpretation of
the low rank approximation problem (8.32) is consistent with our observations in
figure 8.9. On the other hand, when the data matrix A is not centered, according to
remark 8.4, we see again that the low rank approximation from solving the problem
(8.32) does not necessarily find the directions of the major variation of the data
points. In this case, for instance, the best rank-1 approximation of A still projects
the data points onto the direction that solves the problem (8.38), however, the
variance of the projection coefficients is no longer given by (8.37).

This interpretation also answers the question of why in practice we usually
require each column of the data matrix A to have unit variance, in addition to being
centered. If the columns of A are not standardized, then the low rank approximation
obtained by solving problem (8.32) may project the data points primarily along
directions dominated by features with large variance. However, such dominance
might simply reflect differences in measurement units or scales, rather than more
meaningful patterns of variation among the data points.

Maximum likelihood estimation

We consider the low rank approximation problem (8.33) in factorized form from a
probabilistic modeling perspective. Suppose each entry a;; € R of the data matrix
A € R™*" is generated from a linear measurement model given by

_..T s s
Qij = T3 Yj + €4, i1=1,....m, j5=1,...,n,

where z; € R¥ and y; € RF are the coefficient vectors associated with the ith row
and the jth column of A, respectively, and ¢;; € R are IID Gaussian noise with
zero mean. Let

o
X — ERka and Y = yr o yn}eRan
T
be the matrices consisting of the coefficient vectors x1, ...,z € R and Yly-- -y Yn €

R”, respectively. Then the problem (8.33) can be interpreted as finding the maxi-
mum likelihood estimate of the model parameters X and Y from the observed data
matrix A, given this linear measurement model.

To see this, let p: R — R be the probability density function of a Gaussian
distribution with zero mean and variance o2, i.e.,

(u) = 1 u?
P = Vo P\ 202

for v € R. Then the likelihood function pxy: R™*™ — R, of the model pa-
rameters X and Y given the observed data matrix A € R™*" can be expressed
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Therefore, the corresponding log-likelihood objective of this maximum likelihood
estimation problem is given by

UX,y) = log px, v (4)

n

m
——10g(27r0 Tz::z:: ai; — ; y;) 2

mn 2

Since the first term in the log-likelihood objective is a constant, maximizing the log-
likelihood I(X,Y") is equivalent to minimizing the second term, which is equivalent
to solving the problem (8.33).

Feature compression and latent factor estimation

We can interpret the factorized low rank approximation problem (8.33) as com-
pressing the n features of the data points ag,...,a, € R" into a set of k < n new
features. Specifically, the rows x7,..., 2L of the matrix X € R™** can be inter-
preted as the representations of the data points a1, ..., a,, in the new feature space
R*, and the columns Ylyey Yn € R® of the matrix Y € R**™ can be interpreted
as the coefficients that map the new k features back to the original n features. In

this context, the vectors
=YTz; eR™, i=1,...,m,

whose transposes form the rows of the approximation matrix Z = XY € R™*" of A,
can be considered as the recovered approximations of the data points a1, ..., a,, €
R" from the compressed representations z1, ...,z € R". A solution of the prob-
lem (8.33) therefore corresponds to a feature compression scheme that results in
the smallest approximation error ||A — X Y||§7 This interpretation aligns with our
observation in figure 8.9.

Similarly, we can interpret each row 7 of the matrix X € R™** as a vector of k
latent factors associated with the ith data point a; € R™. Then the problem (8.33)

corresponds to finding a group of latent factors z1,. ..,z € R¥ that best explain
the observed data points a1, ...,a, € R". If the approximation error ||A — XY||§7
is small, then we could say that the latent factors z1, ..., z,, € RF provides a good

explanation of the dataset.
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Archetype representations

In the factorized low rank approximation problem (8.33), we could think of the
rows g1 ..., gj,{ of the matrix Y € R¥*™ as k archetypes with each capturing the
characteristics of one of k extreme samples in the dataset. With this interpretation,
each sample a; € R" in the dataset is then (approximately) represented as a linear
combination of these archetypes, with the coefficients given by the corresponding
row 7 of the matrix X € R™**. The coefficient x;; is sometimes called the loading
of the ith sample on the jth archetype, which indicates how much the jth archetype
contributes to the representation of the ith sample.

In this context, the rows z7 of the matrix X € R™** can be interpreted as
the archetype representations of the data points ay,...,a,, € R" in terms of the
archetypes 97, ... ,gjg. If the archetypes are simple to understand or interpret,
then the archetype representations of the data points might provide better intuition
about the dataset.

Quadratic regularization

Consider the factorized low rank approximation problem (8.33). Recall that we had
the observation in remark 8.3 that the solutions to this problem are not unique. One
approach to narrow down the solution set is to add some regularization terms to
the problem (8.33), the following quadratically reqularized low rank approximation
(or quadratically regularized PCA) problem gives a simple example of this idea:

minimize A~ XY %+ 1(|X]% + [V ]2), (8.41)

where X € R™* and Y € R**" are the optimization variables, and v > 0 is
a regularization parameter that controls the strength of the regularization. When
v = 0, this problem reduces to the original factorized low rank approximation
problem (8.33). We could express the problem (8.41) in terms of the rows of X and
the columns of Y as

e . 2 2 2
minimize 57, Y (g — 2T+ (S0 i3 + S5 lwsl3)

from which we see that the quadratic regularization term ~(|| X ||5 + || Y||3.) consists
in adding Tikhonov regularization to each of the coefficient vectors a1, ..., z,, € R*
and y1,...,Yn € R*. Equivalently, we can interpret this quadratic regularization
as adding a quadratic penalty ¢(u) = u? with penalty weight v on each entry of the
variables X and Y, which encourages the matrices X and Y to be (componentwise)
small as v increases.

The problem (8.41) can also be expressed in an equivalent rank constrained
form; see exercise 8.4.

Solution of quadratically regularized low rank approximation

The problem (8.41) is a biconvex optimization problem in the variables X and Y,
which can therefore be approximately solved via alternate convex search. However,
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it is less known that the quadratically regularized low rank approximation problem
(8.41) in fact has an analytical solution.

Suppose rank A = r, and let A = UXV7T be a compact SVD of A, where U €
R™ " and V € R™™" have orthonormal columns and ¥ = diag(oy,...,0,) € R™*"
is a diagonal matrix with oy > -+ > o0, > 0 being the singular values of A. Then
an optimal point (X*,Y™) of the problem (8.41) is given by

X*=US? and Y* =52VT (8.42)

where U;, € Rmx~k and Vi, € R™* consist of the first k& columns of U and V,
respectively, and ¥j, € R¥** is a diagonal matrix defined as

(Ul_7)+ 0
5, = e RF*F,

0 (Uk _'7)+

with (0; — ), = max{0,0; — v} for i = 1,...,k. Obviously, when v = 0, the
optimal point given by (8.42) reduces to the solution of the original factorized low
rank approximation problem (8.33), which is given by (8.35).

We also have the observation that if X* and Y™* are optimal points of the problem
(8.41), then for any orthogonal matrix W € R*** we have

* * 2 * * 2
JA = (X W)WY+ (1IXWIG + WY1
= A= XY+ 2K+ 1Y),

where the equality in the primary matrix factorization objective is due to the or-
thogonality of W, i.e., WWT = I, and the equalities in the regularization terms
follow from the fact that the Frobenius norm is invariant under orthogonal transfor-
mations (see A.3.1, page 351). This implies that, on the one hand, the quadratically
regularized problem (8.41) still has nonunique solutions. On the other hand, the
solution set is indeed much smaller than that of the original problem (8.33).

Moreover, compared to the original problem (8.33), the set of optimal points of
the problem (8.41) is bounded. To see this, we first notice that the objective value
of the problem (8.41) at the feasible point (X,Y") = (0,0) is given by ||A||§7 Since
the objective value at any optimal point (X*, Y™*) must be no larger than ||A||%, we
have

1A = XY |15 + v (IX* 15 + 1Y1F) < 1Al
which implies that
*12 * 12 1 2
X + 1Y e < ;IIAIIF-

This means that both matrices X* and Y* at any optimal point of the problem
(8.41) must be bounded. In particular, optimal points of the problem (8.41) must
lie in the Euclidean ball

{(X, Y) c Rmxk % kan

2 2 1 2
XM+ 1Y < §||A||F

centered at the origin in R™* x R¥™ with radius y/(1/7)]|A] -
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Geometric interpretation

According to the solution expression given by (8.42) of the quadratically regularized
low rank approximation problem (8.41), the best rank-k approximation matrix Z* =
X*Y™ of the original data matrix A is given by

Z* = UpSi Vi = UpSiD(y) VT, (8.43)

where ¥, = diag(o1,...,0k) € R*** is the diagonal matrix consisting of the top
k singular values of A, and the shrinkage matriz D(v) € R*¥** is defined as

(01 _'7)4-/01 0
D(v) = :
0 (Uk *’Y)+/Uk

which is parameterized by the regularization weight v > 0 and has diagonal entries
in the interval [0,1]. Noticing that

AV, = USVTV, = UpSy,

we have

Z* = AV D(v)V{,
and therefore, each row of the approximation matrix Z* can be expressed as

2T =alViD()VE, i=1,...,m,

?

where al is the ith row of the data matrix A. This implies that the solution
Z* of the quadratically regularized problem (8.41) is obtained by projecting the
data points a1, ...,a, € R™ onto the subspace spanned by the top k right singular
vectors vy, ...,vx € R™ of A, and then shrinking the resulting projection coefficients
along each singular-vector direction according to the diagonal entries of D(vy). When
~ = 0, the shrinkage matrix D(v) = I is the identity matrix, so there is no shrinkage
on the projection coefficients, and thus the best rank-k approximation Z* from
(8.41) reduces to the solution from the original problem (8.33). When v > 0,
the shrinkage factors in D(7y) are all less than 1, so the projected data points
21y, 2m € R"™ are shrunk towards zero. In particular, when ~ is sufficiently large
such that v > oy, all shrinkage factors in D() become zero, and thus all data
points are projected to the origin.

Figure 8.11 illustrates this idea on an example dataset in R?, where each plot
corresponds to a solution of the quadratically regularized low rank approximation
problem (8.41) with k = 1, under a different value of the regularization parameter
v > 0. When v = 0, the best quadratically regularized rank-1 approximation
(shown circle) of the original data points (shown crosses) is the same as the solution
of the original low rank approximation problem (8.33). As 7 increases, all projected
data points are shrunk towards zero. When + is sufficiently large (as shown in
the bottom right plot), all projected data points are shrunk to the origin. Note
that the direction of the one-dimensional subspace corresponding to the best rank-
1 approximation (indicated by the dashed line) does not change with ~, which is
consistent with our observation from the solution expression (8.43).
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Figure 8.11 Each plot corresponds to a solution of the quadratically regular-
ized low rank approximation problem (8.41) on a dataset A € R?%°%? with
k = 1, under a different value of the regularization parameter v > 0. The
original data points are shown as crosses, and the projected data points are
shown as circles. The dashed line in each plot indicates the one-dimensional
subspace corresponding to the best rank-1 approximation, onto which the

data points are projected.
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Probabilistic interpretation

The quadratically regularized low rank approximation problem (8.41) can be inter-
preted as a maximum a posteriori estimation problem in a probabilistic model that
extends the linear measurement model for the original problem (8.33).

Specifically, we assume that each entry a;; € R of the data matrix A € R™*"
is generated from the linear measurement model

—_ T P -
a;; =x;y; +€5, t=1,....m, j=1,...,n,

where ; € R¥ and y; € R" are the coefficient vectors associated with the ith row
and the jth column of A, respectively, i.e.,

i

X=| : |eR™* and Y=|y - y, |€R"™
Ty

The noise ¢;; € R are IID standard Gaussian random variables. In addition, we
assume that the entries of the matrix variables X and Y are IID Gaussian random
variables with mean zero and variance o2, i.e.,

zijNN(0,02)7 i:lv,.,7m7 j:l"._’k,

and
yij ~N(0,0%), i=1,....,k, j=1,...,n.

Recall (from §5.4) that the problem of maximizing the posterior distribution of
the model parameters X and Y given the observed data matrix A can be expressed
as

maximize logpaxy(X,Y,4) +logpxy(X,Y) (8.44)

with variables X € R™** and Y € R"*", where pajx,y is the likelihood function
of the model parameters X and Y given the observed data A, and pxy is the
prior of the model parameters. We have already seen on page 322 that the first
log-likelihood term in (8.44) of this linear measurement model with IID standard
Gaussian noise is given by

mn 1
logpaixy(X,Y,A) = - log(27) — §HA — XY|%.

Let p: R — R4 be the probability density function of the Gaussian distribution
N(0,0?), the second log-prior term in (8.44) can be expressed as

logpx v (X,Y)

m k k n
= Z Z log p(z;;) + Z Z log p(yij)

i=1j=1 i=1 j=1

m k kK n
mk 1 kn 1
= -5 log(2mo?) — 292 Z Z zfj 5 log(2mo?) — 292 Z Z yizj

i=1j=1 i=1 j=1
mk + kn
2

1 2 2
log(2r0%) — 5 (X2 + Y1),
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8.3.4

Therefore, the problem (8.44) of maximizing the posterior distribution of the model
parameters X and Y given the observed data matrix A is equivalent to

e e . 2 2 2
minimize A — XY + (1/0?)(|1X[5 + 1Y ]|7),

which is exactly the quadratically regularized low rank approximation problem
(8.41) with regularization parameter v = 1/02.

When the variance 02 of the Gaussian prior is small, we assign higher proba-
bilities to smaller values of the entries of X and Y, which corresponds to stronger
regularization in the problem (8.41). On the other hand, as ¢ — oo, the Gaussian
prior on the model parameters becomes the noninformative prior that assigns equal
probabilities to all possible values of X and Y, which corresponds to the case when
there is no regularization in the problem (8.41).

Matrix completion

A generalization of the low rank approximation problem (8.32) is to the case when
only a subset of the entries in the data matrix A € R™*" are observed, and we
want to find a low rank approximation of A that best fits the observations. Let
ZC{l,...,m}x{1,...,n} be the index set where a;; € R with (4, j) € Z denote all
observed entries of A, the problem of low rank matriz completion can be formulated
as

minimize > e (ai; — 2i;)°

. (8.45)
subject to rank Z <k,

where Z € R™*" is the optimization variable, z;; is the (4, j)th entry of Z, and
k < n is the given maximum rank. The problem (8.45) consists in finding a rank-k
matrix Z that best fits the observed entries of A in the least squares sense.

Similarly, we could write the problem of low rank matrix completion in its
factorized form as

o 2
minimize 3 o7 (aij — xly;) (8.46)

with variables X € R™** and Y € R**", where 27 is the ith row of X and y; is the
jth column of Y. This formulation results in a unconstrained biconvex optimization
problem so that we don’t need to deal with the hard rank constraint in (8.45).
Moreover, quadratic regularization terms as in (8.41) can also be incorporated into
the problem (8.46) to narrow down the size of the solution set.

Interpretations

In the context of data analysis, the problem (8.45) (and (8.46)) can be think of as
performing PCA on an incomplete dataset. Depending on the size of the index set
T of the observed entries in the data matrix A, this can be interpreted in different
ways.

When the index set Z is large, i.e., only a few entries in the data matrix A are
missing, the typical approach in practice for handling the missing data is to just
remove the data points, i.e., the rows of A, that contain missing entries, and use the
remaining data points for subsequent analysis. If instead we decide not to remove
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any data point but solve the problem (8.45), then we can interpret the solution
of (8.45) as a way to iémpute the missing entries of A (which we would normally
discard) based on the observed entries.

On the other hand, when 7 is small, i.e., most entries in the data matrix A are
missing, it is not possible to simply remove the data points with missing entries,
since we might discard the entire dataset. In this case, we have to recover the
missing entries of A according to the observations in Z by solving the problem
(8.45), presuming that the data matrix A has a low rank structure.

Solution methods

In general, there is no analytical solution for the matrix completion problem (8.45)
(or (8.46)), and we have to resort to some kind of heuristic to find an approximate
solution. One simple heuristic is to recognize the biconvex structure of the factorized
formulation (8.46) and apply alternate convex search, so that we could obtain a
partially optimal point of the problem (8.46).

Another class of heuristics approximates the nonconvex rank constrained prob-
lem (8.45) with a convex regularized version (which can therefore be solved effi-
ciently), given by

minimize > o7 (aij — zi))” + 02l (8.47)

where Z € R™*" is the optimization variable and v > 0 is the regularization
coefficient. The norm || - ||, is the nuclear norm of a matrix, defined as

where o9 > -+ > 0, > 0 are the (possibly zero) singular values of Z (assuming
that m > n). Recall (from §5.5.3) that the nuclear norm regularizer is an efficient
convex surrogate for the rank regularization function. Hence, as the regularization
parameter 7 increases, solution of the problem (8.47) is more likely to have a smaller
nuclear norm, and thus a smaller rank. In particular, when + is sufficiently large,
the solution of this problem would be the zero matrix, which has rank zero. A
numerical example of this idea is presented in example 5.9, page 188.

Generalized low rank models

Now we present some ideas of customizing the low rank approximation problem
(8.32) (or (8.33)) for different application scenarios and incorporating different types
of prior knowledge.

Robust low rank approximation

Recall that the ordinary low rank approximation problem (8.32) corresponds to
applying a quadratic penalty ¢(u) = u? on the approximation error ai; — zi; between
each entry a;; of the data matrix A € R™*" and the corresponding entry z;; of
the approximation Z € R™ " (where al and 2] are the ith rows of A and Z,
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respectively). In the most general case, we can replace this quadratic penalty with
any other penalty function ¢: R — R, such as those presented in §4.1. Here we
discuss one particular choice of penalty that leads to a robust version of the low
rank approximation problem.

Low rank approximation with absolute value penalty

We have seen in §4.1.3 that the quadratic penalty ¢(u) = u? is sensitive to large

approximation errors due to, e.g., outliers in the data. A simple idea of increasing
the robustness of the low rank approximation is to replace the quadratic penalty
with the absolute value penalty ¢(u) = |u|, which leads to the problem

minimize |4 — Z||,, = 2200, D0 laij — 2 (8.48)
subject to rank Z <k
with variable Z € R™*", where || - ||, is the sum-absolute-value norm of matrices

sav

(see example A.2, page 353). Since the absolute value penalty is less sensitive to
large approximation errors than the quadratic penalty, low rank approximation from
the problem (8.48) is expected to be less sensitive to outliers in the data than that
from the original problem (8.32).

Unlike the problem (8.32), there is no analytical solution for the problem (8.48),
so we usually approximately solve it via alternate minimization on the factorized
biconvex formulation of this problem, given by

minimize [|A = XY, =332 370 laij — 27y, (8.49)

where X € R™** and Y € R**" are the optimization variables, and z is the ith
row of X and y; is the jth column of Y.

Example 8.6 Low rank approximation with outliers. We compare the nominal low rank
approximation problem (8.32) and the robust problem (8.48) for k£ = 1 on a dataset in
R? that contains some outliers. Figure 8.12 plots the original data points as crosses,
where the outliers are shown at the top left and bottom right of the figure.

The best approximated data points from the nominal problem (8.32) are shown as
circles in figure 8.12. It is seen that the corresponding subspace (shown as a dashed
line) in which the approximated data points lie is significantly affected by the out-
liers. In particular, this subspace is almost orthogonal to the dominant direction of
variation among the majority of the data points. This occurs because the direction
that captures the largest variance of the whole dataset is strongly distorted toward
the line connecting the outliers. On the other hand, the approximations from the
robust problem (8.48) (shown as triangles) is much less affected by the outliers, and
the corresponding subspace in which the approximated data points lie is more aligned
with the dominant direction of variation among the majority of the data points.

Figure 8.13 plots the histogram of Euclidean distances between the original data
points a; and their approximations z; from the nominal problem (8.32) and its robust
version (8.48) for i = 1,...,m, respectively. Generally speaking, the distribution of
the distances corresponding to the robust problem (8.48) (shown darker) is more con-
centrated towards zero than that of the nominal problem (8.32). However, there are
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Figure 8.12 The cross marks indicate the original data points in R?. Some
of the points are outliers, which are shown at the top left and bottom right
of the figure. The circles and triangles indicate the low dimensional ap-
proximated data points obtained from the nominal low rank approximation
problem (8.32) and its robust version (8.48) for k = 1, respectively. The cor-
responding one-dimensional subspaces in which the approximations lie are
shown as dashed lines.
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Figure 8.13 Histogram of Euclidean distances between the original data
points a; in figure 8.12 and their approximations z; from the nominal prob-
lem (8.32) (shown darker) and its robust version (8.48) for ¢ = 1,...,m,
respectively.

several very large distance values (between 4 and 6) for the robust approximation from
(8.48) that correspond to the outliers in the data, while the distance amplitudes cor-
responding to the nominal approximation from (8.32) are all relatively small (roughly
below 3.5).

Robust PCA

In practice, the commonly used robust low rank approximation, or robust principal
component analysis, is given by the following quadratically regularized version of
the absolute value penalty low rank approximation problem (8.49):

minimize || — XV, + (X7 + 1Y% (8.50)

where X € R™* and Y € R¥*" are the optimization variables, and v > 0 is the
regularization parameter. Using the similar arguments as we have seen exercise 8.4,
we could show that the problem (8.50) is equivalent to the problem (8.48) with an
additional nuclear norm regularization, i.e.,

min.imize |A— 2| + 2721, (8.51)
subject to rank Z <k,

where Z € R™*" is the variable and || - ||, is the nuclear norm.

*
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It happens sometimes in practice that people remove the rank constraint in
(8.51) and introduce the auxiliary variable S = A — Z representing the residual
matrix, so that we have the following simpler formulation of the robust PCA:

minimize |||, + 27(|Z]|,

. (8.52)
subject to S+ Z2=A

with variables S, Z € R™*". This formulation can be interpreted as decomposing
the original data matrix A into a low rank component Z and a sparse component
S, where the low rank component captures the dominant variation in the data, and
the sparse component captures the outliers. One very important advantage of the
robust PCA formulation (8.52) is that, unlike the problems (8.50) and (8.51), it is
a convex optimization problem so can be solved efficiently without any heuristic.
However in this case, we have to control the rank of the low rank component Z by
tuning the regularization parameter ~ instead of directly specifying the maximum
rank k as in the problems (8.50) and (8.51).

See also exercise 8.5 for another robust version of the low rank approximation
problem that uses the Huber penalty to combine both characteristics from the
problems (8.32) and (8.48).

Structural regularization and constraints

Consider the factorized formulation of the low rank approximation problem given
by (8.33). This section discusses how different types of structural properties can
be induced in the approximation solutions by incorporating suitable regularization
terms and constraints into the problem (8.33). These ideas are readily adapted to
low rank approximation problems with different cost functions for the approxima-
tion error.

Note that, unlike the discussions above, here we do not assume the data matrix
A€ R™*" is always standardized. We will see later that for many generalized low
rank models, it is actually often desirable to work with the original data matrix A
without standardization, so that the approximations can be more interpretable in
the original feature space.

Nonnegative matrix factorization
Consider the problem of low rank approximation with nonnegativity constraints on
the factor matrices X and Y, given by

o 2 2
minimize |4 - XY =Y, 2?21 (aij — xTy;)

subject to z; =0, i=1,...,m (8.53)
yi =0, i=1,....n,

where X € R™* and Y € R**" are the optimization variables, 27, ...,z are the
rows of X, and yi,...,y, are the columns of Y. The problem (8.53) is known as

the nonnegative matriz factorization (NMF) problem. In the most general case, the
biconvex NMF problem (8.53) does not have an analytical solution, so it is often
approximately solved via the alternate minimization heuristic.
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Figure 8.14 Left. A nonnegative data matrix A € R7*" with m = 240 and
n = 80, where the darker color indicates larger values of the entries in A.
Right. The approximated data matrix Z* = X*Y™* with rank k = 3 obtained
from the NMF problem (8.54).

The NMF problem (8.53) often appears in applications where the data matrix A
contains nonnegative entries, e.g., images, texts, audio signals, and gene expression
data, and we want to find a low rank approximation of A that is also nonnegative
and thus more interpretable. From an archetype representation perspective, each
data point a; € R™ (whose transpose is the ith row of A) is approximated by a non-
negative linear (i.e., conic) combination of the rows of Y (which can be interpreted
as k archetypes in the original feature space R"), where the nonnegative coefficients
are given by the corresponding row of X. Geometrically, this corresponds to finding
a convex cone spanned by the rows of Y (which lies in a k-dimensional subspace
of R™), so that the sum of Euclidean distances between the data points and their
projections onto this convex cone are minimized.

Example 8.7 NMF in signal processing. Consider a nonnegative data matrix A €
RTX", where the tth row al of A corresponds to a signal vector in R™ observed at a
particular time step for t = 1,...,m, and the ith column of A represents a nonnegative
time series of the ith feature at all time steps, such as the energy in a frequency band,
for i =1,...,n. Figure 8.14 shows an example of such a data matrix A with m = 240
and n = 80 on the left. Suppose we want to find a nonnegative approximation of A
with rank k = 3 that captures the dominant patterns in the signals. To achieve this,
consider the NMF problem given by

minimize ||A — XYH?, =3 5 (an — xtTyi)Q
subject to x>0, t=1,...,m (8.54)
yi =0, 1=1,...,n,

where X € R™** and Y € R**"™ are the optimization variables with k = 3, «¥ is the
tth row of X, and y; is the ith column of Y.
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Figure 8.15 Plots of the factor matrices X* € R™** and Y* € R¥*™ ob-
tained from the NMF problem (8.54) with data matrix A shown in figure 8.14.
Left. The jth column (z7,,...,2},;) € R™ of X plotted as a function of
time t = 1,...,m for j = 1,...,k. Right. The jth row gj;T of Y™ plotted
as a function of the feature index i = 1,...,n for j = 1,..., k. The ground
truth used to generate the original data matrix A is also shown as dashed
lines for reference.



336

8 Latent factor estimation

Suppose (X*,Y™) is a (partially; see §3.1.3) optimal point of the NMF problem (8.54)
obtained via alternate convex search. The corresponding approximated data matrix
Z* = X*Y* of A is shown on the right of figure 8.14. Let §}” denote the jth row of Y*
forj=1,...,k, theng7,...,9; € R" represent the k archetypes in the original feature
space obtained from (8.54). For fixed j = 1,...,k, the vector (z7;,...,z;,;) € R™
(i.e., the jth column of X™*) represents the time series of the nonnegative coefficients
for the jth archetype across all time steps, or in other words, the loading of the jth
archetype in the approximated data for all ¢t = 1,...,m. These results are shown in
figure 8.15, where the jth column (z7;,...,2),;) of X* is plotted as a function of time
t=1,...,mfor j = 1,...,k on the left, and the jth row gj;T of Y* is plotted as a
function of the feature index ¢ = 1,...,n on the right.

Sparse PCA

Based on the archetype interpretation of the low rank approximation problem (8.33)
with data matrix A € R™*", the rows §{,..., 7} of the factor matrix Y € RFxn
represent the k archetypes in the original feature space R", and the rows z7,... 2T
of X € R™** are then the archetype representation coefficients for the data points
al, ... al that form the rows of A. Then it is natural to ask if we can find a low
rank approximation of A such that only a few of k£ archetypes are involved in the
approximation of each data point. This can be achieved by incorporating a sparsity-
inducing regularization term on the factor matrix X into the problem (8.33), i.e.,

we can consider the problem

minimize [|[A — XY |5+~ 357, ||, (8.55)
with variables X € R™* and Y € R**"™ where z7,... z are the rows of X, and

v > 0 is the regularization parameter. The problem (8.55) is sometimes referred
to as the sparse principal component analysis problem. The ¢;-norm regularization
function in (8.55) is a convex surrogate for the cardinality function, which hence
encourages the row vectors of X (and thus X itself) to be entrywise sparse, so that
only a few archetypes are involved in the approximation of each data point. As the
regularization parameter v increases, the approximations of the data points from
the problem (8.55) are more likely to involve fewer archetypes, and thus possibly
more interpretable.

It is possible to combine different types of regularization terms and constraints
in the same low rank approximation problem of the form (8.33) to obtain a mixture
of different structural properties in the factor matrices X and Y. For example,
consider the problem

minimize ||A — XY||?: + 71X
subject to ||Y||§7* <p

sav

with variables X € R™** and Y € R¥*™. This problem is sometimes called the
dictionary learning problem, where the rows of the factor matrix Y are interpreted
as a dense dictionary of £ norm-bounded archetypes, or atoms, in the original feature
space R", and the factor matrix X is interpreted as the corresponding sparse codes
for the data points in terms of the dictionary. The total size of the dictionary used
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in many applications is often very large (k > n), but each sample is represented
using only a small number of the atoms.

Feature selection

Similar ideas as in sparse PCA apply to the factor matrix ¥ € R**" to encourage
the archetypes, i.e., the rows g{,..., 7 of Y, to be sparse. Specifically, we want
to find a group of k archetypes in the original feature space R"™, such that only a
few of the original n features are involved. In other words, we want to find a factor
matrix Y that is columnwise sparse so that only a subset of the original features
are selected in the approximation. This leads to the following problem formulation:

minimize |4~ XY[% 45 S0, (vl (8.56)

with variables X € R™** and Y € R**", where y1,...,y, € R" are the columns
of Y, and v > 0 is the regularization parameter. It is important to note that here
we use the fy-norm regularization function without the square. The regularization
term Y., ||yi]l, in the problem (8.56) can be interpreted as the ¢;-norm of the
vector of fy-norms of the columns of Y, given by (||lyi]ly,- .., |lynlly) € R™, which
therefore induces sparsity in the latter vector and thus encourages the matrix of Y’
to be columnwise sparse. (See also §5.5.2, page 184.)
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Bibliographical notes

Traditional presentation of mixture models and latent factor estimation from the perspec-
tive of probabilistic modeling and inference can be found in many textbooks on machine

learning, such as Bishop [ , chapters 9, 12, and 14], Murphy | , chapter 20], and
Murphy [ , chapter 28]. See also Zhu et al. | ] for more examples of mixture
models.

The original idea of clustering and the k-means algorithm (algorithm 8.1) dates back to
Steinhaus in 1956 [ ]. It was also independently proposed by Lloyd in 1957 and is
hence sometimes called the Lloyd’s algorithm, although his work was not published until
the 1980s | ]. The name k-means was first used by MacQueen [ | since the 1960s.
NP-hardness of the clustering problem (8.4) was shown by Aloise et al. | ]

A proof of the SVD solution (8.34) to the low rank approximation problem (8.32) was
given by Eckart and Young in 1936 | ]. See also Mirsky | | for a more general
result on the low rank approximation of matrices under unitarily invariant norms, which
includes the Frobenius norm as a special case. A proof of the analytical solution (8.42)
to the quadratically regularized low rank approximation problem (8.41) can be found in
Mazumder et al. [ | and Udell et al. | , §A.1.1]. Some references about
matrix completion and low rank matrix recovery are given in the bibliographical notes on
page 190.

The idea of robust PCA in the form of the problem (8.52) was presented in the work of Can-
dés et al. | ], Wright et al. | ], and Xu et al. | , ]. NMF has a
long history in chemometrics, under the name self modeling curve resolution | ]. Some
early applications of NMF in signal processing and time series analysis include | 1,
[ ], and [ ]. The name nonnegative matriz factorization became widely known
after Lee and Seung | , ]. See the monograph by Udell et al. | ] for a com-
plete review of generalized low rank models and matrix completion; see also the references
on page 15.
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Exercises

Optimality of the probability simplex relazation. The problem (8.6) can be abstractly
written as the linear program

m
CT

minimize ) P Zi
. iz €2 _ (8.57)
subject to  z; € conv{e,...,ex}, i=1,...,m,
where z; € R are the variables and ¢; € R” are fixed problem data for s = 1,..., m. Show
that if the vectors c1,...,¢cm € RF have unique minimum components, then the problem
(8.57) is equivalent to the problem
minimize Z:il Tz
subject to  z; € {e1,...,ex}, i=1,...,m,
where e1,...,er € R* are the standard basis vectors. In other words, if the vectors
¢1,...,cm € RF have unique minimum components, then an optimal point of the proba-
bility simplex constrained problem (8.57) must satisfy z; € {e1,...,ex} fori=1,...,m.

[ | Linear output hidden Markov models. Suppose we have a dataset (z(t),y(t)),
t = 1,...,m, where z(t) € R" is the feature vector at time ¢ and y(t) € R is the
corresponding response, observed from a k-state hidden Markov model with linear outputs.
In particular, it is assumed that the output y(¢) at each time step is generated from a linear
measurement model, given by

y(t) = () 0y + €(t), t=1,...,m,

where z(t) € {1,...,k} is the hidden state at time ¢, 6.;) € R"™ is the coefficient vector
associated with the state z(¢), and €(t) € R is standard Gaussian noise. The hidden states
2(1),...,z(m) are generated by a Markov process with transition matrix P € R*** i.e.,

Pjj=prob(z(t)=j|z2(t—1)=14), 4j=1,....k t=2,...,m.

We want to estimate the model parameters 61,...,0; € R™ and P € R*** from the
dataset (z(t),y(t)), ¢t = 1,...,m. Describe a procedure to estimate these parameters
via optimization. The estimation does not have to be exact, but should be based on
solving some convex optimization problems. You need to clearly specify the optimization
problems to be solved, and how the solutions of these problems are used to estimate the
model parameters.

Variance mazimization interpretation of low rank approximation. In this exercise, we
complete the proof in remark 8.4 for the case when k > 1. We assume that the data
matrix A € R™*" is columnwise centered, i.e., the data points ai,...,a, € R"™ whose
transposes form the rows of A have zero mean.

(a) Let Py € R™** be a matrix with orthonormal columns that represent the directions
of some k-dimensional subspace in R".

i. What is the total empirical variance captured by the projection onto this sub-
space, i.e., the sum of the empirical variances of the projected data along each
projected dimension?

ii. Formulate the problem of finding the k-dimensional subspace that maximizes the
total empirical variance captured by the projection as an optimization problem
as in (8.38). The final problem expression should not contain any norms.
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(b) Let ATA = QAQT be an eigenvalue decomposition of the matrix AT A € S’ , where
Q@ € R™*" is an orthogonal matrix of eigenvectors and A = diag(A1,...,A,) € R™*"
is a diagonal matrix of eigenvalues with Ay > --- > X\, > 0. For any matrix Py €
R™** with orthonormal columns, define

W =Q"P, e R,

and let wl be the ith row of the matrix W e R"** fori =1,...,n.

i. Show that w; satisfies """ lwill3 =k and 0 < [Jw;]|3 <1 fori=1,...,n. We
will later use these properties to bound the optimal value of the problem you
formulated in (a).

ii. Express the objective of the variance maximization problem you formulated in
(a) in terms of the eigenvalues A1, ..., A, of ATA and w1, ..., w, € R*.

iii. Show that the objective expression above is upper bounded by Zle A, and
this upper bound can be achieved by choosing

€i, izl,...,k,
w; =
0, i=k+1,...,n.

This means that the optimal point of the variance maximization problem corre-
sponds to taking the columns of Py to be the first k eigenvectors of AT A.

(¢) Show that the optimal point of the low rank approximation problem (8.32) with
k > 1 is obtained by projecting the data points onto the k-dimensional subspace
spanned by the first k eigenvectors of AT A.

8.4 Equivalent formulations of quadratically regularized low rank approzimation. Consider the

quadratically regularized low rank approximation problem
minimize [|A — XY||% + (v/2)(IX]7 + Y]7) (8.58)

with variables X € R™** and Y € R**", where v > 0 is the regularization parameter.
This exercise shows that the problem (8.58) is equivalent to the rank constrained problem

minimize ||A—Z||2F+’YHZH*

. (8.59)
subject to rank Z <k,

where Z € R™*"™ is the optimization variable, and || - ||
i.e., the sum of the singular values of a matrix.

is the nuclear norm of matrices,

*

(a) First show that we have the following inequality: For any matrix Z € R™*" with
rank Z < k, we have

1
1], < §(|\Xllfv +Y17),
where X € R™** and Y € R**™ are any matrices such that Z = XY,
Hint. See §A.3.2 for some useful properties of the involved matrix norms.

(b) Using the result in (a), show that for any matrix Z € R™*"™ with rank Z < k, we
have

s 1 2 2
1211, = ot SUXI3+ V1),

where the infimum is taken over all possible factorizations of Z into XY with X €
R™* and Y € R"*™.

(c) Using the above results, conclude that the problems (8.58) and (8.59) are equivalent.
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8.5 Low rank approximation with Huber penalty. Consider the generalized low rank approxi-
mation problem

where S, N, Z € R™*™ are the optimization variables, and || - ||

minimize |18l + (1/2)[N]7% + ] Z]l,
subjectto S+ N+Z=A (8.60)
rank Z < k,

Il 7, and || - ||, are the

sav?

sum-absolute-value norm, Frobenius norm, and nuclear norm of matrices, respectively.

(a)
(b)

What characteristics of the data matrix A are expected to be captured by the de-
composition S, N, and Z in the problem (8.60), respectively?

Show that the problem (8.60) is equivalent to
minimize Y3 Y7 ¢(ai; — i)+ 2],
subject to rank Z <k,

where Z € R"™*" is the variable, z;; denotes the (4, j)th entry of Z, and ¢(u) is the
Huber penalty defined as

sy L /<,
|u| —1/2, otherwise.
Hint. Consider the infimal convolution formulation of the Huber penalty obtained
in exercise 4.1.

Let XY = Z be any factorization of Z € R™*™ with X € R™** and Y € R**",
Show that the problem (8.60) is equivalent to

minimize Y37, 37T dlai; — 2 y;) + (/) IX |7 + 1Y I17)

with variables X € R™** and Y € R**", where 7 is the ith row of X and y; is the
jth column of Y, and ¢(u) is the Huber penalty defined as above. You can directly
use the results we obtained in exercise 8.4.

8.6 Low rank approximation for abstract binary data. Suppose we are given a data matrix
A € R™ "™, where the entries a;; € {—1,1} are binary fori = 1,...,mand j = 1,...,n.
Consider the low rank approximation problem

minimize " E?:1 élais, ©1 ;) (8.61)

with variables X € R™** and Y € R¥*", where ! is the ith row of X and y; is the
jth column of Y. The function ¢: R x R — R is a cost function that measures the
approximation error between the binary entry a;; and the approximated value xiTyj for
i=1,....,mand j=1,...,n.

(a)

(b)

Interpret the problem (8.61) when the cost function ¢ is given by

i. ¢(a,z)=log(l + exp(—az)), and

ii. ¢(a,2) =(1~-az), =max{0,1—az},
for a € {—1,1} and z € R. In particular, for fixed ¥ = [ Y1 Yn ] € R,
what does the problem (8.61) with the above cost functions reduce to?

Explain why it is often necessary to include regularization terms, e.g., a Frobenius
norm regularizer, on the factor matrices X and Y in the problem (8.61) with the two
cost functions in (a). What can go wrong without such regularization, and when?
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Appendix A

Mathematical background

Basic analysis

We start from some basic concepts and algebraic operations involving sets. A set
is empty when it contains no elements, denoted as (). If a set contains only one
element, then it is called a singleton. Let o € R be a real number, z € R" be a
n-dimensional real vector, T € R™*™ be a real m x n matrix, and 4, B C R" be
two subsets of R"™. We define the following set operations:

o Translation.. t+ A={x+a|a € A}

o Addition. A+ B={a+b|ac A, be B}.
o Scalar multiplication. A = {aa | a € A}.

o Matriz multiplication. TA = {Ta | a € A}.

In particular, the set addition A + B defined above is also known as the Minkowski
sum of sets A and B.

Supremum and infimum

Let S C R be a subset of real numbers. If there exists some b € R such that x <b
for all x € S, then S is bounded above and b is an upper bound of S. If there exists
an upper bound by of S such that by < b for all upper bounds b of S, then by is
called the least upper bound, or the supremum of S, denoted as

bo = sup S.

If there is no upper bound of S, we write sup S = oo, and the set S is said to be
unbounded above. If the set S is an empty set (i.e., any b € R is an upper bound
of S), we define sup) = —oco. When sup S € S, we say the supremum is attained,
or achieved.

Similarly, if there exists some ¢ € R such that > ¢ for all z € S, then S is
bounded below and c is a lower bound of S. If there exists a lower bound ¢y of S
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such that ¢y > ¢ for all lower bounds ¢ of S, then ¢q is called the greatest lower
bound, or the infimum of S, denoted as

Co = inf S.
It is easy to see that
inf S = —sup(—S) = —sup{—=z | z € S}.

If there is no lower bound of S, we write inf § = —oo, and the set S is said to be
unbounded below. If the set S is an empty set (i.e., any ¢ € R is a lower bound
of S), we define inf) = co. When inf S € S, we say the infimum is attained, or
achieved.

If a set S is both bounded above and bounded below, we say it is bounded. If
the set S is finite, then both sup S and inf S are attained, and they are simply the
maximum and minimum of the elements in S, respectively.

Topology

The Euclidean ball with center ¢ € R" and radius r > 0 is defined as
B(c,r) ={z e R" | ||z — ||, <r},

where
1/2
]l = (2% + - +a3)
is the Fuclidean norm of vector x € R™ (see also §A.3.1).

Let S C R" be a subset of an n-dimensional Euclidean space. The set S is said
to be open if for every point « € S, there exists some § > 0 such that the ball B(z, §)
is contained in S, i.e., B(z,r) C S. The set S is said to be closed if its complement
S¢=R"\ S is open.

Let C C R"™ be the closure of set S, which is defined as the intersection of all
closed sets that contain S:

C=({ECR"|E closed and S C E},

i.e., the smallest closed set that contains S. Let D C R"™ be the interior of set S,
which is defined as

D={zeS|B(x,0) CS for some § > 0},
i.e., the largest open set contained in S. The set
B=C\DCR"

is then the boundary of set S, which is the set of points that are in the closure of S
but not in the interior of S.
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Linear algebra

Given a matrix A € R™*", the range (or column space) of A is defined as
R(A)={Az |z € R"} CR",

which is the set of all vectors that can be expressed as a linear combination of the
columns of A. The dimension of R(A) is called the rank of matrix A, denoted as
rank A, and is equal to the number of linearly independent columns of A. Hence,
we have rank A < min{m,n}, and if rank A = min{m,n}, then A is said to have
full rank. A closely related concept is the nullspace of A, defined as

N(A) = {z € R" | Az =0},

which is the set of all vectors that are mapped to the zero vector by A.

Spectral decomposition and definiteness

Given a matrix A € S”, then there exists an orthogonal matrix Q@ € R™*" (i.e.,
QTQ = I) and a diagonal matrix A = diag(\1,...,\,) € R™™" such that

A=QAQ",

where Ay > --- > )\, are the eigenvalues of A, and the columns of @) are the corre-
sponding eigenvectors of A. The decomposition, or factorization, of the matrix A as
above is called the spectral decomposition (or symmetric eigenvalue decomposition)
of A.

Usually, we denote the ith largest eigenvalue of A € S™ as A;(A). In particular,
the maximum and minimum eigenvalues of A are denoted as Apax(A) = A\ (4) and
Amin(A) = A (A), respectively, and satisfy

2T Az . xT Az

min A) = f .
Ty and Amin (4) a0 2Tz

Amax(A) = sup
z#£0 T
A matrix A € S" is said to be positive semidefinite if for all x € R™ and x # 0,

we have
T Ax >0, (A1)

or equivalently, all eigenvalues of A are nonnegative, i.e., Apmin(A4) > 0. This is
denoted as A > 0 or A € S'. If strict inequality holds in (A.1) for all x # 0, then
A is said to be positive definite, denoted as A = 0 or A € S’ , which is equivalent
to all eigenvalues of A being positive, i.e., Amin(A) > 0. Similarly, a matrix 4 € S™
is said to be negative semidefinite if —A is positive semidefinite, denoted as A < 0,
and negative definite if —A is positive definite, denoted as A < 0.

Singular value decomposition

Given a matrix A € R™*" with rank A = k, then there exist orthogonal matrices
UeR™*and Ve R"* and a diagonal matrix ¥ = diag(oy,...,0r) € R¥*¥,
such that

A=UsvT, (A2)
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where 01 > 09 > +-- > o > 0 are the singular values of A. The columns of U and
V are called the left singular vectors and right singular vectors of A, respectively.
The decomposition of the matrix A as above is called the (compact) singular value
decomposition (SVD) of A.

Full singular value decomposition

Suppose A € R™*" with rank A = k has the SVD: A = U;3; Vi as in (A.2),
where U; € R™*, 1V, € R™*, and 7 € R***. Then there exist matrices U, €
R™ (™=F) and Vo € R™ (%) guch that

U:[U1 U2]eRmxm and V:[v1 VQ]eRW" (A.3)

are orthogonal matrices. Define the matrix

= |2 O ermen (A.4)
0 0

Then we have the full singular value decomposition of A as
A=UxVT,

where U € R™*™ and V € R™*" are orthogonal matrices given by (A.3), and
¥ € R™*" is a diagonal matrix with the same singular values as A on its main
diagonal as in (A.4).

Suppose A € R™*™ has the full SVD: A = UXV7T as above, then we have

ATA=vUTUusvT =ve2vT, (A.5)

where V € R™" is an orthogonal matrix and ¥? € R™*" is a diagonal matrix with
diagonal entries o7, ... ,0,3, and 0 (if any) on its main diagonal. The factorization
(A.5) is the spectral decomposition of AT A € S™: The nonzero eigenvalues of AT A
are the squares of the nonzero singular values of A, and the columns of V' are the
corresponding eigenvectors of AT A.

Usually, we denote the ith largest singular value of A € R™*" (with rank A = k)
as 0;(A). In particular, the maximum and minimum singular values of A are denoted
as omax(A) and omin(A), respectively, and satisfies

_ o 1Azl

Fimax (A) = = (AT 4))?

z#0 ||$H2

and

(4) ox(A), k=min{m,n}
Omin =
0, k < min{m,n},

which is nonzero if and only if A has full rank.
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Schur complement

Given a matrix X € S™ that is partitioned as

A B

X =
BT C

)

where A € S¥, B € R**(™™% and ¢ € S" . If the matrix A is invertible, i.e.,
det A # 0, then the following matrix

S=C-BT"A™'B (A.6)

is called the Schur complement of A in X.

Determinant of block matrices

The determinant of X can be expressed in terms of the determinant of A and the
Schur complement S as

det X = det Adet S = det Adet(C — BTA™'B).
To show this, since det A # 0, we could form the block lower triangular matrix

I 0

L =
-BTA-Y T

] c Ran’

whose determinant is det L = 1, since all its diagonal entries are 1. Then we have

A B
BT C©

A B
0 C-BTA"'B

1 0
-BTA-L T

LX =

Now taking the determinant on both sides of the above equation, we have
det X = det Ldet X = det(LX) = det Adet(C — B'A™'B) = det Adet S,

where the third equality holds since LX is a block upper triangular matrix.

Definiteness conditions

Schur complement arises, for example, when we tries to perform partial minimiza-
tion of a quadratic function over some of its variables. In particular, consider the
following quadratic function f: R¥ x R®™™* 5 R of z € R¥ and y € R"%:

A B
BT C©

X

Y

T

Y

flz,y) =

] = 2T Az + 22T By + yT Cy.

Suppose the matrix A > 0 is positive definite, then the partial minimization problem

minimize 27 Az + 2yT BTz +yTCy (A7)
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with variable z € R” is a convex quadratic optimization problem. Hence, a solution
to the problem (A.7) can be obtained by setting the gradient of f with respect to
the variable = to zero, i.e.,

Vaof(z,y) =24z + 2By =0,

which gives the solution z = —A~!By. The optimal value of the problem (A.7) is
then given by

A B
BT C©

€T

Y

€T
" o
LSy = b [ )

= (—A7'By) A(~A"'By) + 2(~A"1By) By + yTCy
= y'BTAYAA'By — 2y"BTA ' By + y ' Cy

— 4yT(C - BTA'B)y

= y'9y,

where S is the Schur complement of A in X, given by (A.6). We have several
important implications of the above result:

e If A= 0, then X > 0 if and only if S > 0.
e The matrix X » 0 if and only if A > 0 and S > 0.

These conditions are sometimes called the Schur complement definiteness conditions
for symmetric matrices. They are potentially useful, for example, for transforming
certain (matrix) inequalities involving matrix inverses into linear matrix inequalities.
(See, e.g., exercise 6.1.)

Norms

Inner products

The standard inner product of two vectors z,y € R" is defined as
2Ty =zy + - + Tnln. (A.8)

The norm associated with the standard inner product on R" is the Fuclidean norm,
or the £5-norm, defined as

lzll, = (272)"* = (22 + - +a2)%.

One of the most important relationship between the standard inner product (A.8)
and the associated Euclidean norm is the Cauchy-Schwarz inequality, which states
that we always have the following inequality

&yl < Izl ]yl
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holds for all z,y € R", and the equality is achieved if and only if z and y are
linearly dependent, i.e., x = ay for some a € R.

The standard inner product can be generalized to other vector spaces. For
example, the standard inner product on the space of m x n real matrices R™*" is

defined as N
r(XTY) = Z > XY, (A.9)
i=1 j=1

for X,Y € R™*", where tr denotes the trace of a (square) matrix, i.e., the sum
of its diagonal entries. Note that the inner product for matrices given by (A.9)
can be interpreted as the standard vector inner product (A.8) on the vectors in
R™" obtained by stacking the columns (or rows) of the matrices into vectors. The
associated norm of (A.9) is the Frobenius norm, defined as

1/2

IX 5 = (tr(XT X)) ZZX

=1 j=1

Similarly, the Frobenius norm can be viewed as the Euclidean norm of the vector
obtained by stacking the columns (or rows) of the matrix X into a vector in R™".

Remark A.1 Unlike vectors, the f2-norm of a matrix in R™*" is a different norm from
the Frobenius norm: For X € R"™*™, the f2-norm is defined as the maximum singular
value of X, i.e.,

[ X1ly = omax(X),

and is also known as the spectral norm; see example A.3. When n = 1, the matrix
X € R™*! reduces to a vector, and the spectral norm coincides with the Euclidean
norm.

As a special case of (A.9), the standard inner product on the space of n x n
symmetric matrices S™ is given by

Y):lelX'L]Y ZX”YYH—Fzzl ;1XZ] AR
i=1 j= i=1j=1

for X, Y € S™.

Unitary invariance of the Frobenius norm

One important property of the Frobenius norm is that it is wnitarily invariant,
meaning that for any X € R™*" and any orthogonal matrices U € R™*™ and
V € R™"™, we have the following equality:

XV = 1 X]|p-

In other words, the Frobenius norm of a matrix X is invariant under orthogonal
transformations of the matrix from both sides.
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To prove this property, according to the definition of the Frobenius norm, we
have

IUXVTE = tr ((UXVT)TUXVT):tr(VXTUTUXVT)
— tr(VXTXVT) = tr(XTXVTV)
= tr(XTX) = | X]|%

The first equality follows from the definition of the Frobenius norm, the second
equality follows from the fact that U is an orthogonal matrix, so UTU = I. The
third equality follows from the cyclic property of the trace function, which states
that for any matrices A, B,C such that the products are well-defined, we have
tr(ABC) = tr(BCA) = tr(CAB), and the fourth equality follows again from the
orthogonality of V.

Vector and matrix norms

A function f: R" — R with dom f = R" is called a norm if it satisfies the following
properties:

o Nonnegativity. For all z € R", f(z) > 0.

o Definiteness. For all z € R", f(x) = 0 if and only if x = 0.

o Homogeneity. For all z € R" and a € R, f(az) = |a|f(x).

e Triangle inequality. For all z,y € R", f(x +y) < f(z) + f(y).

As a simple example, the absolute value function f(z) = |z| is a norm on R.
Geometrically, the absolute value function measures the distance between two real
numbers z,y € R as |z —y|. As a generalization, for z,y € R™ and f being a norm,
the quantity f(z —y) also defines some distance between points = and y, where the
notion of distance depends on the specific choice of the norm. Hence, we usually
denote a norm function f as || - ||, suggesting that it is some generalization of the
absolute value function on real numbers, and use the notation

dist(z,y) = [z - y||

to denote the distance between two points z,y € R" in the norm || -||. Using this
notation, the distance between two sets of points C,D C R", in the norm |||, is
defined as

dist(C, D) = inf{||lz —y|| | z € C,y € D}.

Note that whenever the norm notation || - || appears without subscripts, it can refer
to any norm; if we want to talk about a specific norm, we use subscripts to indicate
which norm we are referring to.

Every norm || - | is associated with a norm ball, defined as

B(zo,r) ={z € R" [ ||z — zo]| <1},

where zg € R" is the center and r > 0 is the radius. If zg = 0 and r = 1, the norm
ball B(0,1) is also called the unit ball of the norm.
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Example A.1 Vector norms. Many commonly used vector norms are special cases of
the £,-norm, which is defined as

Izl = (21" + [2]” + - - + a]”) /"
for p > 1 and x € R™. Some special cases include:
e p=1: The ¢1-norm, or Manhattan norm, is given by
lzlly = lwa] + |wa] + -+ + |zal,

which is the sum of the absolute values of all entries in .

e p=2: The l3-norm, or Fuclidean norm, is given by
1/2
lall, = (23 + 23+ +a2)" %,

e p— o0: The loo-norm, or Chebyshev norm, is given by

2]l = lim lfl, = max{|z1], 22|, [an]},

which is the maximum absolute value among all entries in x.

The unit balls of these norms on R? are illustrated in figure 2.9, page 31.

Example A.2 Componentwise matriz norms. The {1-, £2-, and £--norms for vectors
can be generalized to some matrix X € R™*" by applying them to the vector in R™"
formed by stacking all entries of the matrix, which gives the following componentwise
matrix norms:

o Sum-absolute-value norm:

XNy = D> X351

i=1 j=1

o Frobenius norm:
1/2
1X1, = (eex ) = (33 X2

o Maz-absolute-value norm:

=max{|X;| |i=1,...,m, =1,...,n}.

X inav

As we have seen in remark A.1 for the Frobenius norm, these componentwise matrix
norms are different from the matrix ¢;-, ¢2-, and /o-norms; see example A.3.
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Induced matrix norms
Let | - || be a norm defined both on R™ and R". The matriz norm of A € R"™*"

induced by the vector norm || - || is defined as

Ax
1Al = sup{[|Az]l | [lz]) < 1} = sup LAZ]
270 ||Z]]

This is also called the operator norm of matrix A induced by | -|.

Example A.3 Matriz norms. Suppose A € R™*™. As a simple example, the matrix
l2-norm, or spectral norm, is given by

[A]ly = sup{[[Az]l, | lz]l, <1} = omax(A),

where omax(A) denotes the maximum singular value of matrix A. Recalling that the
maximum eigenvalue of AT A is given by

T T T A 2
N AT A) = sup AT ) (A0) (Az) <sup ” ‘”'2) — 142,
x#0 T~ T x#0 - T x#0 HI||2

we have
1/2

Umax(A) - (Amax(ATA))
As another example, the matrix ¢1-norm is given by

Al = A <1} = Aij
1Al = sup{l|Azl, | l2ll, < 1} = max > |Asl,

=1
which is the maximum absolute column sum of matrix A.

Finally, the matrix {o-norm is given by

A = A <1} = Aijl,
141l = sup{l|Azlly, | ll2]lc <1} = max > |Ai]

j=1
which is the maximum absolute row sum of matrix A.
Dual norm
Let || - || be a norm defined on R"™. The dual norm of || -|| for z € R" is defined as

2]l gyt = sup{z"y | Iyl < 1}.

The dual of the ¢,-norm is the ¢,-norm, where 1/p + 1/g = 1. In particular, we
have the following special cases:

e The dual norm of the ¢;-norm is the ¢,,-norm.
¢ The dual norm of the ¢5-norm is itself.

e The dual norm of the £,,-norm is the ¢;-norm.
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Another useful matrix norm in practice is the nuclear norm, which is the dual norm
of the spectral norm:

min{m,n}
X1, = sup{tr(XTY) [ [Yll, <1} = > ou(X),

i=1

where 0;(X) denotes the ith singular value (including zeros) of matrix X € R™*".
An application involving these norms can be found in example 2.11.

Remark A.2 An equivalent definition of the dual norm is given by adding the absolute
value inside the supremum, 7.e.,

T
2]l guar = sup{lz” y| | llyll < 1},

which also appears commonly in textbooks. To see the equivalence, let z € R" be
given. We first note that
T T
sup |z"y| > sup zy,
llyll<1 llyll<1
since [z¥y| > zTy for all y € R™. On the other hand, for any y € R"™ with ||y|| < 1,
we have —y € R" with ||—y|| < 1, and hence

|2"y| = max{z"y, 2" (—y)} < Sup "y,
y||<1

so we have
T T
sup |z y| < sup x y.
lyl<1 lyl<1
Hence, we have conclude that sup),; <, |zTy| = SUpP| <1 2Ty, and the two definitions
of the dual norm are equivalent.
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Bibliographical notes

The standard reference for analysis is the book by Rudin | ]. Some recent books,
e.g., by Abbott | ] and Tao [ ], also include useful material on this topic.

For linear algebra, we refer readers to the books by Strang [ ] and Meyer [ ].
More application-oriented material on linear algebra and examples can be found in the
book by Boyd and Vandenberghe | ]. Horn and Johnson | ] includes more ad-
vanced topics on matrix analysis.

The original idea of Schur complement matrix goes back to the 1850s in the work by
Sylvester | ], and was later used by Issai Schur to prove Schur’s lemma | ] in the
1910s. The name Schur complement was first used by Haynsworth [ ] in 1968. It
is also sometimes referred to as the Feshbach map in physics | ]. Boyd and Vanden-
berghe | , A5.5] provides a short review of Schur complement. See Zhang | ] for
a comprehensive review about its full history and some applications.

Norms and inner products are discussed in many textbooks on functional analysis, include
Yosida [ ] and Muscat | ]. Boyd and Vandenberghe | , §A.1] and the listed
references also provide a helpful review of norm-related material used in optimization.

We do not mention functions and derivatives in this appendix. These materials can be
found in standard textbooks on analysis or multivariable calculus, e.g., by Apostol | ]
and Marsden and Tromba [ ]. Materials on these topics from a optimization prac-
titioner perspective can be found in the appendix of [ , §A.3 and §A.4], and | ,
§C.1 and §C.2].
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Appendix B

Disciplined convex analysis and
programming

Standard convexity verification

We first consider the problem of verifying the convexity of a given function f: R" —
R with dom f C R" (potentially by a human or a computer). There are several
analytical approaches to address this problem.

Jensen’s inequality

The most direct approach is to verify the definition of convexity using Jensen’s
inequality, i.e., for all z,y € dom f and 6 € [0, 1], check whether

f(0z+(1—0)y) <0f(x) +(1—0)f(y). (B.1)

It is easy to see that this approach is equivalent to checking whether for all z €
dom f and v € R", the function

9(t) = f(z +tv)

is convex on its domain {t € R" | 4+ tv € dom f}. In other words, the functions
f is convex if and only if it is convex when restricted to any line that intersects its
domain. This approach compared to directly verifying Jensen’s inequality is often
more convenient, since now we only need to verify the convexity of a function with
one variable. The following example illustrates this idea.

Example B.1 Log-determinant function. Consider the log-determinant function de-
fined as f(X) = logdet X with dom f = S} ,. We can verify its concavity by re-
stricting f to an arbitrary line X = Z 4+ ¢V, where Z € S/, and V € S™. Defining
the function

g(t) = f(Z +tV) =logdet(Z +tV)
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with domain domg = {t € R | Z + ¢tV > 0}, then we have
g(t) = logdet(Z+1tV)
= logdet(ZV*(I +tz~Y2vZ=1/?)71/?)
= logdet(Z) + logdet(I + tZ Y2V z=1/?)

= logdet(Z) + Zlog(l + tA),

i=1

1/2

where \1,..., A, are the eigenvalues of the matrix Z7 2y z-1/2, Hence, we have

n

, ~ A " A
= = — <
S0 =3 w00 =-) s <0

=1 1=1

which shows that g is concave for all ¢ in its domain, and thus the log-determinant
function f is concave.

Second-order conditions

If the function f is twice differentiable on its domain dom f, then we can verify its
convexity by checking whether its Hessian matrix V2 f(z) is positive semidefinite
for all x € dom f. We have seen in §2.3.3 that this approach can be used to verify
the convexity of many basic functions. Here we present another more complicated
example.

Example B.2 Log-sum-exp function. Consider the log-sum-exp function, which is
defined as f(z) = log 21;1 exp r; with dom f = R™. We can verify its convexity by

computing its Hessian matrix. Let z = (€®',...,€e""), then the gradient of f is

Vi) =

T) = —2,
172

so its Hessian can be expressed as

1 T N T

Vif(z) = —— ((172) diag(z) — z2") .
(172)? ( )

To verify that V2 f(x) = 0, let v € R™ be an arbitrary vector, then we have

'UTV2f(x)'U = ﬁ ((1Tz)Zzi'Ui2 — <Z ziw) >

i=1 =1

()5 ()

Let a = (y/71,...,+/2n) and b = (V1+/21,...,Un+/2n), then by the Cauchy-Schwarz
inequality, we have

(a”a)(57D) = (Z ) (Z ) > (a"b)” = (Z ) ,

i=1 i=1 i=1
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which shows that v” V2 f(z)v > 0 for all v € R™, and thus the log-sum-exp function
f is convex.

Automatic convexity verification

As we may see from the examples B.1 and B.2 that verifying the convexity of some
function directly from the definition (B.1) or second-order conditions can be tedious
and complicated. In particular, a human needs to be well trained and experienced
in convex analysis to carry out these procedures successfully. Even for a computer,
these procedures may involve complicated symbolic computations that are not easy
to implement. If we were to implement some computer algorithm based on these
two approaches for automatic convexity verification, probably the most practical
scenario is to disprove the convexity of a function, i.e., to find the counter examples
when the function is not convex.

For example, suppose we want to verify whether a given function f: R" — R is
convex, then we can randomly sample a large number of points z,y € dom f and
6 € [0, 1], and check whether Jensen’s inequality (B.1) holds for these points. If we
find any violation of the inequality, then we can conclude that the function is not
convex. Similarly, if the function is twice differentiable, we can randomly sample
a large number of points x € dom f, and evaluate whether the Hessian matrices
V2 f(z) at these points are all positive semidefinite. If we find any point where the
Hessian is not positive semidefinite, then we can conclude that the function is not
convex. However, the converse is not true: Even if we do not find any violation after
a large number of samples, we still have no information regarding the convexity of
the function.

Constructive convex analysis

To lower the expert barrier for humans and computers to verify the convexity of
functions, we can make use of the convexity preserving functional operations pre-
sented in §2.4, where the basic idea is to show that the target function can be
obtained from simple convex functions (such as those presented in §2.3.3) by a se-
quence of operations that preserve convexity. In other words, the target function f
is carefully parsed into a composition tree, where the nodes represent some functions
with known convexity, or some convexity preserving operations. Then to verify the
convexity of f, we only need to traverse the composition tree from the leaves to
the root, and at each node, check whether the convexity is preserved. This con-
structive convexity verification procedure only requires us to know a library of basic
atomic convex functions as well as a set of functional operations that preserve con-
vexity, and it is expected to be easily implemented on computers as an automatic
procedure.

Example B.3 Consider the function f: R — R given by f(z) = 2z 4+ 3. The com-
position tree for this function is shown in figure B.1. Starting from the leaves, we
see that the variable z is affine. Then the node above it represents the function (-)?,
which is convex and nonnegative, so by the composition rule for convex functions, the
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Vi i2xaz24+3|+

Figure B.1 Composition tree for the function f(x) = 22% 4 3. The curvature
and sign of the involved functions are indicated by the symbols on the left
and right of the node, respectively.

function 2 is convex and nonnegative. Next, multiplying it by the positive constant

2 preserves convexity and sign, so the function 22 is convex and nonnegative. The
constant function 3 is nonnegative, so their sum 2z + 3 is convex and nonnegative as
well.

Example B.4 We should note that how the target function is parsed into a composi-
tion tree is not unique, and it may affect the success of the convexity verification. For
example, consider the function f: R — R given by f(z) = v/1+ 2. Two possible
composition trees for this function are shown in figure B.2. In the left tree, starting
from the leaves, we see that the variable z is affine, then by the composition rule,
the function z? is convex and nonnegative. Next, adding 1 (which is a nonnegative
constant) preserves convexity and sign, so the function 1 + 22 is convex and nonneg-
ative. However, since the function /- is concave and nondecreasing on R, by the
composition rule for concave functions, we do not know the curvature of /1 + x2, so
the constructive convex analysis fail here.

In fact, the function f(z) = v/1 + 22 is a convex function of x, and constructive convex
analysis will indeed verify it as convex if we parse the function into the right tree.
In this case, since the variable x is affine and the function that maps = — (1,z) is
also affine, we conclude that the function (1,z) is affine (in the variable x). Next,
the function || - ||, is convex and nonnegative, so by the composition rule for convex
functions, the function ||(1, )|, = v/1 + 2?2 is convex and nonnegative.

On the other hand, we should note that this approach of convexity verification

is not complete in the sense that there exist convex functions that cannot be con-
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Figure B.2 Two possible composition trees for the function f(z) = V14 z2.
The curvature and sign of the involved functions are indicated by the symbols
on the left and right of the node, respectively.

structed this way, especially when the library of atomic convex functions is small.
For example, we have shown above that the log-sum-exp function is convex using
the second-order condition, but it is not obvious how to construct this function
using basic convex functions and functional operations, even if it only involves a
few compositions on the logarithm and exponential functions. Nevertheless, if nec-
essary, we can always enlarge the atomic functions library to include such functions
once they appear, so that they can be directly used for the convexity verification of
other more complicated functions.

Disciplined convex programming

Now we extend the ideas of constructive convex analysis to optimization problems,
and consider the inverse problem of convexity verification, i.e., how to specify an
optimization problem in a way that can be automatically verified as convex. This
leads to the framework of disciplined convex programming (DCP). The fundamental
philosophy of DCP is, rather than simply construct the objective function and
constraints without advance regard for convexity, we draw from a library of atomic
functions whose convexity properties are already known, and combine them in ways
which constructive convex analysis insures will produce convex results.
A DCP problem has the specific form

minimize/maximize f(x)

subject to pi(x) ~qi(x), i=1,...,m,
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where x € R" is the variable, the function f: R" — R is the objective, and
pi,q;i: R®™ — R are the left-hand side and right-hand side functions of the ith
constraint. The relational operator ~ represents one of the relations <, >, or =. In
DCP this problem must be convex, which imposes additional rules on the curvature
of the involved functions in the problem (B.2), which are listed below.

e For a minimization problem, the objective function f must be convex; for a
maximization problem, f must be concave.

o For a constraint of the form p;(z) < ¢;(x), the function p; must be convex,
and ¢; must be concave.

o For a constraint of the form p;(x) > ¢;(x), the function p; must be concave,
and ¢; must be convex.

o For a constraint of the form p;(x) = ¢;(z), both p; and ¢; must be affine.

Note that functions that are affine (and of course constant), i.e., are both convex and
concave, can match either curvature requirement. For example, we can minimize
or maximize an affine function, and an affine function can appear on either side of
an inequality constraint. Besides, these rules can be used to represent feasibility
problems as well, by simply defining the objective function as a constant function,
e.g., f(z) =0.

To verify the convexity of a DCP problem in the form (B.2), we can similarly
parse the problem into a composition tree. Then, we apply the constructive convex
analysis procedure to verify the convexity of the objective function and the con-
straints one by one, and finally check whether these involved functions satisfy the
curvature requirements listed above. The following example illustrates these ideas.

Example B.5 We consider the following optimization problem:

minimize cy
subject to exp(y) < log(ay/z +b) (B.3)
ax + by =d,

where the variable are £ € R4, y € R, and the constants a, b, ¢, d > 0 are given prob-
lem data. The composition trees for the involved functions are shown in figure B.3.

We first verify the convexity of the involved functions.

o Objective function. Since the variable y € R is affine, multiplying it by the
positive constant ¢ preserves convexity, so the objective function cy is affine.

o Left-hand side of the inequality constraint. Since the variable y is affine, and the
function exp(-) is convex and nonnegative, the function exp(y) is convex and
nonnegative.

o Right-hand side of the inequality constraint. Since the variable z € Ry is affine,
and the square root function /- is concave and nonnegative on R, the function
V/Z is concave and nonnegative. Then multiplying it by the positive constant
a and adding the nonnegative constant b preserves concavity and sign, so the
function ay/xz+b is concave and nonnegative. Finally, since the function log(-) is
concave and nondecreasing on R, by the composition rule for concave functions,
the function log(a+/x + b) is concave.
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minimize

/z]+

Figure B.3 Composition tree of the problem (B.3). The curvature and sign
of the involved functions are indicated by the symbols on the left and right
of the node, respectively.
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e Fgquality constraint. The right-hand side is a constant function d, which is (of
course) affine. On the left-hand side, since the variables z and y are both affine,
multiplying them by the positive constants a and b leads to the affine functions
ax and by. Finally, the function ax + by is the addition of two affine functions
and is hence affine.

Now we check whether these functions satisfy the DCP curvature requirements of the
objective and constraints.

o Objective function. Since the problem is a minimization problem, the objective
function cy must be convex, which holds since it is affine.

o Inequality constraint. For the constraint exp(y) < log(a+/z+b), the left-hand side
exp(y) must be convex, and the right-hand side log(a+/x + b) must be concave,
which both hold.

e Fquality constraint. For the constraint ax + by = d, both sides must be affine,

which is also satisfied.

Since all the involved functions satisfy the DCP curvature requirements, we conclude
that the problem (B.3) is convex.
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] for Python, and CVXR | ] for R.
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Appendix C

Technical issues in sequential
methods

Alternate convex search

Proximal regularization

Consider using the ACS procedure (algorithm 3.1) to approximately solve the bi-
convex optimization problem

minimize  fo(z,y)
subject to  fi(z,y) <0, i=1,...,m (C.1)
0, 7=

with variables z € R™ and y € R”. At the (k + 1)th iteration, the variables are
updated according to

m(k+1) = argmianR" fO(mv y(k))
subject to  fi(z,y®) <0, i=1,...,m (C.2)
hl(xvy(k)):()a iil,...,p,

where the data y*) € R” is from the previous iteration, and
yk D) = argmin,cgr  fo (1) g
subject to  fi(z*tD 4) <0, i=1,...,m (C.3)
hi(e®+D,y) =0, i=1,....p,

where the data x(**1) € R" is the solution of (C.2) in the current iteration.
Directly solving the subproblems in (C.2) and (C.3) may lead to numerical
problems or slow convergence in practice. One possible reason for this is that
the biconvex objective function fy can be very ‘flat’ in some region along certain
directions when one block of variables is fixed (an example is shown in figure 3.3,
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in the region where xz and y are close to zero), where the convex problem solver
for subproblems may have difficulty getting sufficient progress in minimizing the
objective along the descent direction.

A common technique to alleviate these issues is to add proximal regularization
terms to the objective functions of the subproblems. Specifically, in the (k + 1)th
iteration of the ACS procedure, instead of (C.2) and (C.3), the following updates
are performed:

D= argmingcg. fola,y®) + Az — 2® |
subject to filz,y®)y <0, i=1,...,m (C.4)
hi(;v,y(k))zo, i=1,...,p,
and )
y* D = argmingcpr  fo(z®TD,y) + Ay — y @5

subject to  fi(z® D) y) <0, i=1,....m (C.5)
hi(z®+) )y =0, i=1,...,p,

. s . . . 2
where A > 0 is the regularization coefficient. The proximal terms A||z — z® ||, and

My — y(k)H; can be interpreted as adding a trust region penalty to the respective
optimization variables, which penalize large changes of the variables between two
consecutive iteration. When A = 0, the updates (C.4) and (C.5) reduce to (C.2)
and (C.3), respectively. When A > 0, the problems in (C.4) and (C.5) become
strongly convex, which therefore helps to improve numerical stability when solving
the convex subproblems, in the price of slightly slower convergence speeds.

Initialization

Note that the ACS procedure requires a feasible starting point (z(?),3(?)) € D, since
otherwise, one of the subproblems (C.2) or (C.3) may be infeasible right at the first
iteration. Formally, the corresponding feasibility problem of a biconvex problem in
the form (C.1) can be written as

find (z,y)
subject to  fi(z,y) <0, i=1,...,m (C.6)
hi(z,y)=0, i=1,...,p

with variables z € R" and y € R*. However, solving the feasibility problem (C.6)
directly can be as hard as solving the original biconvex problem (C.1).

The following heuristic via relaxation for finding a solution to the feasibility
problem (C.6) is often effective in practice:

minimize  17s + ||¢[|,

subject to s =0
filx,y) <s;, i=1,....m
hi(x,y)=t;, i=1,...,p,
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where z € R", y € R¥ are the (original) problem variables, and s € R™, t € R?
are the additional variables to relax the constraints in (C.6), which measures the
violation of the constraints. The problem (C.7) is always feasible for any (z,y) €
R" xR", since by choosing sufficiently large s and ¢, all constraints can be satisfied.
Then to solve (C.7), we can again use the ACS procedure. The full algorithm is
given below.

Algorithm C.1 ALTERNATE CONVEX SEARCH INITIALIZATION.

given a starting point (33(0)7 y(o)) € R" x R*.

k:=0.
repeat
s>=0
Lo (@®t) s% 1) = argmin 1Ts+ tlly | filz,y®) <si, i=1,...,m
zeR™
SER™, tERP hi(z,y®) =t;, i=1,...,p
quit with (z(*+1) y(F)) if 17s* + ||t*]|; = 0.
s~ 0
2. (y Y, 5% 1) = argmin S 1Ts |ty | fi(a®TD,y) <siy i=1,..m
yERF .
SERm, teRP hi(iﬂ(k+l),y) :ti, 7,:1,...,])

quit with (z(+1) y(B+1)) if 1T7s* 1 |||, = 0.

3. k=k+1.

until maximum iterations are reached.

Note that to initialize algorithm C.1, we only need to choose a point in R" x R*.
If algorithm C.1 quit with 17s* + ||#*||, = 0 in some iteration, then the returned
point is a feasible point of the original biconvex problem (C.1), which can then be
used as a starting point for the ACS procedure. However, we must note that there
is no guarantee that the algorithm C.1 will always find a feasible point for any
instance of the biconvex problem (C.1). In practice, as a generic practical method,
algorithm C.1 seems to work quite well.

Infeasible start

The relaxation method introduced above, which transforms the biconvex feasibility
problem (C.6) into (C.7), can be integrated directly into the original biconvex prob-
lem (C.1) as penalty terms, so that the ACS procedure can start directly from an
infeasible point. Additionally, by allowing constraints to be violated, it is possible
that the ACS procedure finds a region with lower objective values that is other-
wise inaccessible when starting from a feasible point. Thus this approach may be
desirable even if a feasible initial point is known.

Let s € R™ and t € RP be the additional variables to relax the inequality
and equality constraints of (C.1), respectively. We consider the following relaxed
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biconvex problem:

minimize  fo(z,y) + v(17s + I1£1],)
subject to s> 0
filz,y) <s;, 1=1,....,m
hi(z,y)=t;, i=1,...,p

(C.8)

with variables 2 € R", y € R¥, s € R™, and ¢t € RP, where v > 0 is a penalty
coefficient. Similar to (C.7), the problem (C.8) is always feasible for any (z,y) €
R"™ x R*. Moreover, if the original biconvex problem (C.1) is feasible, then for
sufficiently large v, applying ACS to (C.8) will yield a final point (z*,y*, s*,t*),
such that 17s* + ||t*]|, =0, d.e., (z*,y*) is feasible and partially optimal for (C.1).
(Hence, the penalty term v(17s + ||¢]|,) is sometimes called an ezact penalty of the
constraint violation.) This idea leads to the following penalty ACS procedure for
solving (C.1).

Algorithm C.2 PENALTY ALTERNATE CONVEX SEARCH.

given a starting point (JI;(O)7 y(o)) € R" x R* and sufficiently large v > 0.
k=0.

repeat

seR™, teR?, s>0
fi(xvy(k)) <si, i=1,...,m
hi(z,y™) =ti, i=1,...,p

(k)
1. 2%+ = argmin folz,y T)
zERN +v(17s + it]];)

seR™, teRP, s>0
fila® D ) < s i=1,...,m

hi(x(k+1)7y) = t'i7 1= 17' <D

(k+1)
2. y**+) = argmin fo(z T,y)
yERK +r(17s + HtH1)

3. k=k+1.

until stopping criteria is satisfied.

Compared to the standard ACS procedure (algorithm 3.1), the penalty ACS
procedure in algorithm C.2 can take any point in R"™ x R” as the initial point.
The same termination criteria as those presented in remark 3.1 can still be used for
algorithm C.2.

Note that, again, there is no guarantee that the final point returned by algo-
rithm C.2 is feasible for the original biconvex problem (C.1) (especially when v is
not large enough). In practice, the value of v can be selected in an ad hoc man-
ner, i.e., one may try to increase v and resolve (C.8) if the final point returned by
algorithm C.2 is still infeasible for (C.1).

Finally, the proximal regularization terms as in (C.4) and (C.5) can be readily
integrated into the subproblems in the algorithm C.2 to improve numerical stability.
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Convex-concave procedure

Domain and differentiability

Consider using the CCP procedure (algorithm 3.2) for approximately solving a
difference-of-convex problem in the form

minimize  fo(x) — go(7)
subject to  fi(x) —gi(x) <0, i=1,...,m

(C.9)

with variable x € R"™, where the functions f;: R® — R and ¢g;: R® — R for
it = 0,...,m are convex functions. At the (k 4 1)th iteration, the concave part
functions g; of (C.9) for all ¢ = 1,...,m are first linearized at the current point
¥ i.e., the first-order Taylor expansion

Gia (@) = 9:(2®)) + Vg (a®) (z — 2 ) (C.10)

is formed for all i = 0,...,m, at the current point z(*). Then the variable
is updated by solving the following convex approximation of (C.9) at the current
point z(*):

fE(kH*l) = argminxeRn fO(x) - gO,x(k) (.’ﬂ) (C 11)
subject to fi(®) = G poo (2) <0, i=1,...,m, '
where g, .o is given by (C.10).

Domain of the concave parts

In the standard treatment of CCP (e.g., algorithm 3.2), it is often assumed that
the functions g; for all : = 1,...,m have full domain R". However, in practice, it
is possible that some of these functions are only defined on a subset of R", where
in such cases some technical issues may occur. (The functions f; can also have
restricted domains, but this is directly handled by the convex problem solver.)

As a basic example, consider the difference-of-convex problem

min.imize NZ (C.12)
subject to = > —1

with variable z € R. The objective function /x is concave with domain R, and
the solution is obviously z* = 0. To express the objective of (C.12) in the form
of (C.9), we can let fo(z) = 0 and go(x) = —v/z. Now suppose we start the CCP
procedure from some feasible initial point 2(?) > —1, then in the next iteration, we
solve the following convex approximation of (C.12):

1
minimize  Vz(©) + z— 20
2v0) ( ) (C.13)
subject to = > —1,
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which is a linear program with variable x € R. Note that when we linearize gy to
obtain the convex problem (C.13), the implicit domain constraint > 0 in (C.12) is
removed. Then directly solving (C.13) gives us the next point () = —1. However,
at this point, the function go(x) = —/x is not defined, and therefore the CCP
procedure will fail at the next iteration.

This example suggests that implicit domain constraints of the concave parts g; in
(C.9) must be taken into account explicitly when solving the convex approximations
in (C.11), so that z(*+1) is guaranteed to lie in the domain of g; for alli = 0,...,m,
and the CCP iterations can therefore proceed. There are several options to achieve
this in practice.

The first common approach is to make the domain constraints of g; explicit in
the original problem (C.9), i.e., by rewriting the problem as

minimize  fo(z) — go(z)
subject to  fi(z) —gi(x) <0, i=1,....,m (C.14)
r€domg;, i=0,...,m.

Since the domain of the convex functions g; are convex sets and are presumably
representable via convex inequality and equality constraints (which will remain
exactly during all CCP iterations), making domain constraints in (C.9) explicit
introduces no additional majorization operations.

An alternative approach to handle the domain issues of the concave part func-
tions g; is to modify the linearization in (C.10) to include a indicator function of
the domain of g;. Specifically, we can replace the update (C.10) by

Giwo () = gi(x®)) + Vi (™) (& — 2®) + Taomg, (2), (C.15)
where Iqom g, is the indicator function of the set dom g;, defined as

0, z€domy;

00, otherwise.

)

Ldom g, () = {

Since g; is a convex function, its domain dom g; is a convex set, so the indicator
function Igom g, is also convex. Thus, the modified linearization (C.15) remains a
convex function. It follows that if we replace the linearization (C.10) by (C.15) in
the problem (C.11), the resulting problem is still convex.

Differentiability on boundary

Another issue related to the concave part functions g; in (C.9) with restricted do-
mains is the differentiability of these functions on the boundary of their domains.
In particular, since we need to evaluate the gradients Vg;(z*)) to formulate the
linearization (C.10) at each iteration of CCP, if the current point z(*) lies on the
boundary of dom g;, then the gradient Vgi(:c(k)) does not exist.

To see an example, consider again the problem (C.12). If we start the CCP
procedure from the initial point £(®) = 0, which is feasible, then at the first iteration,
we need to compute the gradient of go(z) = —/z at 2(0) = 0. However, since g is
not differentiable at x = 0, the CCP procedure cannot proceed.
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To avoid this issue, we can perform a ‘damped’ step whenever the current point
z() lies on the boundary of the domain of any concave part function g;. Specifically,
when Vg;(x(®)) does not exist, we replace z(*) by

2 = (1 - a)z® + az®-b, (C.16)

where a € (0, 1) is a small damping factor, and 2(*~1) is the point from the previous
iteration. If (9 is in the interior of dom g; for all i = 0, ..., m, then z(*~1 will be
in the interior as well for all k = 1,2,..., so the gradient Vg; (x(k)) is guaranteed to
exist for all CCP iterations.

The modified CCP iterations with restricted domain and damped steps (C.16)
are summarized in algorithm C.3 below.

Algorithm C.3 CONVEX-CONCAVE PROCEDURE WITH RESTRICTED DOMAIN.

given a feasible point z(9 to (C.14) in the interior of domg; for all i = 1,...,m.
k:=0.
repeat

1. if Vgi(z™®) does not exist for some i = 0,...,m

then 2 = (1 — a)z® + az®*~ 1.

2. §; o0 (2) = gi(z®) + Vgi(a?(k>)T(a: —z®) foralli=0,...,m.

z€R™

3. 2D .= argmin { fo(x) — Go. o0 (@) )
redomg;, :=0,...,m

f—b(l') —giyzm(ac) < O7 1= 1,...,’[7’), }

4. k=k+1.

until stopping criteria is satisfied.

Note that at the final iteration, the algorithm can converge to some point on the
boundary of the domains domg;, i = 1,...,m, but z(®) is guaranteed to be in
the interior for all intermediate iterations, which is sufficient to guarantee that the
linearization (C.10) exists.

Initialization

If the concave part functions g; in (C.9) all have full domain R", there are several
possible approaches to initialize the CCP iterations. In particular, those methods
introduced in the previous section for initializing the ACS procedure can be readily
adapted. On the other hand, if some of the functions g; have restricted domains,
then we must ensure that the initial point lies in the interior of these restricted do-
mains so that the respective linearizations exist, which will require some additional
operations.
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Initialization with full domain

We first consider the case where the concave part functions g; in (C.9) all have full
domain R"™, and to directly find a feasible starting point for the CCP iterations.
To do so, we consider the following penalty feasibility problem:

minimize 17s
subject to s> 0 (C.17)
filx) —gi(x) <5, i=1,...,m

with variables x € R"™ and s € R™. The problem (C.17) is also a difference-of-
convex problem, so we can again use CCP to find a solution. Note that since this
penalty feasibility problem can always be made feasible by choosing s sufficiently
large, so any initial point 2(®) € R™ can be used to start the CCP iterations. The
full algorithm is given as follows.

Algorithm C.4 CONVEX-CONCAVE PROCEDURE INITIALIZATION.
given a starting point z(® € R™.

k=0.

repeat

1§, w0 (%) = gi (™)) + Vgi(x(k>)T(ac —z®) foralli=1,...,m.

2. (z**V s*) =  argmin 17s
zeR™, seR™

quit with z*+D if 17s* = 0.

3. k=k+1.

until maximum iterations are reached.

If algorithm C.4 quits with 17s* = 0 in some iteration, then the returned point
z(F*1) s a feasible point of the original difference-of-convex problem (C.9), which
can then be used as a starting point for the CCP procedure (algorithm 3.2).

Infeasible start convex-concave procedure

Another option to initialize the CCP iterations when the concave part functions g;
in (C.9) all have full domain R is to integrate the penalty term 17's for constraint
violation in (C.17) directly into the original difference-of-convex problem (C.9), as
in the problem (C.8) for penalty ACS, so that we do not need a feasible starting
point.

Specifically, we consider the following relaxed difference-of-convex problem:

minimize  fo(x) — go(x) + v(17s)
subject to s> 0 (C.18)
fz(x)fgi(x)gsu i=1,...,m,
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where the variables are € R" and s € R™, and v > 0 is the penalty coefficient.
Then the following penalty CCP algorithm can be used to find an approximate
solution of (C.18).

Algorithm C.5 PENALTY CONVEX-CONCAVE PROCEDURE.
given a starting point z(®) € R” and sufficiently large v > 0.
k:=0.
repeat
L9, .00 (@) = gi(z®) + Vi (2®)T (@ — 2®) for all i = 0,...,m.

~ m
2. o0+ — argmin 4 1) ~Hoem (@) | s ERT, 520 .
z€Rn +v(17s) fi(@) = §; po0 () <85, i=1,...,m

3. k=k+1.

until stopping criteria is satisfied.

If the original difference-of-convex problem (C.9) is feasible, then for sufficiently
large v, applying the penalty CCP procedure will yield a final point (z*,s*) such
that 17s* = 0, so 2* is a feasible stationary point for (C.9).

Initialization with restricted domain

Finally we consider the case where some of the concave part functions g; in (C.9)
have restricted domains. Based on the previous discussions, we can combine the
basic ideas from algorithm C.3 and algorithm C.5 to obtain a penalty CCP proce-
dure that can start from an infeasible point while taking care of the domain and
differentiability issues of the concave parts. The only unsolved issue then is how to
ensure that the initial point lies in the interior of the domains of all concave part
functions g;.

While this problem can be very difficult in the most general case, one simple
heuristic turns out to work quite well in practice. Suppose we generate random
points z1,..., 2, € R" independently from, e.g., a standard Gaussian distribution,
and for each zj;, we project it onto the domain of each concave part function g; for
i=0,...,m, i.e., we solve

minimize ||z — z;][,

(C.19)

subject to x € domg;, i=0,...,m,
where the problem variable is z € R™. Since g; are convex functions, their domains
dom g; are convex sets, so the above projection problem is a convex optimization

problem. Let x;o) be a solution to the projection problem (C.19) for the random

point z;. When z; ¢ /-, dom g;, the projected point 935-0) will lie on the boundary

of at least one of the domains domg;, ¢ = 0,...,m. Then we take a convex

combination of the points xgo), ey 331(70) to obtain the initial point

©_ 15~ o
20 == i
p;J
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C.31

Since the domains dom g; are convex sets, the initial point 2(?) obtained in this way
is guaranteed to at least satisfy z(®) € domg; for all i = 0,...,m, and we might
also expect that it is actually in the interior of these domains. Of course, this would
not always happen and in this case, such a z(®) will be an unacceptable starting
point for the CCP iterations. Nevertheless, as a simple heuristic, this approach
seems to work very well.

Sequential convex approximation

There are numerous technical issues (potentially even more than those might appear
in ACS and CCP) that may raise up in actually implementing an SCA algorithm
for solving some general nonlinear problem, although each step is, in principle,
just solving a convex optimization problem. Some universal challenges in SCA
applications include, for example, the convex approximations might be infeasible,
how to choose the trust region, or how to evaluate the quality of each step, etc.
This section presents some basic ideas that can be potentially used to address these
issues.

Penalty methods

As we have seen in the previous sections, penalty methods can be very useful in
practice for dealing with feasibility issues in various optimization procedures, and
this holds for the SCA procedure as well. Suppose we are attempting to solve the
general nonlinear problem

minimize  fo(z)
subject to  fi(z) <0, i=1,...,m (C.20)
hi(x)=0, ¢=1,...,p,
with variable z € R", where the functions f;: R™ — R for i =0, ..., m is possibly
nonconvex and h;: R™ — R fori =1,...,pis possibly nonaffine. Instead of directly

applying the SCA procedure to (C.20) and enforcing the constraints (which might
be infeasible anyway), we can consider the following relaxed problem:

minimize  fo(z) + V(lTS +[Itll,)

subject to s> 0
file) <s;, i=1,...,m
hi<$):ti, iZl,...,p

where the variables are x € R", s € R™, and t € R?, and v > 0 is a penalty
coefficient. This problem can be expressed in a more compact form as

minimize ¢(z) = fo(z) + v (3iey filz), + D0 |hi(2)]), (C.21)

where f;(x), = max{f;(z),0} are the violations of the inequality constraints. The
function ¢: R™ — R in (C.21) is often called a merit function in the context of



C.3.2

C.3 Sequential convex approximation

377

penalty methods for constrained optimization. Then applying the SCA procedure
to (C.21) leads to the following convex approximation at the current point Z:

minimize  $a(2) = foa(2) + v (S0 fia(@), + X0y hia(@)]) C.22)
subject to x € Tz,

where fi@, and ﬁi@ are the convex and affine approximations of f; and h; at the

current point Z, respectively, and 7z is the current trust region at . Now the

problem (C.22) is always feasible and typically very easy to solve.

In the most general case, solving a nonlinear program (which might even be
infeasible) in the form (C.20) via the penalty SCA (C.22) has the following inter-
pretation: With the current point Z, we are trying to find a new point z in the
trust region 7z so that either the objective value fo(z) is decreased, or the total
constraint violation Y| fi(x), + 37, |hi(z)| is reduced, or both. It follows from
this interpretation that the penalty SCA method is not guaranteed to decrease the
original objective value fy at every iteration, since sometimes we might need to
increase fy as a compromise to reduce the constraint violation. By iteratively ap-
plying the above SCA step, we can expect to eventually find a feasible point for
the original problem (C.20) if it is feasible, and otherwise, we might still have some
information about how much constraint violation is unavoidable.

In other words, for some general nonlinear problems whose feasibility is un-
known, we usually resolve our goal of ‘attempting to solve the problem’ to explor-
ing, to which extend the primary objective can be minimized, and in the mean
time how much constraint violation can be avoided. For this purpose, the penalty
SCA method provides a practical way allowing us to make some explorations in the
direction.

Trust region updates

According to the examples in §3.3.2, the size of the trust region T3 at the current
point Z plays an important role in the performance of the SCA procedure. Now we
discuss some basic ideas for adaptively updating the trust region during the SCA
iterations. Let us assume that the trust region at the (k + 1)th iteration has the
form

T® ={z e R" | o —a™| < p},

where || - || is some norm on R™ and p > 0 is the trust region ‘radius’

A common approach to update the trust region radius p is based on the predicted
reduction and actual reduction of the merit function ¢ of the convex approximation
(C.21) at each SCA iteration. Specifically, at the (k + 1)th iteration, let & be the
solution to the convex approximation (C.22) at the current point #(*). Then the
predicted reduction is defined as

A~

0 =¢(x®) — g (2),

and the actual reduction is defined as

5= p(z®) — ¢(2).
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Now we can use the ratio between the actual and predicted reductions to update
the trust region radius p:

o If § > ab for some a € (0,1), then we increase the trust region radius p by
some factor 8%U°¢ > 1, and accept this Z.

o If § < aé for some a € (0,1), then we decrease the trust region radius p by
some factor Bl € (0,1), and reject this step.

This adaptive trust region update strategy can be interpreted as follows: If the
actual decrease is more (or less) than some fraction of the predicted decrease, then
we increase (or decrease) the trust region radius for the next iteration.

Algorithm C.6 summarizes these ideas of penalty SCA and adaptive trust region
updates.

Algorithm C.6 PENALTY SEQUENTIAL CONVEX APPROXIMATION.
given (¥ € R", o € (0,1), g5 > 1, %2 € (0,1), and p > 0.
k:=0.
repeat

1. Form (C.22) and solve. & := argmin {(ﬁz(;@) (z) ’ |z —z®| < p}.
zeR"

2. Calculate predicted reduction. § = ¢(x®) — gzgz(m (2).
3. Calculate actual reduction. § = ¢(z¥)) — ¢(2).

4. Update trust region.
if 6> ab
then z**1 = z, pi= 3"

else 21 .= g®) .= glil

5. k=k+1.

until stopping criteria is satisfied.
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Bibliographical notes

Adding proximal regularization terms to ACS methods for better numerical properties

is more or less standard in practice; see, e.g., [ ] and | ]. It is also ob-
served that adding the additional proximal regularizers can sometimes lead to better final
points | |, compared to those from the original ACS procedure.

For more comprehensive discussions of the exact penalty methods for constrained optimiza-
tion problems, e.g., used in the problem (C.8), (C.18), and (C.21), we refer the readers
to the book by Nocedal and Wright [ , chapters 15 and 17], which also contains
good material for many other useful penalty methods, e.g., quadratic penalty methods,
(augmented) Lagrangian methods, for handling constrained optimization problems. The
exact penalty approach can be easily adapted when the inequality constraints in involve
generalized inequalities, e.g., semidefinite constraints; see | ] and [ ] for more
details.

The ideas of integrating the damped step (C.16) into CCP to deal with the differen-
tiability problem at the boundaries of restricted domain were originally proposed by
Shen et al. | ]. This paper also introduces the random projection method (i.e.,
via the problem (C.19)) for generating initial points in the interior of the domains of the
concave part functions.

There are many other possible strategies for adaptively updating the trust region in SCA
methods; see, e.g., | ] and | , chapter 4] for more details.






Notation

Sets and vector spaces

R R, Ry, Reals, nonnegative reals, positive reals.

Z,7.,7, Integers, nonnegative integers, positive integers.

R" Real n-vectors (n x 1 matrices).

R Real m x n matrices.

s Symmetric n X n matrices.

SIS Symmetric positive semidefinite, positive definite, n x n
matrices.

B(e,r) Euclidean ball with center ¢ and radius r.

|C| Cardinality of set C.

conv(C Convex hull of set C.

Ic Indicator function of set C.

dist(C, D) Distance between sets (or points) C' and D.

Vectors and matrices

1 Vector with all components one.
e; ith standard basis vector.
I Identity matrix.
Ty Inner product of vectors x and y.
X7 Transpose of matrix X.
tr X Trace of matrix X.
Ai(X) ith largest eigenvalue of symmetric matrix X.
Amax(X), Amin(X)  Maximum, minimum eigenvalue of symmetric matrix X.
oi(X) ith largest singular value of matrix X.
(

Omax(X), omin(X) Maximum, minimum singular value of matrix X.
zly Vectors x and y are orthogonal: 27y = 0.

x Orthogonal complement of vector x: {y | xTy = 0}.
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Notation

cardz

diag(z)
rank A
R(A)
N(4)

Cardinality (number of nonzero entries) of vector (or ma-
trix) .

Diagonal matrix with diagonal entries x4, ..., z,.

Rank of matrix A.

Range of matrix A.

Nullspace of matrix A.

Generalized inequalities

[1X1]
X imav
X115
X1,
X1

sav

Componentwise inequality between vectors z and y: all
entries of y — x is nonnegative.

Strict componentwise inequality between vectors x and y:
all entries of y — z is positive.

Matrix inequality between symmetric matrices X and Y:
the matrix Y — X is symmetric positive semidefinite.

Strict matrix inequality between symmetric matrices X
and Y: the matrix Y — X is symmetric positive definite.

A norm.

f1-norm of vector z.

Euclidean (or ¢3-) norm of vector z.

{~o-norm of vector x.

£,-norm of vector .

Sum of absolute values of entries in matrix X.
Maximum absolute value of entries in matrix X.
Spectral norm (maximum singular value) of matrix X.
Nuclear norm (sum of singular values) of matrix X.

Frobenius norm of matrix X.

Functions and functional operators

ftA—=B
dom f
epi f
hypo f
conv f
Vf

V2f

f is a function on the set dom f C A into the set B.
Domain of function f.

Epigraph of function f.

Hypograph of function f.

Convex envelope of function f.

Gradient of function f.

Hessian of function f.
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fog
fOg

Composition of functions f and g.

Infimal convolution of functions f and g.

Statistics and probability

EX
prob(S)
var X

N(p, %)

)

Expected value of random variable X.

Probability of event S.

Variance of random variable X.

Gaussian (normal) distribution with mean p and covari-
ance (matrix) X.

Cumulative distribution function of a Gaussian N(0,1)
density.
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achievable objective value, 145
ACS see alternate convex search 75
actual reduction, 377
affine
combination, 22
function, 33
set, 21
transformation, 33
alternate convex search, 75
approximation, 105
{1-norm, 109
lo-norm, 109
loo-norm, 110
{p-norm, 112
Chebyshev, 110
least absolute residuals, 109
least maximum residuals, 110
least square residuals, 109
least squares, 108, 109
low rank, 314
robust, 332
minimax, 110
norm, 106
linear, 107
weighted, 110
penalty function, 112
regularized, 156
sparse, 117
worst-case robust, 267
archetype, 323
loading, 323
representation, 323

ball, 30
Euclidean, 30, 346

norm, 29, 352
unit, 30, 352
BerHu penalty, 121
biaffine function, 70
biconcave function, 70
biconvex
function, 70
problem, 73
program, 73
set, 69
bilevel optimization, 264
inner problem, 264
outer problem, 264
bilinear
equation, 69
function, 70
biobjective optimization, 151
boolean
least squares, 80
linear program, 223
boundary, 346
box constraint, 198

card (cardinality), 3, 38
cardinality, 3, 38, 123, 160, 203
Cauchy-Schwarz inequality, 350
CCP see convex-concave procedure
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certainty equivalent problem, 249
chance constrained problem, 247, 255
chance constraint, 255
Chebyshev bound, 260
Chernoff bound, 257, 260
confidence level, 255
conservative approximation, 257
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Chebyshev
approximation problem, 110
bound, 260
norm, 353
penalty function, 113
Chernoff bound, 257, 260
closed set, 346
closure, 346
clustering, 294, 304
cluster representative, 304
constraint
assignment, 308
balance, 310
cannot-link, 309
capacity, 311
geometric, 312
must-link, 309
size, 309
column space, 347
combination
affine, 22
conic, 25, 197
convex, 22
complementary slackness, 234
componentwise inequality, 2, 13
concave
function, 36
maximization problem, 55
cone, 25
convex, 25
Lorentz, 65
positive semidefinite, 31
quadratic, 65
second-order, 65
translated, 26
conic combination, 25, 197
constrained problem, 50
constraint, 2, 195
box, 198
chance, 255
equality, 50
inequality, 50
nonnegativity, 197
matrix, 197
probability, 199
qualification, 231

set, 2, 195
stochastic, 248
trust region, 200

constructive convex analysis, 10, 56,

359

conv (convex envelope), 38
conv (convex hull), 23
convex

combination, 22

cone, 25

envelope, 38, 124

function, 36

composition tree, 56, 359

hull, 23

problem, 8, 54

program, 8, H4

set, 22

strict, 36
convex-concave procedure, 81
cost function, 1, 50

DCP see disciplined convex
programming 62, 361

deadzone-linear penalty, 113
decision variable, 50
denoising problem, 163
difference-of-convex

function, 77

programming, 80
disciplined

convex programming, 11, 57, 361

machine learning, 2
discrimination, 137
function, 137
linear, 137, 273
quadratic, 138
dist (distance), 64, 352
distance, 64, 352
distribution
half-normal, 180
posterior, 172
prior, 172
improper, 180
support, 180
dom (domain), 13

domain specific language, 11, 16, 365

dual
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function, 225
norm, 264, 354
optimal, 230
problem, 229
variable, 225
duality, 11, 224
gap, 232
optimal, 230
strong, 231
weak, 230

eigenvalue, 320, 347
decomposition, 319, 347
eigenvector, 320, 347
ellipsoid, 35, 139
EM see expectation-maximization
100
epi (epigraph), 35
epigraph, 35
equality constraint, 50
estimation
maximum a posteriori, 170
Euclidean
ball, 30, 346
norm, 30, 346, 350, 353
exact penalty method, 237, 370
expectation-maximization, 100
explanatory variable, 128
exponential loss function, 299

feasibility problem, 50
feasible
point, 2, 50, 196
problem, 50
set, 50
feature, 1
compression, 322
matrix, 106
imputation, 329
standardized, 314
standardization, 314
vector, 107, 313
Frobenius norm, 6, 111, 351, 353
unitarily invariance, 351
full rank, 347
function

affine, 33
biaffine, 70
biconcave, 70
biconvex, 70
bilinear, 70
bounding condition, 214
cardinality, 3, 38, 123, 160, 203
concave, 36
convex, 36

envelope, 38

strict, 36
cost, 1, 50
difference-of-convex, 77
discrimination, 137
epigraph, 35
equality constraint, 2, 50
fitting, 212
hypograph, 36
indicator, 13
inequality constraint, 2, 50
infimal convolution, 66, 141
interpolation condition, 213
likelihood, 124

logarithm, 124
Lipschitz continuity, 215
log-concave, 44, 66, 255
log-convex, 66
log-determinant, 43, 357
log-sum-exp, 43, 358
loss, 1
merit, 376
negative entropy, 41, 45, 209
objective, 1, 50
penalty, 111
perspective, 66
piecewise linear, 46
quadratic, 40
regularization, 2
relative entropy, 43, 66, 209

Gibbs’ inequality, 65
global optimization, 9
greatest lower bound, 346

halfspace, 26
hierarchical

logistic regression, 299
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model, 136, 293
hinge loss function, 299
Huber penalty, 120, 297
hyperplane, 26

separating, 64

strict, 64

supporting, 65
hypo (hypograph), 36
hypograph, 36

independent and identically
distributed (IID), 125
indicator function, 13
inequality
Cauchy-Schwarz, 350
componentwise, 2, 13
constraint, 50
Gibbs’, 65
Jensen’s, 36
matrix, 13, 34, 60
infimal convolution, 66, 141
infimum, 346
achieved, 346
attained, 346
inner product
associated norm, 350
standard, 350
integer program, 52, 223, 241
mixed, 241
interior, 346
inverse problem, 1

Jensen’s inequality, 36

Karush-Kuhn-Tucker (KKT)
conditions, 234

k-means algorithm, 306

Kullback-Leibler (KL) divergence,
43, 135, 209

f1-norm, 353

fo-norm, 350, 353

Lagrange
dual function, 225
dual problem, 229
duality, 11, 224
multiplier, 225

optimal, 230

Lagrangian, 225
relaxation, 11, 220, 221, 224, 230
lasso regression, 5, 161
group, 185
latent factor, 137, 293, 322
least cardinality problem, 203
least norm
problem, 5, 201
solution, 201
least penalty problem, 203
least squares, 4, 59, 108
boolean, 80
constrained, 5
cost, 48
inequality constrained, 6
matrix factorization, 111
nonnegative, 6, 197
penalty function, 112
support vector classifier, 283
Tikhonov regularization, 5, 158
least upper bound, 345
likelihood, 124
function, 124
logarithm, 124
maximum estimation, 124
line, 21
segment, 21
linear
discrimination, 137, 273
maximum margin, 275
maximum weight error
margin, 280
robust, 271
matrix inequality, 34, 60
measurement model, 108, 124
model, 4
program, 8, 57
boolean, 223
robust, 263
foo-norm, 353
Lloyd’s algorithm, 338
local
model, 92
optimization, 9
log-barrier penalty, 113
log-concave function, 44, 66, 255
log-convex function, 66
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log-determinant function, 43, 357
log-likelihood function, 124
negative, 124
log-sum-exp function, 43, 358
logistic
loss function, 299
model, 127, 299
multiclass, 141, 299
regression, 128, 299
multiclass, 141
Lorentz cone, 65
loss function, 1
exponential, 299
hinge, 299
logistic, 299
low rank
approximation, 314
archetype, 323
quadratically regularized, 323
robust, 332
matrix completion, 188, 328
lower bound, 345
greatest, 346
{p-norm, 353
LP see linear program 57
relaxation, 223

majorization-minimization, 99
Manhattan norm, 353
MAP see maximum a posteriori
estimation 170
margin, 299
Markov bound, 258
matrix
column space, 347
decomposition, 347
eigenvalue, 319, 347
singular value, 315, 348
spectral, 347
eigenvalue, 320, 347
eigenvector, 320, 347
factorization, 347
least squares, 111
nonnegative, 7, 76, 198, 333
full rank, 347
inequality, 13, 34, 60
low rank completion, 188, 328

negative
definite, 347
semidefinite, 347
norm, 354
componentwise, 353
induced, 354
nullspace, 347
orthogonal, 347
positive
definite, 347
semidefinite, 347
range, 347
rank, 347
regularization, 187
singular
value, 315, 348
vector, 320, 348
weighting, 110
max-absolute-value norm, 353
maximization problem, 50
maximum
a posteriori estimation, 170
entropy distribution, 134
likelihood estimation, 124
mean field approximation, 249
merit function, 376
minimization problem, 50
Minkowski sum, 66, 345
mixed integer program, 241
mixture
linear regressions, 297
robust, 297
model, 136, 293
MLE see maximum likelihood
estimation 124
MM see majorization-minimization
99
model, 1
bias, 128
hierarchical, 136, 293
input, 1
intercept, 128
linear, 4
measurement, 108, 124
local, 92
logistic, 127, 299
multiclass, 141, 299
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mixture, 136, 293
output, 1
parameter, 1
Poisson, 131
regional, 92
moment, 206
multicriterion optimization, 143
multiobjective optimization, 143
biobjective, 151
convex, 143
efficient point, 146
optimal, 145
Pareto, 146
scalarization, 147
trade-off
analysis, 151
curve, 151
strong, 152
surface, 151
weak, 152
weight vector, 148

negative entropy function, 41, 45,
209
NMF see nonnegative matrix
factorization 333
nonlinear program, 8
nonnegative
least squares, 6, 197
matrix factorization, 7, 76, 198,
333
orthant, 2, 28
nonnegativity constraint, 197
matrix, 197
norm, 350, 352
41, 353
42, 350, 353
£, 353
4y, 353
approximation problem, 106
linear, 107
weighted, 110
ball, 29, 352
Chebyshev, 353
dual, 264, 354
Euclidean, 30, 346, 350, 353
Frobenius, 6, 111, 351, 353

Manhattan, 353
matrix, 354
componentwise, 353
induced, 354
max-absolute-value, 353
sum-absolute-value, 7, 184,
330, 353
nuclear, 39, 187, 222, 329, 355
operator, 354
spectral, 39, 222, 351, 354
weighted, 110
normal
equations, 108
vector, 26
nuclear norm, 39, 187, 222, 329, 355
nullspace, 347

objective, 1, 50
primary, 157
observation, 1
one-hot encoding, 141, 293
open set, 346
operator norm, 354
optimal, 51, 145
global, 51
local, 51
Pareto, 146
partial, 74
point, 51
value, 51
achieved, 51
attained, 51
optimization
bilevel, 264
global, 9
local, 9
objective, 1, 50
problem, 1, 50
biconvex, 73
constrained, 50, 195
convex, 8, 54
multicriterion, 143
multiobjective, 143
nonlinear, 8
unconstrained, 50
stochastic, 247
variable, 1, 50
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oracle model, 54
out-of-sample validation, 255

Pareto

front, 146

optimal, 146

trade-off analysis, 151
particle methods, 92
PCA see principal component
analysis 6, 314

penalty function, 111

£1-norm, 113

{o-norm, 113

loo-norm, 113

{p-norm, 113

absolute value, 112

approximation problem, 112

BerHu, 121

Chebyshev, 113

deadzone-linear, 113

exact, 370

Huber, 120, 297

least squares, 112, 113

log-barrier, 113

quadratic, 112

quantile, 117

reverse Huber, 121

robust least squares, 120

trust region, 368
perspective function, 65
piecewise linear function, 46
Poisson

model, 131

regression, 131
polyhedron, 27
positive semidefinite cone, 31
posterior distribution, 172
predicted reduction, 377
primal problem, 229
principal component analysis, 6, 111,

314

quadratically regularized, 7, 323

robust, 332

sparse, 336
prior distribution, 172

improper, 180
probability

constraint, 199
simplex, 29, 199

problem, 50

abstract form, 3

biconvex, 73

bilevel, 264

chance constrained, 247, 255
Chebyshev approximation, 110
clustering, 294, 304
constrained, 50, 195

convex, 8, 54

data, 54

denoising, 163
difference-of-convex, 80
discrimination, 137

dual, 229

epigraph form, 52
equivalent, 51

feasibility, 50

feasible, 50

point, 2, 50

set, 50
infeasible, 2, 50
inverse, 1

least absolute residuals, 109
least cardinality, 203
least maximum residuals, 110
least norm, 5, 201
least penalty, 203
least square residuals, 109
least squares, 59, 108, 109
maximization, 50
maximum likelihood estimation,
124

minimax, 110
minimization, 50
multicriterion, 143
multiobjective, 143

convex, 143
nonlinear, 8
norm approximation, 106

linear, 107

weighted, 110
objective, 50

achievable value, 145
optimal, 51, 145

point, 51
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value, 51
parameter, 54
penalty function approximation,
112
primal, 229
quantile optimization, 255
n-quantile, 255
reconstruction, 163
regression, 4, 107
relaxation, 52, 218
scalar optimization, 143
sensitivity analysis, 220, 232
smoothing, 163
solution, 1, 51
sparse approximation, 117
stochastic, 247
sum-of-norms, 252
surrogate, 220
two-way partitioning, 224
unbounded below, 51
unconstrained, 50
variable, 50
vector optimization, 143
worst-case optimization, 262

program

biconvex, 73
bilevel, 264
chance constrained, 247, 255
convex, 8, 54
difference-of-convex, 80
integer, 52, 223, 241

mixed, 241
linear, 8, 57
nonlinear, 8
quadratic, 58

quadratically constrained, 58
second-order cone, 67
semidefinite, 60
stochastic, 247

QCQP see quadratically constrained

quadratic program 58

QP see quadratic program 58
quadratic

cone, 65
function, 40
program, 58

quadratically constrained, 58

robust, 265
smoothing, 164
surface, 139

quantile
penalty function, 117
regression, 118

random variable
mean, 206
moment, 206
variance, 208

range, 347

rank, 39, 347
regularization, 187

rank (rank), 39

ray, 26

R (real numbers), 12

R’ (nonnegative real n-vectors), 28

reconstruction problem, 163
reduction
actual, 377
predicted, 377
regional model, 92
regression, 4, 107
lasso, 5, 161
group, 185
logistic, 128
Poisson, 131
quantile, 118
ridge, 5, 158
robust, 121
regressor, 4, 107
selection, 162
regularization, 2, 157
{1-norm, 161
function, 2
matrix
columnwise sparsity, 184
rank, 187
nuclear norm, 187
smoothing
quadratic, 164
total variation, 167, 301
sparsity, 160
Tikhonov, 5, 158
regularized approximation, 156
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regularizer, 2

relative entropy, 43, 66, 209

relaxation, 11, 52, 218
Lagrangian, 220, 221, 224, 230
LP, 223
semidefinite, 224

residual, 105, 156

response, 1

reverse Huber penalty, 121

ridge regression, 5, 158

robust
counterpart, 262
least squares penalty, 120
linear discrimination, 271
linear programming, 263
low rank approximation, 332
principal component analysis,

332

quadratic programming, 265
regression, 121

SCA see sequential convex
approximation 87
scalar optimization problem, 143
scalarization, 147
weight vector, 148
Schur complement, 243, 349

definiteness conditions, 243, 350

SDP see semidefinite program 60
second-order cone, 65
program, 67
semidefinite
program, 60
relaxation, 224
sensitivity analysis, 220, 232
separating
hyperplane, 64
strict, 64
theorem, 64
sequential
convex approximation, 87
convex programming, 10
quadratic programming, 92
set, 345
addition, 345
affine, 21
biconvex, 69

boundary, 346
bounded, 346
above, 345
below, 345
closed, 346
closure, 346
constraint, 2, 195
convex, 22
distance, 64, 352
expansion, 64
extension, 64
image, 34
infimum, 346
interior, 346
inverse image, 34
lower bound, 345
Minkowski sum, 345
multiplication
matrix, 345
scalar, 345
open, 346
perspective, 65
restriction, 64
scaling, 34
singleton, 345
sublevel, 37
sum, 34
supremum, 345
translation, 34, 345
unbounded
above, 345
below, 346
upper bound, 345
simplex, 28
probability, 29
unit, 29
singleton, 345
singular
value, 6, 315, 348
decomposition, 6, 315, 348
full decomposition, 348
vector, 320, 348

left, 348
right, 320, 348
slab, 275

slack variable, 52
smoothing problem, 163
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SOCP see second-order cone
program 67
sparse
dictionary learning, 7, 336
principal component analysis,
336
sparsity regularization, 160
spectral
decomposition, 347
norm, 39, 222, 351, 354
standard inner product, 350
standardization, 314
stochastic constraint, 248
stochastic programming, 247
certainty equivalent problem,
249
mean field approximation, 249
sample average approximation,
252
sublevel set, 37
sum-absolute-value norm, 7, 184,
330, 353
sum-of-norms problem, 252
support vector classifier, 283, 299
least squares, 283
margin violation, 283
standard form, 286
support vector machine, 283
supporting hyperplane, 65
theorem, 65
supremum, 345
achieved, 345
attained, 345
surrogate
objective function, 220
problem, 220
SVD see singular value
decomposition 6, 315, 348

S™ (symmetric n X n matrices), 12
S’ (symmetric positive semidefinite
n X n matrices), 12, 30

Tikhonov regularization, 5, 158
least squares, 5, 158
total variation smoothing, 167, 301
trace, 351
tr (trace), 351
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constraint, 200
method, 90
penalty, 368
two-way partitioning problem, 224

unconstrained problem, 50
unit

ball, 30, 352

simplex, 29
upper bound, 345

least, 345

var (variance), 208
variable, 1, 50
dual, 225
explanatory, 128
slack, 52
variance, 208
vector optimization problem, 143

weighted norm, 110
weighting matrix, 110
worst-case

optimization, 262

robust approximation, 267

Z (integers), 12
z-score normalization, 314
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